STAT 380 Week 1
Course outline

Reading : Chapters 1, 2 and 3 of Ross.
Goals for the Week:

e (Give an overview of the course.

e Do some review by example.
Course outline:
e Basic concepts of probability. Review of

— Distributions
— Expectation and moments

— Moment generating functions

Independence, conditioning

— Markov Chains

— Poisson Processes

— Birth and Death Processes

— Brownian Motion

— Monte Carlo Simulation techniques

x Random number generators

x Generating random variables
Summary
e Three examples to review

— basic probability: sample space, events, random variables, ex-
pected value

— standard distributions: Binomial, Geometric, Poisson

— conditional probability, independence



— Baye’s rule
e Introduction to modelling
Basic Examples

Example 1: Three cards: one red on both sides, one black on both sides,
one black on one side, red on the other. Shuffle, pick card at random. Side
up is Black. What is the probability the side down is Black?

Solution: To do this carefully, enumerate sample space, €1, of all possible
outcomes. Six sides to the three cards. Label three red sides 1, 2, 3 with
sides 1, 2 on the all red card (card # 1). Label three black sides 4, 5, 6 with
3, 4 on opposite sides of mixed card (card #2). Define some events:

A; = {side i shows face up}
B = {side showing is black}
C; = {card j is chosen}

One representation Q = {1,2,3,4,5,6}. Then A; = {i}, B = {4,5,6},
Cy ={1,2} and so on.

Modelling: assumptions about some probabilities; deduce probabilities of
other events. In example simplest model is

All of the A; are equally likely.

Apply two rules:

to get, fort=1,...,6,

Question was about down side of card. We have been told B has happened.
Event that a black side is down is D = {3,5,6}. (Of course B has happened
rules out 3.)
Definition of conditional probability:
P(DnN B) P({5,6}) 2

PIB) = =55 = Plas.6)) 3




Example 2: Monte Hall, Let’s Make a Deal. Monte shows you 3 doors.
Prize hidden behind one. You pick a door. Monte opens a door you didn’t
pick; shows you no prize; offers to let you switch to the third door. Do you
switch?

Sample space: typical element is (a, b, ¢) where a is number of door with
prize, b is number of your first pick and ¢ is door Monte opens with no prize.

(1,1,2) (1,1,3) (1,23) (1,3,2)

(2,1,3) (2,21) (2,23) (23,1
(3,,2) (3,21) (3,3,1) (3,3,2)

Model? Traditionally we define events like

A; = {Prize behind door i}
B; = {You choose door j}

and assume that each A; has chance 1/3. We are assuming we have no

prior reason to suppose Monte favours one door. But these and all other

probabilities depend on the behaviour of people so are open to discussion.
The event LS, that you lose if you switch is

(A1 N By) U (A2 N By) U (A3 N Bs)

The natural modelling assumption, which captures the idea that you have
no idea where the prize is hidden, is that each A; is independent of each B,
that is,

P(A; N B;) = P(A;)P(B;)

Usually we would phrase this assumption in terms of two random variables,
M, the door with the prize, and C the door you choose. We are assuming
that M and C' are independent. Then

P(LS) =P(A; N By) + P(As (1 By)
+ P(A3 N Bs)
=P(A1)P(B1) + P(A2)P(By)
+ P(A3)P(Bs)

{P(By) + P(B;) + P(Bs)}
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So the event you win by switching has probability 2/3 and you should
switch.

Usual phrasing of problem. You pick 1, Monte shows 3. Should you take
27 Let S be rv S = door Monte shows you. Question:

P(M =1|C=1,5 =3)

Modelling assumptions do not determine this; it depends on Monte’s
method for choosing door to show when he has a choice. Two simple cases:

1. Monte picks at random so
P(S=3M=1,C=1)=1/2
2. Monte chooses the door with the largest possible number:

P(S=3M=1C=1)=1
Use Bayes’ rule:

P(M=1|C=1,5 =3)
_ P(M=1,C=1,8=3)
P(C=1,8=23)

Numerator is
P(S=3M=1,C=1)P(M=1,C=1)
=P(S=3M=1,C=1)P(C=1)/3
Denominator is
P(S=3M=1,C=1)P(M=1,C=1)

+P(S=3M=2C=1)P(M=2,C=1)
+P(S=3M=3,C=1)P(M=3,C=1)

which simplifies to
P(S=3M=1,C=1)P(M =1)P(C=1)

+1-P(M =2)P(C =1)
+0-P(M =3)P(C =1)



which in turn is
{P(S=3M=1,C=1)+1} P(C=1)/3

For case 1 we get

1/2 1
( © 5 =3) 1/24+1 3
while for case 2 we get
P(M=1C=1,5=3)= L1
I

Notice that in case 2 if we pick door 1 and Monte shows us door 2 we
should definitely switch. Notice also that it would be normal to assume that
Monte used the case 1 algorithm to pick the door to show when he has a
choice; otherwise he is giving the contestant information. If the contestant
knows Monte is using algorithm 2 then by switching if door 2 is shown and
not if door 3 is shown he wins 2/3 of the time which is as good as the always
switch strategy.

Example 3: Survival of family names. Traditionally: family name fol-
lows sons. Given man at end of 20th century. Probability descendant (male)
with same last name alive at end of 21st century? or end of 30th century?

Simplified model: count generations not years. Compute probability, of
survival of name for n generations.

Technically easier to compute g, probability of extinction by generation
n.

Useful rvs:

X = # of male children of first man

Z, = # of male children in generation k

Event of interest:

E,={Z,=0}
Break up E,:
gn = P(E,) =Y _P(E,N{X =k})
k=0



Now look at the event E, N {X = k}. Let

B; -1 ={X =k} N {child js line extinct

in n — 1 generations}

Then
E,N{X =k} =0t Bj,

Now add modelling assumptions:

1. Given (conditional on) X = k the events Bj,_; are independent. In
other words: one son’s descendants don’t affect other sons’ descendants.

2. Given X = k the probability of B;,_1 is g,—i. In other words: sons
are just like the parent.

Now add notation P(X = k) = py.

[
NE

n P(E, N{X =k})

il
o

[
NE

P(NS_yBjn—1|X = k)pi

>
Il
o

WE

k
[[P(Bjni| X = E)pr
1

b
Il
o

(1)

WE

b
Il
o

Probability generating function:
$(s) = s'pp = B(sY)
k=0

We have found
q1 = Po

and

qn = ¢<Qn71)



Notice that ¢; < g < -+ so that the limit of the ¢,, say ¢, must exist and
(because ¢ is continuous) solve

Qoo = ¢(QM)

Special cases
Geometric Distribution: Assume

PX=k=(1-0F k=012,...

(X is number of failures before first success. Trials are Bernoulli; 6 is prob-
ability of success.)
Then

Set ¢(s) = s to get
s[ll—s(1—-0)]=86
Two roots are
1+£/1-40(1-0) 14(1-20)
2(1 —0) 2(1-6)
One of the roots is 1; the other is

0
10

If & > 1/2 the only root which is a probability is 1 and ¢, = 1. If § < 1/2
then in fact ¢, — ¢ = 0/(1 —6).
Binomial(m, 6): If



then

o) =3 () )eora-or
—(1— 0+ s6)"

The equation ¢(s) = s has two roots. One is 1. The other is less than 1 if
and only if mf = E(X) > 1.
Poisson(A): Now

P(X=k)=e '/ k=0,1,...

and
9(s) = X7

The equation ¢(s) = s has two roots. One is 1. The other is less than 1 if
and only if A = E(X) > 1.
Important Points:

e Use of conditioning.
e Approximate nature of modelling assumptions

e Key assumptions of conditional independence, homogeneity

Summary

Review expectation
e Conditional distributions, conditional expectation.

e Summarize review.

Example 3: Mean values

Z, = total number of sons in generation n.
Zy = 1 for convenience.

Compute E(Z,).

Recall definition of expected value:

If X is discrete then

E(X)=> zP(X =)
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If X is absolutely continuous then

B(X) = /Oo o f ()dz

—00

Theorem: If Y = g(X), X has density f then

Key properties of E:
1: If X > 0 then E(X) > 0. Equals iff P(X =0) = 1.
2: E(aX 4+ 0Y) = aE(X) + bE(Y).
3: IfOSXl SXQ S -+« then
E(lim X,,) = lim E(X,,)
4: E(1) = 1.
Conditional Expectations
If X, Y, two discrete random variables then

EY|X =x) = ZyP =y|X =x)

Extension to absolutely continuous case:
Joint pmf of X and Y is defined as

p(:l:‘,y) :P(X::L',Y:y)

Notice: The pmf of X is
= Zp(ma y)
y

Analogue for densities: joint density of X, Y is
flz,y)dedy ~ P(x < X <z+dr,y <Y < y+dy)
Interpretation is that

P(XGA,YEB):/A/Bf(x,y)dydx
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Property: if X, Y have joint density f(z,y) then X has density

/faty

Sums for discrete rvs are replaced by integrals.

Example:
r+y 0<z,y<1
x? = .
f(@y) {O otherwise

is a density because

J[ t@azay = | 1 / (e + y)dyda
/xdx+/ ydy

The marginal density of X is, for 0

/ f(z,y)d

= / (z +y)dy

0

) 1
= (wy+y*/2)], =2 + 3

For z not in [0, 1] the integral is 0 so

fX(x):{x+% Vo=l

0 otherwise

Conditional Densities

If X and Y have joint density fxy(z,y) then we define the conditional
density of Y given X = z by analogy with our interpretation of densities.
We take limits:

fY\X(y|l')dy
N Pz<X<z+dr,y<Y <y-+dy)
- Pz < X <z +dx)
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in the sense that if we divide through by dy and let dz and dy tend to 0 the
conditional density is the limit

P(e<X <a+day<Y <y+dy)

hmdm,dyﬂo (dz dy)
. P(z<X<z+dzx)
limg, 0 B e—

Going back to our interpretation of joint densities and ordinary densities
we see that our definition is just

_ fxy(z,y)
fY|X(y’$) - fX(x)

When talking about a pair X and Y of random variables we refer to fxy as
the joint density and to fx as the marginal density of X.

Example: For f of previous example conditional density of Y given
X = x defined only for 0 <z < 1:

Tty 0<z,y,<1

1

0<z<ly>1
0<z<1l,y<0

undefined otherwise

frix(yle) =

Example: X a Poisson(\) random variable. Observe X then toss a coin X
times. Y is number of heads. P(H) = p

fr(y) = ZfX,Y(iU,y)
= ZfY\X(y’x)fX(x)

= f: (x>py(1 —p)"Y x %6”

z=0

WARNING: in sum 0 < y < z is required and z, y integers so sum really

11



runs from y to oo

(pA)e™ i [(1—p)A]""

e S [(1—p)A)”
W >y! ;K o)
_ (pA)ve™ o(1=P)A

y!
= e PA(pA)Y/y!

which is a Poisson(p)) distribution.
Conditional Expectations
If X and Y are continuous random variables with joint density fxy we

define:
E(Y|X =) = / yfvix (ylz)dy

Key properties of conditional expectation

1: If Y >0 then E(Y|X =2z) > 0. Equals iff P(Y =0|X =2) = 1.

2: E(AX)Y + B(X)Z|X =2) = A(x)E(Y|X =) + B(x)E(Z|X = x).
3: If Y and X are independent then

E(Y|X = 2) = E(Y)

4: E(X =2) =1.
Example:

F@.y) r+y 0<z,y<l1
r,y) =
Y 0 otherwise

has conditional of Y| X:

T4y

pn 0<2,y,<1

0 0<z<ly>1
fY|X(@/|x>: ==Y

0 0<x<1l,y<0

undefined otherwise
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so, for 0 <z <1,

Vrty
EY| X =2) =
X =)= [
z/2+1/3
x+1/2

dy

Computing expectations by conditioning;:

Notation: E(Y]X) is the function of X you get by working out E(Y|X =
x), getting a formula in = and replacing z by X. This makes E(Y|X) a
random variable.

Properties:

1: E(A(X)Y + B(X)Z|X) = A(X)E(Y|X) + B(X)E(Z]X).

2: If Y and X are independent then

E(Y]X) = E(Y)

3: E(1|X) =1.
4: E[E(Y|X)] = E(Y) (compute average holding X fixed first, then
average over X).
In example:
X +2/3
2X +1
Application to last names problem. Put m = E(X)

E(Y|X) =

E(Zy) = E[E(Z,|X)]
[(XE(Zn-1)]
(X)E(Zn-1)
E(Zn—l)

m
m E(Zn,Q)

E
E
B

= m”_lE(Zl)

:mTL

For m < 1 expect exponential decay. For m > 1 exponential growth (if
not extinction).
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Summary of Probability Review
We have reviewed the following definitions:

e Probability Space (or Sample Space): 2 = set of possible out-
comes, w.

e An element w in 2 is called an elementary outcome.

e Events are subsets of ). We usually use capital letters near the be-
ginning of the Roman alphabet for events.

e Probability: P is a function defined for events whose values are in
0, 1] and which satisfies:

1. P(0)=0and P(Q) = 1.

2. Countable additivity: A;, As,--- are pairwise disjoint (mean-
ing that for all pairs i, j with j # k we have A; N Ay = () then:

e Joint, marginal, conditional probability mass functions (pmfs): if
X, Y are two discrete random variables then:

— The joint pmf is
pxy(z,y) =P(X =z,Y =y).
— The marginal pmf of X is

px(r) = P(X =2) = pxy(z,y)

— The conditional pmf of Y given X = z is:
pyix(ylr) = pxy (2, y)/px ().

e Joint, marginal, conditional densities: if X,Y are continuous (the
technicall correct term is absolutely continuous then:
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— The joint density fxy(x,y) is defined to be a function of z and y
such that probabilities are double integrals:

PUXY) €)= [ frrlaw)dedy
c
— The marginal density of X is found by integrating out y:

z) :/ny(x,y)dy

— The conditional density of Y given X = x is
frix(yle) = fxy (@, y)/ fx(z).

e Expected value:

= g(x)px(z)
B(X)) = [ g(a) (oo

or

e Conditional expectation

E(g(V)IX =) =Y g)pvix(ylo)

or

E(g(Y)[X = ) = / 9(9) Frix ) dy

e E(g(Y)|X) is the previous formula with = replaced by X after getting
formula in z.

Tactics:
e Convert English expressions to set notation:

— “Or” means union (remember inclusive or).
— “And” means intersection.

— “not” means complement.
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e Compute probability that something happens as 1 minus the probabil-
ity that it doesn’t.

e Break up event into disjoint pieces and add up probabilities.
e Find independent events and write event as intersection.
e Find A, B for which P(A|B) is known.

e Use Bayes rule: if By, ..., B, is a partition then

 P(AB)P(BY)
P = ~piaiB,)pB)

e Use first step analysis. (See family names example, craps game, alter-
nating dice tossing on asst 1.)

Tactics for expected values:

e Use linearity:
EO) ;X)) =Y a;B(X;)

e Condition on another variable and use

EEY|X)] = E(Y)

e Use first step analysis. (Special case of previous.)
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