STAT 802: Multivariate Analysis

Course outline:

e Multivariate Distributions.

e [ he Multivariate Normal Distribution.

e [he 1 sample problem.

e Paired comparisons.

e Repeated measures: 1 sample.

e One way MANOVA.

e Two way MANOVA.

e Profile Analysis.



Multivariate Multiple Regression.

Discriminant Analysis.

Clustering.

Principal Components.

Factor analysis.

Canonical Correlations.



Basic structure of typical multivariate data set:

Case by variables: data in matrix. Each row is
a case, each column is a variable.

Example: Fisher's iris data: 5 rows of 150 by
5 matrix:

Case Sepal Sepal Petal Petal
# Variety Length Width Length Width
1 Setosa 5.1 3.5 1.4 0.2
2 Setosa 4.9 3.0 1.4 0.2
51 Versicolor 7.0 3.2 4.7 1.4



Usual model: rows of data matrix are indepen-
dent random variables.

Vector valued random variable: function X :
Q2 — RP such that, writing X = (X7q,..., Xp)71,
P(Xl lea"'angxp)

defined for any const’s (x1,...,xp).
Cumulative Distribution Function (CDF)
of X: function Fx on RP defined by

Fx(z1,...,2p) = P(X1 <x1,...,Xp < xp).



Defn: Distribution of rv X is absolutely con-
tinuous if there is a function f such that

P(X € A) = /Af(a;)dx (1)

for any (Borel) set A. This is a p dimensional
integral in general. Equivalently

F(xl,...,ajp>:
L1 Lp
/ / f(yla"'7yp)dyp7“"dy1'
— 00 — 00

Defn: Any f satisfying (1) is a density of X.

For most o F' is differentiable at x and

OPF(x)
Oxq---0xp = /().




Building Multivariate Models

Basic tactic: specify density of

Tools: marginal densities, conditional densi-
ties, independence, transformation.

Marginalization: Simplest multivariate prob-
lem

X = (Xq,...,Xp), Y = X3
(or in general Y is any X;).
Theorem 1 If X has density f(z1,...,xp) and
q<pthenY = (Xq,...,Xq) has density
fY(.CU]_,...,QUq) —
© @) © @)
/ / f(x1,...,zp)dryqy ... dxp
— O — 0

le,._.,Xq is the marginal density of Xi,...,Xq
and fx the joint density of X but they are both
just densities. “Marginal” just to distinguish
from the joint density of X.



Independence, conditional distributions

Def’'n: Events A and B are independent if
P(AB) = P(A)P(B).

(Notation: AB is the event that both A and B
happen, also written AN B.)

Def’'n: A;, :=1,...,p are independent if
P(Ai - A) = 1] P(A)

forany 1 <1 << <p.

Def’'n: X and Y are independent if

P(XeA;YeB)=P(XeAP(Y € B)
for all A and B.

Def'n: Rvs Xi,...,X, independent:

P(Xy € Ay,---,Xpe Ap) = [ P(X; € 4))
for any Aq,...,Ap.



T heorem:

1.

If X and Y are independent with joint den-
sity fx y(z,y) then X and Y have densities
fx and fy, and

xvy(@,y) = fx@)fyw).

. If X and Y independent with marginal den-

sities fx and fy then (X,Y) has joint den-
Sity

x vy vy) = fx(@)fy(y).

. If (X,Y) has density f(z,y) and there ex-

ist g(z) and h(y) st f(z,y) = g(xz)h(y) for
(almost) all (z,y) then X and Y are inde-
pendent with densities given by

fx(@) = g(@)/ [ g(u)du

Fy @) =h()/ [ huw)du.



Theorem: If Xq,...,X, are independent and
Y, = g;(X;) then Yq,...,Y, are independent.
Moreover, (X1,...,Xq) and (X,41,...,Xp) are
independent.

Conditional densities

Conditional density of Y given X = x:

fyix(lz) = fx y(z,y)/fx(z);

in words ‘“‘conditional = joint/marginal”.



Change of Variables

Suppose Y = ¢g(X) € RP with X € RP having
density fx. Assume g is a one to one (“in-
jective” ) map, i.e., g(x1) = g(x>) if and only
if xt1 = x>. Find fY:

Step 1: Solve for z in terms of y: z = g~ 1(y).

Step 2: Use basic equation:

fy(W)dy = fx(z)dx

and rewrite it in the form

Fr () = fx (o @)
Y

Interpretation of derivative g—z’ when p > 1:
dx .

det (8%)
dy Y

which is the so called Jacobian.
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Equivalent formula inverts the matrix:

x(@ 1))
fY(y) — dy .
@
This notation means
i gyl gyl % |
d 1 o Tp
_;y| — |det s
dx Oyp Oyp .. Y
or1 Oxo Oxp |

but with z replaced by the corresponding value
of y, that is, replace z by ¢~ 1(v).

Example: The density

1 T2 —|—:U2
fx(r1,20) = ——expq - 2
27T 2

iIs the standard bivariate normal density. Let
Y = (Y1,Y») where Y; = /X?+ X3 and 0 <
Y> < 27 is angle from the positive x axis to the
ray from the origin to the point (X1, X5). Le.,
Y is X in polar co-ordinates.
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Solve for = in terms of y:

X1 = Yjcos(Yr)
Xo = Ylsin(YQ)
sO that
g(z1,22) = (91(z1,22),92(x1,22))
= (\/x%—l—x%,argument(a:l,wg))
1 -1 1
g “(w1,y2) = (91 W1,¥2),95 (¥1,92))
= (y1cos(y2),y15Sin(y2))
I cos(y2) —y1sin(y2)
d_ — det
Y sin(y2) w1 cos(y2)
— Y-
It follows that
1 y2
v, y) = ——expd—2Lhys x
2T 2

1(0<y1 <00)1(0 < yo < 27m).
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Next: marginal densities of Y7, Yo7

Factor fy as fy(y1,y2) = h1(y1)ho(y2) where
2
hi(y1) = y1e¥1/21(0 < y1 < o0)

and

ho(y2) = 1(0 < yp < 2m)/(27).

T hen

fryyr) = /OO h1(y1)ho(y2) dyo

= hl(y1)/_0; ho(y2) dyo

SO marginal density of Y7 is a multiple of hj.
Multiplier makes ffyl — 1 but in this case

o0 2T 1
/ ho(y2) dyo :/o (2m) " "dyo =1

— 0

sO that

2
fy1(y1) = y1e7¥1/71(0 < y1 < 00) .
(Special Weibull or Rayleigh distribution.)
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Similarly

fyo(y2) = 1(0 < yo < 27)/(27)

which is the Uniform(0, 27) density. Exercise:
W = Y{£/2 has standard exponential distribu-
tion. Recall: by definition U = Y# has a x?
distribution on 2 degrees of freedom. EXxer-
cise: find x3 density.

Remark: easy to check [§° ye Y/ 2dy = 1.

Thus: have proved original bivariate normal
density integrates to 1.

Put [ = [°2 e~ /2dz. Get

= _x2/2d:c /OO e_yz/zdy

_ / / —(wQ-;;;)/Qdydx
= 27

So [ = /2.
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Linear Algebra Review

Notation:

e Vectors x € R™ are column vectors

L1

e An m x n matrix A has m rows, n columns
and entries A;;.

e Matrix and vector addition defined compo-
nentwise:

(A+ B);j = A+ Bij; (z+y)i =z + v

o If Aismxmn and B is n xr then AB is the
m X r matrix

n

(AB);j = > AjxBy;
k=1
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e [ he matrix I or sometimes I,,xn Which is
an n X n matrix with I,; = 1 for all + and
I;; = 0 for any pair ¢ # j is called the n xn
identity matrix.

e The span of a set of vectors {x1,...,2p}
is the set of all vectors = of the form z =
Y. cjx;. It is a vector space. The column
space of a matrix, A, is the span of the
set of columns of A. The row space is
the span of the set of rows.

e A set of vectors {z1,...,zp} is linearly in-
dependent if Y} c,x; = 0 implies ¢; = 0 for
all 2. The dimension of a vector space is
the cardinality of the largest possible set of
linearly independent vectors.
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Defn: The transpose, AL, of an m x n matrix
A is the n x m matrix whose entries are given
by

(A1) = Ay
so that AT is n x m. We have
(A+ Bl = At 4+ BT
and

(AB)! = BT AT,

Defn: rank of matrix A, rank(A): # of linearly
independent columns of A. We have

rank(A) = dim(column space of A)
= dim(row space of A)
= rank (A1)

If Ais m xn then rank(A) < min(m,n).
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Matrix inverses
For now: all matrices square n X n.

If there is a matrix B such that BA = I,,«xn
then we call B the inverse of A. If B exists
it is unigue and AB = I and we write B =
A~l. The matrix A has an inverse if and only
if rank(A) = n.

Inverses have the following properties:
(AB) 1 =pB~1a-1
(if one side exists then so does the other) and

(AT)_]' — (A_l)T
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Determinants

Again Aisnxn. The determinant if a function
on the set of n X n matrices such that:

1. det(l) = 1.

2. If A’ is the matrix A with two columns in-
terchanged then

det(A’) = —det(A).

(So: two equal columns implies det(A) =
0.)

3. det(A) is a linear function of each column
of A. If A = (ay,...,an) with a; denoting
the ith column of the matrix then

det(aq,...,a; + b;,...,an)
=det(a1,...,a;,...,an)
_I_det(a/]_,,bz,,a/n)



Here are some properties of the determinant:

1. det(A1) = det(A).

2. det(AB) = det(A)det(B).

3. det(A~1)=1/det(A).

4. A is invertible if and only if det(A) # 0 if
and only if rank(A) = n.

5. Determinants can be computed (slowly) by
expansion by minors.
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1

2

3

Special Kinds of Matrices

. A is symmetric if AT = A.

. A is orthogonal if AT = A=1 (or AAT =

ATA=1).

. A is idempotent if AA= A2 = A.

. A is diagonal if ¢ 7= j implies A;; = 0.

21



Inner Products, orthogonal, orthonormal
vectors

Defn: Two vectors x and y are orthogonal if
zly =Y xy; = 0.

Defn: The inner product or dot product of
x and y is

T
<T,Yy>=x Y= Z%yz
Defn: = and y are orthogonal if 2!y = 0.

Defn: The norm (or length) of x is ||z|| =
(aTe)l/2 = (TaP)t/?

A is orthogonal if each column of A has length
1 and is orthogonal to each other column of
A.
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Quadratic Forms

Suppose A is an n X n matrix. The function
g(z) = 21 Az
is called a quadratic form. Now
g(z) =D Ajjzix;
iJ
=3 Auz? + Y (A + Az

i i<
so that g(x) depends only on the total A;;+Aj;.
In fact

A T
ol A = 2l Aly = 21 ( -|—2A ) T

Thus we will assume that A is symmetric.
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Eigenvalues and eigenvectors

If Aisnxmn and v # 0 € R™ and XA € R such
that

Av = \v

then )\ is eigenvalue (or characteristic or latent
value) of A; v is corresponding eigenvector.
Since Av— X v = (A—-Xl)v =0 matrix A— M\l is
singular.

Therefore det(A — \I) = 0.

Conversely: if A— Xl singular then there is v #
O such that (A — A\I)v = 0.

Fact: det(A — A\I) is polynomial in A of degree
n.

Each root is an eigenvalue.
General A the roots could be multiple roots or

complex valued.
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Diagonalization

Matrix A is diagonalized by a non-singular ma-
trix P if P~1AP = D is diagonal.

If so then AP = PD so each column of P is
eigenvector of A with the ¢th column having

eigenvalue Dy;.

Thus to be diagonalizable A must have n lin-
early independent eigenvectors.
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Symmetric Matrices

If A is symmetric then
1. Every eigenvalue of A is real (not complex).

2. A is diagonalizable; columns of P may be
taken unit length, mutually orthogonal: A
IS diagonalizable by an orthogonal matrix
P: in symbols PTAP = D.

3. Diagonal entries in D = eigenvalues of A.

4. If A1 # X» are two eigenvalues of A and vy
and vo are corresponding eigenvectors then

vlTAUQ = vlT)\QUQ = )\2’0{’02
and
(vlTAvg) = (’I,ZJ_{A’UQ)T ? ngTvl .
= v5 Av] = V511 = A\1v501

Since (A1 — A2)vivp = 0 and A; # Xy we
see vipvg — 0. Eigenvectors corresponding
to distinct eigenvalues are orthogonal.
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Positive Definite Matrices

Defn: A symmetric matrix A is non-negative
definite if zI Az > 0 for all z. It is positive
definite if in addition 2!’ Az = 0 implies z = 0.

A is non-negative definite iff all its eigenvalues
are non-negative.

A is positive definite iff all eigenvalues positive.

A non-negative definite matrix has a symmetric
non-negative definite square root. If

PDP! = A
for P orthogonal and D diagonal then
Al/2 — ppl/2pT
IS symmetric, non-negative definite and
AL/2A1/2 _ A
Here D1/2 is diagonal with
(DY/2);; = (D)2
Many other square roots possible. If AAT =
M and P is orthogonal and A* = AP then
A*(A®T =M.
27



Orthogonal Projections

Suppose S vector subspace of R", aq,...,am
basis for S. Given any x € R™ there is a unique
y € .S which is closest to xz; y minimizes

(z — ) (z —y)

over y € S. Any y in § is of the form

y=-cia1 + -+ cmam = Ac
A, nxm, columns ay,...,am, c column with ¢th
entry c;. Define
Q= A(ATA)~1AT
(A has rank m so AT A is invertible.) Then
(z — Ac)! (z — Ac)
= (z— Qxr+ Qx — Ac)  (z — Qz + Qz — Ac)
= (z— Q)" (z — Qz) + (Qz — Ac)' (z — Qx)
+ (z — Qx)" (Qz — Ac)
+ (Qx — AC)T(QCU — Ac)
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Note that x — Qz = (I — Q)x and that
QAc = A(AT A 1AT Ac = Ac
so that
Qx — Ac = Q(x — Ac)
Then
(Qz — Ac)' (z — Qz) = (z — A) QT (I — Q)=
Since Q1 = Q we see that
QTI-Q)=QU-Q)
=Q-Q°
=Q— AT AT A(AT AL AT
= -Q=0
T his shows that
(z — Ac)! (z — Ac) =(z — Q)" (z — Qa)
+ (Qx — AC)T(QCU — Ac)

29



Choose Ac to minimize: minimize second term.
Achieved by making Qx = Ac.

Since Qz = A(ATA)~1 ATz can take

c=(ATA 1Az

Summary: closest point y in S is
y=Qr = A(ATA) 1Al

call y the orthogonal projection of x onto S.

Notice that the matrix @ is idempotent:

Q°=Q
We call Qx the orthogonal projection of x on
S because Qx is perpendicular to the residual

r—Qr={U—-Q)x.
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Partitioned Matrices

Suppose A11 pxr matrix, Aj>pxs, Aoq1 gXr
and A>»> g x s. Make (p+ q) x (r + s) matrix
by putting Aij in 2 by 2 matrix:

A= | A1 A1
Az Ao

For instance if

1 0
A11=[O 1]
2
A12=[3]
Ay =4 5]
and
Aop = [6]
then
1 0|2 ]
A= 10 13
_4 5 6_

Lines indicate partitioning.
31



We can work with partitioned matrices just like
ordinary matrices always making sure that in
products we never change the order of multi-
plication of things.

A7 Ao ' B11 Bio
_I_
| Ap1 App | | Bo1 Boo |

| A11+ B11 A1+ Bio |

| A1+ B21 Ao+ Bpo |
and

[ A11 Aio | | Bi1 Bis

| Ap1 Aoo | | Bo1 Boo
A11B11 + A12B21 A11B12 + A12Boo

| A21B11 + A2oBo1 A21B12+ A2oBoo |

32



Note partitioning of A and B must match.

Addition: dimensions of A;; and B;; must be
the same.

Multiplication formula A1, must have as many
columns as Boi1 has rows, etc.

In general: need A;; B, to make sense for each
i, J, k.

Works with more than a 2 by 2 partitioning.

Defn: block diagonal matrix: partitioned ma-
trix A for which A;; =0 if i = 7. If

_ | A1 O
then A is invertible iff each A;; is invertible and

then
—1
0 Ay
Moreover det(A) = det(Aq1)det(Ass). Similar
formulas work for larger matrices.
33



Partitioned inverses. Suppose A, C are sym-
metric positive definite. Look for inverse of

A B
BT C

of form

E F
FI' G
Multiply to get equations

AE + BF!1 =1

AF +BG =0
B'E4+ CF! =0
BIF+CG=1

Solve to get
FI' = _Cc I1B'E
AE —-BCIBTE =1
E=(A-BCc B!
G=(C-B'A1B)!
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T he Multivariate Normal Distribution

Defn: Z ¢ Rl ~ N(0,1) iff

1
f7(2) = me_ZQ/Q'

Defn: Z € RP ~ MV N,(0,I) if and only if Z =
(Z1,...,Zp)T with the Z; independent and each
Z; ~ N(0,1).

In this case according to our theorem

1
fz(z1,...,2p) = H \/%e—zf/Q

= (27r)_p/2 exp{—sz/Q} ;

superscript ¢t denotes matrix transpose.

Defn: X € RP has a multivariate normal distri-
bution if it has the same distribution as AZ 4
for some pu € RP, some px g matrix of constants
A and Z ~ MV Ny(O,I).
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p = ¢q, A singular: X does not have a density.

A invertible: derive multivariate normal density
by change of variables:

X=AZ+pusZ=AX-pn

% — A % — AL
07 00X
So
fx(x) = fz(A"1(z — p))| det(A™D)
_ exp{—(z — ) ' (A= HTA L (z — pn)/2}
(2m)P/2| det A| '
Now define ¥ = AA? and notice that

Z—l — (AT)_lA_]' — (A_]')TA_l

and

detY = det Adet Al = (det A)?.
Thus fX IS

exp{—(z — WIS Nz — p)/2}
(27)P/2(det X)1/2 ’
the MV N(u,X) density. Note density is the

same for all A such that AAT = 3. This jus-
tifies the notation MV N(u, X2).
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For which u, 3 is this a density?

Any p but if x € RP then
'Y =l AA
= (AT2)T (AT D)

p
=> y7 >0
1

where y = ATz. Inequality strict except for
y = 0 which is equivalent to £ = 0. Thus X is
a positive definite symmetric matrix.

Conversely, if X is a positive definite symmet-
ric matrix then there is a square invertible ma-
trix A such that AAT = ¥ so that there is a
MV N(u,X) distribution. (A can be found via
the Cholesky decomposition, e.g.)

When A is singular X will not have a density:
Ja such that P(alX = af'p) = 1; X is confined
to a hyperplane.

Still true: distribution of X depends only on
> = AAT: if AAT = BB?Y then AZ 4+ p and
BZ + p have the same distribution.
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Expectation, moments

Defn: If X € RP has density f then

E(9(X)) = [ 9(2)f(2) da.
any g from RP to R.

FACT: if Y = ¢g(X) for a smooth g (mapping
R — R)
EC) = [ufy () dy

= [ 9@ fy (9(2))g (@) do
= E(g(X))

by change of variables formula for integration.
This is good because otherwise we might have
two different values for E(eX).

Linearity: E(aX 4+ bY) = aE(X) + bE(Y") for
real X and Y.
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Defn: The rth moment (about the origin) of
a real rv X is u/. = E(X") (provided it exists).
We generally use u for E(X).

Defn: The rt" central moment is

pr = E[(X — )]

We call 2 = u, the variance.

Defn: For an RP valued random vector X

px = E(X)

is the vector whose it" entry is E(X;) (provided
all entries exist).

Fact: same idea used for random matrices.

Defn: The (p x p) variance covariance matrix
of X is

Var(X) = E[(X - ) (X — )"

which exists provided each component X, has

a finite second moment.
39



Example moments: If Z ~ N(0,1) then
©.@)
E(Z) =/ ze_z2/2dz/\/27r

—00
_e—z2/2

V2T
=0
and (integrating by parts)

E(Z") =/ zTe_ZQ/de/\/ 27
— 0
7“—16—,22/2 >

Var |
+ (r—1) /OO zr_ze_ZQ/de/\/%

@)

— 00

@)

—Z

so that
pr = (r — 1)py—2
for »r > 2. Remembering that 71 = 0 and
o0 2
140 =/ Ve /de/\/27r =1

— 00

we find that

o r odd
=Y r—=1)(r—3)---1 r even.
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If now X ~ N(u,o?), thatis, X ~ oZ 4+ u, then
E(X)=0cE(Z)+ = pn and

pr(X) = E[(X —p)'] = c"E(Z")

In particular, we see that our choice of nota-
tion N(u,o?) for the distribution of ¢Z + u is
justified; o is indeed the variance.

Similarly for X ~ MVN(u,XY) we have X =
AZ + p with Z ~ MV N(0,I) and

E(X) =p
and
Var(X) = E{(X - p)(X - )"}
—E {AZ(AZ)T}

= AE(ZZHAT
—AIAT =3

Note use of easy calculation: E(Z) = 0 and

Var(Z) =E(ZZ)) =1.
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Moments and independence

Theorem: If X,,...,X, are independent and
each X; is integrable then X = X7 ---Xp Is in-
tegrable and

E(X1---Xp) = E(X1)---E(Xp) .
Moment Generating Functions

Defn: The moment generating function of a
real valued X is

Mx (t) = E(e")

defined for those real t for which the expected
value is finite.

Defn: The moment generating function of
X e RP js

Mx (u) = E[e* X]

defined for those vectors uw for which the ex-
pected value is finite.
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Example: If Z ~ N(0,1) then

My(t) = =212,

1 o0
\V 2m /—oo
L[ —(a—1)2/2442)2
= —— e dZ
V2T /—oo
- \/_1 / T w24t 2y,
21 J—o0

2
_ 122

Theorem: (p = 1) If M is finite for all ¢t in a
neighbourhood of 0 then

1. Every moment of X is finite.
2. M is C*° (in fact M is analytic).

k
3.y = %MX(O).

Note: C° means has continuous derivatives
of all orders. Analytic means has convergent
power series expansion in neighbourhood of
each t € (—e¢,¢€).

The proof, and many other facts about mgfs,
rely on techniques of complex variables.
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Characterization & MGFs
Theorem: Suppose X and Y are RP valued
random vectors such that

Mx (u) = My (u)

for u in some open neighbourhood of 0 in RP,
Then X and Y have the same distribution.

The proof relies on techniques of complex vari-
ables.
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MGFs and Sums

If X1,...,Xp are independent and Y = >} X;
then mgf of Y is product mgfs of individual
Xii

E(etY) =TI E(etXZ')
1

or My =[] Mx,. (Also for multivariate X;.)

Example: If Z4,...,Z, areindependent N(0,1)
then

E(ez Wiy = I1 E(e%%)

2
— ol /2

i
= exp(}_a?/2)
Conclusion: If Z ~ M NV,(0,I) then
My (u) = exp(>_u?/2) = exp(ulu/2).

Example: If X ~ N(u,02) then X = o6Z + 1
and

My (t) = E(et(aZ—I—,u)) — et,ueath/Q.
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Theorem: Suppose X = AZ 4+ u and Y =
A*Z* + p* where Z ~ MV Ny(0,I) and Z* ~
MV Ng(0,I). Then X and Y have the same
distribution if and only iff the following two
conditions hold:

1. = u*.
2. AAT = A*(A")T,

Alternatively: if X, Y each MVN then E(X) =
E(Y) and Var(X) = Var(Y) imply that X and
Y have the same distribution.

Proof: If 1 and 2 hold the mgf of X is
= (etTX) —E (etT(AZJru)
S etT[,LE (e(ATt)TZ)
— A uHATHT(ATY)
_ tpttt St
Thus Mx = M~. Conversely if X and Y have
the same distribution then they have the same

mean and variance.
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Thus mgf is determined by u and 3.

Theorem: If X ~ MV Ny(u,3) then there is A
a pxp matrix such that X has same distribution
as AZ + p for Z ~ MV Np(O,I).

We may assume that A is symmetric and non-
negative definite, or that A is upper triangular,
or that Ba is lower triangular.

Proof: Pick any A such that AAT = ¥ such
as PD/2PT from the spectral decomposition.
Then AZ+ p~ MV Np(u,X).

From the symmetric square root can produce
an upper triangular square root by the Gram

Schmidt process: if A has rows af,...,al then

let vy be ap/y/alap. Choose v, 1 proportional

to a, 1 — bup where b = al jup so that v, 3
has unit length. Continue in this way; you au-
tomatically get ajv, = 0 if j < k. If P has
columns vq,...,vp then P is orthogonal and AP
IS an upper triangular square root of ..
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Variances, Covariances, Correlations

Defn: The covariance between X and Y is

Cov(X,Y) = E{(X — px)(Y — py)" |

This is a matrix.

Properties:
e Cov(X,X) = Var(X).

e Cov is bilinear:

Cov(AX +BW,Y) =ACov(X,Y)
+ BCov(W,Y)

and

Cov(X,CY + DZ) =Cov(X,Y)Ct
+ Cov(X,Z)D'
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Properties of the MV N distribution

1: All margins are multivariate normal: if

[ X
X__X2]
__,ul
=t

and

$— | 211 212
2ip1 2o

then X ~ MVN([,L, 2) = X1 ~ MVN(,U,l, 211).
2: MX +v ~ MVNMp + v, MEMT): affine
transformation of MVN is normal.
3. If

310 = Cov(Xy,X5) =0

then X7 and X, are independent.

4: All conditionals are normal: the conditional
distribution of X1 given X5 = x5 is MV N(uq +

$12357 (22 — o), 11 — 212353 X21)
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Proof of (1): If X = AZ 4+ p then
X1 =1[I|0]X

for I the identity matrix of correct dimension.

So
X1 = ([I|0] A) Z + [1]0]

Compute mean and variance to check rest.

Proof of (2): If X = AZ + u then
MX +v=MAZ+ v+ Mpu

Proof of (3): If

then
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Proof of (4): first case: assume Y>> has an
inverse.

Define
W =X; - 215359 X5
Then
W | |1 —2122521 X1
X |0 I X2

Thus (W,X3)T is MVN(uq — 215555 o, %)
where

s — | 211 — S1285, %01 0
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Now joint density of W and X factors

fw x,(w,z2) = fw(w) fx,(x2)

By change of variables joint density of X is

fx,x,(x1,22) = cfw(z1 — Mx2) fx, (22)

where ¢ = 1 is the constant Jacobian of the
linear transformation from (W, X») to (X1, X5)
and

M=X,%5)

Thus conditional density of X1 given Xo = x»
IS

fw(z1 — Mzxs) fx, (z2)
fx,(x2)

As a function of x1 this density has the form

of the advertised multivariate normal density.

= fw(z1 — Mzy)
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Specialization to bivariate case:

Write

> — 0% ,001202
po102 05

where we define

Cov(X1, X2)
p p—
V/Var(X1)Var(X»)
Note that
o? = Var(X;)
Then

01
W=X1—p—Xo
02
is independent of X». The marginal distribu-
tion of W is N(u1 — poipuo/oo, %) where

72 =Var(X1) — 2p-2Cov(X1, X»)

o}
g2

2
n (ﬂ) Var(Xs)
02
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This simplifies to

o1(1 - p?)
Notice that it follows that

—1<p<1

More generally: any X and Y
0 <Var(X —\Y)
= Var(X) — 2)ACov(X,Y) 4+ \?Var(Y)
RHS is minimized at

Cov(X,Y)
\ =
Var(Y)

Minimum value is

0 < Var(X)(1 - p%y)

where
Cov(X,Y)
JVar(X)Var(y)

defines the correlation between X and Y.

PXY —
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Multiple Correlation
Now suppose X, is scalar but X7 is vector.

Defn: Multiple correlation between X1 and X»
R?(X1, X2) = max |p,rx, x,|°

over all a #= 0.

Thus: maximize
Cov2(a’X1,X5) = al¥i5%5ia
Var(al'Xq)Var(X5) (aTElla) 207

Put b = E%{Qa. For 3171 invertible problem is
equivalent to maximizing

b1 Qb
bTb

where
—1/2 —1/2
Q= 211/ 212221211/

Solution: find largest eigenvalue of Q.
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Note
Q= vvl
where

—1/2

V:E 212

IS a vector. Set

VVTX = \X

and multiply by v to get

VTX:OOr)\szV

If vIx = 0 then we see A = 0 so largest eigen-

value is vIv.

Summary: maximum squared correlation is
VTV 221211 212
Yoo 250
Achieved when eigenvector is x =v = b soO
—1/2 1 2
a=%1?v71?n, =975,

RQ(X]J XQ) —

Notice: since R? is squared correlation between
two scalars (atX; and X5) we have

0<R?2<1

Equals 1 iff X5 is linear combination of Xj.
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Correlation matrices, partial correlations:

Correlation between two scalars X and Y is
Cov(X,Y)
JVar(X)Var(y)

PXY —

If X has variance X then the correlation matrix
of X is Rx with entries

R — COV(XZ',XJ') . Zz]

\/V3I’(XZ')V8F(XJ') ,/Ziiij

If X1,X> are MVN with the usual partitioned
variance covariance matrix then the conditional
variance of X1 given X is

21120 = 211 — E12535215321

From this define partial correlation matrix
(X11.2)4j
\/211-2)2'2'211-2)]'3'

Ri1.0 =

Note: these are used even when Xqi,X, are
NOT MVN
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Likelihood Methods of Inference
Given data X with model {fy(x); 0 € ©}:

Definition: The likelihood function is map L:
domain ©, values given by

L(0) = fo(X)

Key Point: think about how the density de-
pends on 6 not about how it depends on X.

Notice: X, observed value of the data, has
been plugged into the formula for density.

We use likelihood for most inference problems:
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. Point estimation: we must compute an es-
timate § = 6(X) which lies in ©. The max-
imum likelihood estimate (MLE) of 6
is the value # which maximizes L(0) over
6 € © if such a # exists.

. Point estimation of a function of 6#: we

must compute an estimate ¢ = ¢(X) of
¢ = g(8). We use ¢ = g(0) where 0 is the
MLE of 6.

. Interval (or set) estimation. We must com-
pute a set C = C(X) in © which we think
will contain 6y. We will use

{0 c©:LO)>c}
for a suitable c.

. Hypothesis testing: decide whether or not
0o € ©g Where ©g C ©. We base our deci-
sion on the likelihood ratio
sup{L(0);0 € ©¢}
sup{L(6);0 € ©\ ©¢}
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Maximum Likelihood Estimation

To find MLE maximize L.

Typical function maximization problem:
Set gradient of L equal to O

Check root is maximum, not minimum or sad-
dle point.

Often L is product of n terms (given n inde-
pendent observations).

Much easier to work with logarithm of L: log
of product is sum and logarithm is monotone
increasing.

Definition: The Log Likelihood function is

£(6) = log{L(6)} .
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Samples from MVN Population

Simplest problem: collect replicate measure-
ments X1,...,X, from single population.

Model: X; are iid MV Np(p,32).

Parameters (0): (u,X). Parameter space: u €
RP and X is some positive definite p x p matrix.

Log likelihood is
(p,>) = —nplog(m)/2 —nlogdet 3/2
— > (X =)' ETHXG - p) /2
Take derivatives.
— =31 {Z(Xz — N)}
=nY 1 (X - p)
where X = Y X, /n.
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Second derivative wrt p is a matrix:
S St

Fact: if second derivative matrix is negative
definite at critical point then critical point is a
maximum.

Fact: if second derivative matrix is negative
definite everywhere then function is concave;
no more than 1 critical point.

Summary: ¢ is maximized at

p=X

(regardless of choice of X).
More difficult: differentiate ¢ wrt XI.
Somewhat simpler: set D = 21

First derivative wrt D is matrix with entries
ol

Warning: method used ignores symmetry of 3.
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Need: derivative of two functions:
ologdet A

= A_l
0A
and
T
ox' Ax — oy T
O0A
Fact: ijt" entry of A—1is
(_1)Z-_I_jdet(A<ij))
det A

where A(J) denotes matrix obtained from A
by removing column 3 and row s.

Fact: det(A) = Si(—1)T* A, det(AR): ex-
pansion by minors.

Conclusion
log det A
TOICER = (A
and
dlogdet A1 _
54 =—(A™ 1),

ij
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Implication

or

oD = "E/2 = L - (i - w2

Set = 0 and find only critical point is

2= (X -X)X; - X)!/n

Usual sample covariance matrix is

S = Z(Xi - X)(X; - X)!/(n— 1)

Properties of MLESs:
1) X ~ MVNy(p,n~1%)
2) E(S) = 3.

Distribution of S? Joint distribution of X and
S7
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Univariate Normal samples: Distribution
Theory

Theorem: Suppose Xi1,...,Xp are indepen-
dent N(u,o?) random variables. Then

1. X (sample mean)and s? (sample variance)
independent.

2. ’I’L]'/Q(X—,LL)/O'NN(O,].).
3. (n—1)s?%/c2 ~ X%—l'

4. nt/2(X — pn)/s ~ty_1.
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Proof. Let Z, = (Xz — ,LL)/O‘.
Then Zy,...,Z, are independent N(0,1).

So Z = (Zy1,...,2Zp)' is multivariate standard
normal.

Note that X = ¢ Z4p and s2 = 3 (X;—X)?2/(n—
1) =02%(Z; — 2)2/(n—1) Thus

1/2¢% _
nt/ (X M):n1/22
o

(n _21>82 — Z(ZZ . Z)Q

o)
and

nl/Q(X — 1) B nl/27
S - Sy

where (n — 1)s2 = Y(Z; — Z)2.

So: reduced to pu =0 and ¢ = 1.
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Step 1: Define
Y =(WnZ,Z1—Z,...,Zn— Z)".
(So Y has dimension n+ 1.) Now

1 1 1], -
Jn Jn Jn Z1
1 — 1 _1 _1 Z2
Y = n n n
1 41 _1 :
n n :n Zn

or letting M denote the matrix

Y =MZ.

It follows that Y ~ MV N(0, MM!) so we need
to compute MM

1 0 0 0
ol1~-% Lt ... _1
T
MME =1 " " 1
:n ]__nl
_ ) n -
1/0
| 0]Q |
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Put Y, = (YQ, ce 7Yn—|—1)' Since

COV(Yl, YQ) =0

conclude Y7 and Y5 are independent and each
IS normal.

Thus /nZ is independent of Z1—Z,...,Zp— Z.

Since s%, is a function of Z1 — Z,...,Z, — Z we
see that /nZ and s% are independent.

Also, see \/nZ ~ N(0,1).

First 2 parts done.
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Consider (n — 1)s?/0? = Y4Y,. Note that
Yo~ MVN(O,Q).

Now: distribution of quadratic forms:

Suppose Z ~ MV N(0,I) and A is symmetric.
Put A = PDP?! for D diagonal, P orthogonal.

Then
7Z'AZ = (Zz9)'TDZ*
where
7 =pPlz

But Z* ~ MVN(0,PLP =1) is standard multi-
variate normal.

So: ZT'AZ has same distribution as
SN Z7
i

where \1,...,\n are eigenvalues of A.

Special case: if all A\; are either 0 or 1 then
71 AZ has a chi-squared distribution with df =
number of \; equal to 1.
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When are eigenvalues all 1 or 07
Answer: if and only if A is idempotent.

1) If A idempotent and A,z is an eigenpair the

Axr = \x

and
Az = AAx = Mz = \x
SO
A=Az =0

proving X\ is O or 1.
2) Conversely if all eigenvalues of A are 0 or 1
then D has 1s and 0Os on diagonal so

D2 =D
and

AA = PDP!PDP! = PD?P! = PDP = A
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Next case: X ~ MV NpR(0,3). Then X = AZ
with AAT = 3.

Since XX = ZTATAZ it has the law
> NZE
\; are eigenvalues of ATA. But
ATAz = )\
implies

AATAz = SAz = Mz

So eigenvalues are those of ¥ and XX is X,%

iff X is idempotent and trace(X) = v.
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Our case: A=Q=1-111/n. Check Q2= Q.
How many degrees of freedom: trace(D).

Defn: The trace of a square matrix A is
trace(A) =) Ay
Property: trace(AB) = trace(BA).

So:

trace(A) = trace(PDP!)
= trace(DP!'P) = trace(D)

Conclusion: df for (n —1)s?/c? is

trace(I — 11T/n) =n—1.
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Derivation of the y?2 density:

Suppose Z1,...,Zn independent N(0,1). De-
fine x2 distribution to be that of U = Z$+-- -+

Z2. Define angles 61,...,0,,_1 by

Z1 = Ul/2 CoSs 01
Z> Ul/2sin 61 Ccos 6>

L1 U2 sin f1---sinf,,_»>Ccosb,_1
Zn = UY2singy---sin, 1.

(Spherical co-ordinates in n dimensions. The
6 values run from O to w except last 6 from O
to 27.) Derivative formulas:

0Z; 1
v —Zz'
ou 22U
and
0 J>1
0Z;
= —Zz-tanez- 71 =1
00 Zicotl; j<i.
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Fix n = 3 to clarify the formulas. Use short-
hand R = VU.

Matrix of partial derivatives is

COS 01 : i
sin 61 cosf - -
5p——2 IRcosficosfy —Rsinfysinb,
sin 01 sin 6 : :
] sm—= HRcosfisinf, Rsinf;costy

Find determinant:

U/2sin(61)/2

(non-negative for all U and 61).
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General n: every term in the first column con-
tains a factor U—1/2/2 while every other entry
has a factor U1/2.

FACT: multiplying a column in a matrix by c
multiplies the determinant by c.

SO: Jacobian of transformation is
uln™2)/271/2 2 % 16y, 60,-1)

for some function, h, which depends only on
the angles.

Thus joint density of U,01,...6,,_1 is
(2m) 2 exp(—u/2)u"" D204, ,0,_1)/2.

To compute the density of U we must do an
n—1 dimensional multiple integral df,,_1 ---df;.

Answer has the form
cu{n—2)/2 exp(—u/2)

for some c.
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Evaluate ¢ by making

[ fo@du= e [~ D12 exp(—u/2)du
= 1.

Substitute y = u/2, du = 2dy to see that

©.@)
ch/Q/o y(n_Q)/Qe_ydy = ch/QI_(n/Q)
= 1.
CONCLUSION: the x2 density is

e_u/zl(u > 0).

o (3
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Fourth part: consequence of first 3 parts and
def'n of t, distribution.

Defn: T ~ t, if T has same distribution as

Z/\U/v

for Z ~ N(0,1), U ~ x2 and Z,U independent.

Derive density of T' in this definition:
P(T <t)=P(Z <ty/U/v)
0o [ty u/v
= [ [ 12 fu(udzdu
0 — 00

Differentiate wrt ¢ by differentiating inner in-
tegral:

9 [ s@yda = b1 (o1) — afat)

by fundamental thm of calculus. Hence

%P(T <t)= /OOO f%—? (%)1/2 exp (—f—:) du .
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Plug in
1
2 (v/2)

fu(u) = (u/2)(’/_2)/2€—u/2

to get

fé)O(u/Q)(1/—1)/2€—u(1—|—t2/1/)/2du
fr(t) = 5
Vrul(v/2)
Substitute y = w(1 4+ t2/v) /2, to get

dy = (1 + t*/v)du/2

(u/2)V=D/2 = [y /(1 + 12 /1)) ¥—D/2

leading to

_ A4/ o ) 1y
fr(t) = NCAROIE) /O Y e Jdy
or
fT(t) — r((V + 1)/2) 1

VTl (v/2) (14 ¢2/v)(r+1)/2
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Multivariate Normal samples: Distribution
Theory

Theorem: Suppose Xi,...,X, are indepen-
dent N(u, ) random variables. Then

1. X (sample mean)and S (sample variance-
covariance matrix) are independent.

2. nl/2(X — ) ~ MVN(O,I).

3. (n—1)S ~ Wisharty(n — 1,3).

4. T? = n(X — p)I's— (X — p) is Hotelling’s
T2. (n—p)T?/(p(n—1)) has an Fyn—p dis-
tribution.
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Proof: Let X; = AZ,+ p where AAT =3 and
Z1,...,Z, are independent MV N(O,I).

So Z=(Z21,...,Z) ~ MV Ny(O,I).

Note that X = AZ + p and

(n—1)8=>(X; - X)(X; - X)*
=AY (Z; - Z)(Z; - Z)' AT

Thus
n1/2(X — 1) = Anl/?Z
and
T2 — <n1/QZ)TS£1 (nl/QZ)
where

Sy =Y (Z; —Z)(Z; — Z)" /(n - 1).

Consequences. In 1, 2 and 4: can assume
p =0 and ¥ =1. In 3 can take u = 0.
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Step 1: Do general Y. Define
Y = (vnZ!,z{ -Z1,.. ., zL — 7).

(So Y has dimension p(n+1).) Clearly Y is
MV N with mean O.

Compute variance covariance matrix

I,x, O
0 Q

where Q* has a pattern. It is a p x p patterned
matrix with entry 23 being

Cov(zi =22~ 1) = {(_nz—/nl)E/n .z ;

= QX
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Kronecker Products

Defn: If Aispxqgand Bisr xs then ARB
iIs the pr x gs matrix with the pattern

_AllB Ai»B --- Aqu

i A.plB APQB b A.qu |
SO our variance covariance matrix is
* ___
Q' =QRX
Conclusions so far:

1) X and S are independent.

2) Vn(X —p) ~ MVN(O,X)
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Next: Wishart law.

Defn: The Wisharty(n,X) distribution is the
distribution of

where Z1,...,Zy are iid MV Np(0,3).
Properties of Wishart.

1) If AA! = X then

Wishart,(0,¥) = AWishart, (0, DAL
2) if W;,i = 1,2 independent Wishart,(n;, )

then

Wi+ WsHr ~ Wishartp(nl + no, E)
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Proof of part 3: rewrite

N (Z; - Z)(Z; - Z)T

in form

for U; iid MV Np(0,¥). Put Zq,...,Zy as cols
in matrix Z which is p x n. Then check that

ZQZ" = (Z; - Z)(Z; - Z)*

Write Q = Y v;v! for n — 1 orthogonal unit
vectors vyi,...,v,_1. Define

Uz' — ZVZ'

and compute covariances to check that the U;
are iid MV N,(0,3). Then check that

ZQz" =Y u,ul
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Proof of 4: suffices to have X = 1.
Uses further props of Wishart distribution.

3. If W ~ Wisharty(n,3) and a € R then

al'Wa 5
~ X
alYa "

4: If W ~ Wishartp(n,3) and n > p then

al'>1a
~ Xo_

5: If W ~ Wisharty(n,X) then

trace(S7IW) ~ x3,

6: If W ~ Wishart,y ,(n,X) is partitioned into
components then

Wi — W12W2_21W21 ~ Wishartp(n — q,%11.2)
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One sample tests on mean vectors

Given data Xq,..., X, iid MV N(u,X) test

Ho : K= Ky
by computing

T2 = TL(X - H’o)TS_l(X — o)

and getting P-values from F' distribution using
theorem.

Example: no realistic ones. This hypothesis is
not intrinsically useful. However: other tests
can sometimes be reduced to it.

Example: Ten water samples split in half.
One half of each to each of two labs. Mea-
sure biological oxygen demand (BOD) and sus-
pended solids (SS). For sample i let X;1 be
BOD for lab A, X,;» be SS for lab A, X;3 be
BOD for lab B and X;4 be SS for lab B. Ques-
tion: are labs measuring the same thing? 1Is

there bias in one or the other?
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Notation X, is vector of 4 measurements on
sample +.

Data:

Lab A Lab B
Sample BOD SS BOD SS

1 6 27 25 15
2 6 23 28 13
3 18 64 36 22
4 38 44 35 29
5 11 30 15 31
6 34 75 44 64
4 28 26 42 30
3 71 124 54 64
9 43 54 34 56
10 33 30 29 20
11 20 14 39 21

Model: X4,...,Xq7 are iid MVN4([L,2).

Multivariate problem because: not able to as-
sume independence between any two measure-
ments on same sample.
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Potential sub-model: each measurement is
true mmnt -+ lab bias + mmnt error.

Model for measurement error vector U; is mul-
tivariate normal mean O and diagonal covari-
ance matrix 3.

Lab bias is unknown vector 3.

True measurement should be same for both
labs so has form

[Yi1, Yo, Yi1, Yol

where Y1, Y;> are iid bivariate normal with un-
known means 61,60-> and unknown 2 x 2 variance
covariance Xy .

This would give structured model

X;=CY+p8+U
where

O Or

R OO
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T his model has variance covariance matrix
Yx = CZyCl + 3¢

Notice that this matrix has only 7 parameters:
four for the diagonal entries in 3¢y and 3 for
the entries in Xvy.

We skip this model and let 3 be unrestricted.

Question of interest:

Ho @ p1 = p3 and pp = pg

Reduction: partition X; as

N

where U; and V; each have two components.

Define W; = U;. Then our model makes W;
iid MV No(puw, Xw). Our hypothesis is
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Carrying out our test in SPlus:

Working on CSS unix workstation:

Start SPlus then read in, print out data:

[61]ehlehl’, mkdir .Data
[62]ehlehl’, Splus
S-PLUS : Copyright (c) 1988, 1996 MathSoft, Inc.
S : Copyright AT&T.
Version 3.4 Release 1 for Sun SPARC, Sun(0S 5.3 : 1996
Working data will be in .Data
> # Read in and print out data
> eff <- read.table("effluent.dat",header=T)
> eff
BODLabA SSLabA BODLabB SSLabB

1 6 27 25 15
2 6 23 28 13
3 18 64 36 22
4 8 44 35 29
5 11 30 15 31
6 34 75 44 64
7 28 26 42 30
8 71 124 54 64
9 43 54 34 56
10 33 30 29 20
11 20 14 39 21
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Do some graphical preliminary analysis.

Look for non-normality, non-linearity, outliers.

Make plots on screen or saved in file.

> # Make pairwise scatterplots on screen using
> # motif graphics device and then in a postscript
> # file.

> motif ()

> pairs(eff)
> postscript("pairs.ps",horizontal=F,
+  height=6,width=6)

> pairs(eff)

> dev.off ()

Generated postscript file "pairs.ps".

motif
2
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Examine correlations

> cor(eff)
BODLabA SSLabA BODLabB SSLabB
BODLabA 0.9999999 0.7807413 0.7228161 0.7886035
SSLabA 0.7807413 1.0000000 0.6771183 0.7896656
BODLabB 0.7228161 0.6771183 1.0000001 0.6038079
SSLabB 0.7886035 0.7896656 0.6038079 1.0000001

Notice high correlations.

Mostly caused by variation in true levels from
sample to sample.
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Get partial correlations.

Adjust for overall BOD and SS content of sam-
ple.

> aug <- cbind(eff,(eff[,1]+eff[,3]1)/2,

+ (eff[,2]+eff[,4]1)/2)
> aug
BODLabA SSLabA BODLabB SSLabB X2 X3
1 6 27 25 15 15.5 21.0
2 6 23 28 13 17.0 18.0
3 18 64 36 22 27.0 43.0
4 8 44 35 29 21.5 36.5
5 11 30 15 31 13.0 30.5
6 34 75 44 64 39.0 69.5
7 28 26 42 30 35.0 28.0
8 71 124 54 64 62.5 94.0
9 43 54 34 56 38.5 55.0
10 33 30 29 20 31.0 25.0
11 20 14 39 21 29.5 17.5

> bigS <- var(aug)
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Now compute partial correlations for first four
variables given means of BOD and SS:

S11 <- bigS[1:4,1:4]

S12 <- bigS[1:4,5:6]

S21 <- bigS[5:6,1:4]

S22 <- bigS[5:6,5:6]

Siidot2 <- S11 - S12 %xJ, solve(S22,S21)
Siidot2

V V V V V V

BODLabA SSLabA BODLabB SSLabB
BODLabA 24.804665 -7.418491 -24.804665 7.418491
SSLabA -7.418491 59.142084 7.418491 -59.142084
BODLabB -24.804665  7.418491 24.804665 -7.418491
SSLabB  7.418491 -59.142084 -7.418491 59.142084
> S11dot2SD <- diag(sqrt(diag(Sildot2)))
> S11dot2SD
[,1] [,2] [,3] [,4]
[1,] 4.980428 0.000000 0.000000 0.000000
[2,] 0.000000 7.690389 0.000000 0.000000
[3,] 0.000000 0.000000 4.980428 0.000000
[4,] 0.000000 0.000000 0.000000 7.690389
> R11dot2 <- solve(S11dot2SD)%*%
+ S11dot2%*%solve(S11dot2SD)
> Rilldot2
[,1] [,2] [,3] [,4]
[1,] 1.000000 -0.193687 -1.000000 0.193687
[2,] -0.193687 1.000000 0.193687 -1.000000
[3,] -1.000000 0.193687 1.000000 -0.193687
[4,] 0.193687 -1.000000 -0.193687 1.000000

Notice little residual correlation.
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Carry out Hotelling’'s T2 test of Hy : puyw = O.

> w <- eff[,1:2]-eff[3:4]
> dimnames(w)<-1ist (NULL,c("BODdiff","SSdiff"))
> W

BODdiff SSdiff

[1,] -19 12
[2,] -22 10
etc
[8,] 17 60
etc

> Sw <- var (w)

> cor(w)

BODdiff SSdiff
BODdiff 1.0000001 0.3057682
SSdiff 0.3057682 1.0000000
> mw <- apply(w,2,mean)
> mw
BODdiff SSdiff
-9.363636 13.27273
> Tsq <- 11*mw/*%solve(Sw,mw)
> Tsq
[,1]
[1,] 13.63931
> FfromTsq <- (11-2)*Tsq/(2%(11-1))
> FfromTsq
[,1]
[1,] 6.13769
> 1-pf (FfromTsq,2,9)
[1] 0.02082779

Conclusion: Pretty clear evidence of difference
iIn mean level between labs.
96



Which measurement causes the difference?

> TBOD <- sqrt(11)#*mw[1]/sqrt(Swl[1,1])
> TBOD
BODdiff
-2.200071
> 2*pt(TBOD, 1)
BODdiff
0.2715917
> 2*pt (TBOD, 10)
BODdiff
0.05243474
> TSS <- sqrt(11)*mw[2]/sqrt(Sw[2,2])
> TSS
SSdiff
2.15153
> 2*pt (-TSS,10)
SSdiff
0.05691733
> postscript("differences.ps",
+ horizontal=F ,height=6,width=6)
> plot(w)
> abline (h=0)
> abline(v=0)
> dev.off ()

Conclusion? Neither? Not a problem — sum-
marizes evidencel!

Problem: several tests at level 0.05 on same
data. Simultaneous or Multiple compar-
Isons.
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60

40

SSdiff
20

-20 -10 0 10

BODdiff

In general can test hypothesis H, : Cu = 0
by computing Y; = CX,; and then testing H, :
iy = 0 using Hotelling’s T2.
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Simultaneous confidence intervals

Confidence interval for al p:

al X + th—1,0/2V al'Sa

Based on t distribution.

Give coverage intervals for 6 parameters of in-
terest: 4 entries in pu and pu1 — p3 and po — g

Ly 25.27 +2.23 x 19.68/1/11
Lo 46.45 £ 2.23 x 31.84/1/11
13 34.64 +2.23 x 10.45/1/11
L 33.18 £2.23 x 19.07/v/11
i — p3 —9.36 +£2.23 x 14.12//11
Lo — g 13.27 £2.23 x 20.46/+/11

Problem: each confidence interval has 5% er-
ror rate. Pick out last interval (on basis of
looking most interesting) and ask about error
rate?

Solution: adjust 2.23, t multiplier to get

P(all intervals cover truth) > 0.95
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Rao or Scheffé type intervals

Based on inequality:
2
‘aTb‘ < alMabIM~1b

for any symmetric non-singular matrix M.

Proof by Cauchy Schwarz: inner product of
vectors M1/2a and M—1/2B.

Put b=n"1/2(X — ) and M =S to get
_ 2
‘nl/z(aTX — aT,u)| < al'SaT?

This inequality is true for all a. Thus the event
that there is any a such that

(alX —al'p)?

al'Sa

IS a subset of the event

> C

T2>c
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Adjust ¢ to make the latter event have proba-
bility o« by taking

p(n—1)
C = n—op Fp,n—p,a-

Then the probability that every one of the un-
countably many confidence intervals

alX £+ /cValSa

covers the corresponding true parameter value
IS at least 1 — «.

In fact the probability of this happening is ex-
actly equal to 1 — o because for each data set
the supremum of

(al'X —al'p)?
alSa
over all a is T2.
OQur case
4(10)
Ve = Fgq7.0.05 =4.85

=
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Coverage probability of single interval using
/c4.857 From t distribution:

99.93%

Probability all 6 intervals would cover using
\/c4.857

Use Bonferroni inequality:

P(UA;) <> P(A)
Simultaneous coverage probability of 6 inter-
vals using 1/c4.85

>1—6x%(1—0.9993) = 99.59%

Usually just use

Ve=t, 14120 =328

General Bonferroni strategy. If we want in-
tervals for 64,...,0, get interval for 6; at level
1 — a/k. Simultaneous coverage probability is
at least 1 — «. Notice that Bonferroni nar-
rower in our example unless 0.0007k = 0.5 giv-
ing k> T71.
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Motivations for T2:

1: Hypothesis H, : p = 0 is true iff all hy-
potheses Hoa : al'p = 0 are true. Natural test
for Hya rejects if

t(a) = nt/Zal (X — p)

large. So take largest test statistic.

Fact:
supt?(a) = T7
a

Proof: like calculation of maximal correlation.
2: likelihood ratio method.

Compute
0, 3) — (o, 2o)

where the subscript o indicates estimation as-
suming H,.
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In our case to test Hy, : u = 0 find
fi,=0 %,=YXX//n
and

[, S) — £(fi,, o) = nlog{det(S)/ det(So)}/2

Now write
Y XX =Y (X, - X)(X; - X)T + nXX!
Use formula:
det(A + vv!) = det(A)(1 + v A~ 1v)
to get
~ ~ ST ~\N —1 —
det(nSg) = det(ne)(1 + nX (nz) X)

so that the ratio of determinants is a monotone
increasing function of T2,

Again conclude: likelihood ratio test rejects for
T2 > ¢ where ¢ chosen to make level a.
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3: compare estimates of ..

In univariate regression F' tests to compare a
restricted model with a full model have form

ESSRestricted — ESSFull - dferror

ESSFuII dfdifference

This is a monotone function of
~D
O Restricted
~D
OEull
where ESS denotes an error sum of squares
and &2 and estimate of the residual variance —

ESS/df.

Here: substitute matrices.

Analogue of ESS for full model:
E

Analogue of ESS for reduced model:

E4+H

(This defined H to be the change in the Sum
of Squares and Cross Products matrix.)
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In 1 sample example:
E=>(X;—-X)(X;,-X)!
and

E4+H=Y XX/

Test of 4 = 0 based on comparing
H=) XX/ - Y (X; - X)(X; - X)' = nXX?
to

E=) (X, -X)(X; -X)I' = (n—-1)S
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To make comparison. If null true
E(nXXH) =3
and
E(S) =X
SO try tests based on closeness of
S—1pXXT

to identity matrix.

Measures of size based on eigenvalues of
S—ipXX?T
which are same as eigenvalues of

§=1/2, KX Tg~1/2
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Suggested size measures for A —1I:

e trace(A — 1) (= sum of eigenvalues).

e det(A —I) (= product of eigenvalues).

e maximum eigenvalue of A — 1.

For our matrix: eigenvalues all O except for
one. (So really—matrix not close to 1.)

LLargest eigenvalue is

T2 = nXS—1X

But: see two sample problem for precise tests
based on suggestions.
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Two sample problem

Given data X;;;7 = 1,...,n4,0 = 1,2. Model
X;j ~ MV Np(p;, %;), independent.

Test Hy, : H1 = Ko.
Case 1: for motivation only. X; known i =1, 2.

Natural test statistic: based on
D =X; — X5
which has MV N(up,Xp) where
HD = H1 — K2
and
-1 —1
So
D' (21/n1 4+ Zo/n2) ' D

has a x3 distribution if null true.
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If 32, not known must estimate. No universally
agreed best procedure (even for p = 1 — called
Behrens-Fisher problem).

Usually: assume 31 = 3.

If so: MLE of u; is X; and of X is
> (X — X)) (XG5 — Xp) T
n1 + no
Usual estimate of X is

> (X — X)) (X5 — Xp) T
niy + no — 2

SF’ooled —

which is unbiased.
Possible test developments:

1) By analogy with 1 sample:
2 __  nin2 Ta—1
T _nl-l-nzD SF’ooled
which has the distribution
ny+np—1—-p_»
T< ~ F 1
p(ni +no — 2) p,n1+no—1—p

D
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2) Union-intersection: test of a’(puy — ps) = 0

based on
\/ nino aTD
ta —

n1 + no2val'Sa

Maximize t2 over all a.

Get
nino

T? = DI's—1p

ni1 + no

3) Likelihood ratio: the MLE of X for the un-
restricted model is
niy + no — 2
ni1 + no
Under the hypothesis u; = po, the mle of X is

S

i (X — X) (X5 — X)T
ni1 + no

where
n1X1 + noXs5
n1 + no

X =
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This simplifies to
E+H

n1 + no
The log-likelihood ratio is a multiple of

log det 2FuII — log det 2AJRestricted

which is a function of

log {det E/det(E + H)}

or equivalently a function of Wilk’s A:

_ detE 1
~ det(E4+H) det(HE-141)
Compute det: multiply together eigenvalues.

If \; are the eigenvalues of HE—1 then

1
A —
[1(1 + ;)
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Two sample analysis in SAS on css network

e Type sas to start system.

e Several windows open. Go to Program Ed-
itor.

e Under file menu open file with sas code.
Contents of sas2sample.sas

data long;
infile ’tabb7sh’;
input group a b c;
run;
proc print;
run;
proc glm;
class group;
model a b ¢ = group;
manova h=group / printh printe;
run;
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Notes:

1) First 4 lines form DATA step:

a) creates data set named long by reading in 4
columns of data from file named tab57sh stored
in same directory as I was in when I typed sas.

b) Calls variables group (=1 or 2 as label for
the two groups) and a, b, ¢ which are names

for the 3 test scores for each subject.

2) Next two lines: print out data:

(slightly edited)

Obs group a
1 1 19
2 1 20
3 1 19
etc till
11 2 15
12 2 13

13 2 14

20
21
22

17
14
16

18
19
22

15
14
13

result is
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3) Then use proc glm to do analysis:

a) class group declares that the variable group
defines levels of a categorical variable.

b) model statement says to regress the variables
a, b, c on variable group.

C) manova Statement says to do both 3 uni-
variate regressions and a mulivariate regression
and to print out the H and E matrices where
H is the matrix corresponding to the presence
of the factor group in the model.
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Output of MANOVA: First univariate results

The GLM Procedure
Class Level Information

Class Levels Values

group 2 12
Number of observations 13
Dependent Variable: a

Sum of

Source DF Squares Mean Square F Value Pr > F
Model 1 54.276923 54.276923 19.38 0.0011
Error 11 30.800000  2.800000
Corrd Tot 12 85.076923
R-Square Coeff Var Root MSE a Mean
0.637975 10.21275 1.673320 16.38462
Source DF Type ISS Mean Square F Value Pr > F
group 1 54.276923 54.276923 19.38 0.0011
Source DF TypellISS Mean Square F Value Pr > F
group 1 54.276923 54.276923 19.38 0.0011

Dependent Variable: b

Sum of
Source DF  Squares Mean Square F Value Pr > F
Model 1 70.892308 70.892308 34.20 0.0001
Error 11 22.800000  2.072727

Corrd Tot 12 93.692308

Dependent Variable: c

Sum of
source DF  Squares Mean Square F Value Pr > F
Model 1 94.77692 94.77692  39.64 <.0001
Error 11 26.30000  2.39090

Corrd Tot 12 121.07692
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The matrices E and H.

E = Error SSCP Matrix
a b C
a 30.8 12.2 10.2
b 12.2 22.8 3.8
c 10.2 3.8 26.3
Partial Correlation Coefficients from
the Error SSCP Matrix / Prob > |r|

DF = 11 a b c
a 1.000000 0.460381 0.358383
0.1320 0.2527
b 0.460381 1.000000 0.155181
0.1320 0.6301
C 0.358383 0.155181 1.000000
0.2527 0.6301

H = Type III SSCP Matrix for group

a b C

a 54.276923077 62.030769231 71.723076923
62.030769231 70.892307692  81.969230769
c 71.723076923 81.969230769 94.776923077

o
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The eigenvalues of E-1H.

Characteristic Roots and Vectors of: E Inverse *x H
H = Type III SSCP Matrix for group

E = Error SSCP Matrix
Characteristic
Root Percent a

b

Characteristic Vector V’EV=1

C

5.816159 100.00 0.00403434 0.12874606 0.13332232
0.000000 0.00 -0.09464169 -0.10311602 0.16080216
0.000000 0.00 -0.19278508 0.16868694 0.00000000
MANOVA Test Criteria and Exact F Statistics
for the Hypothesis of No Overall group Effect
H = Type III SSCP Matrix for group

E = Error SSCP Matrix
S=1 M=0.5 N=3.5

Statistic Value
Wilks’ Lambda 0.1467
Pillai’s Trace 0.8533

Hotelling-Lawley Tr 5.8162
Roy’s Greatest Root 5.8162

F
17.45
17.45
17.45
17.45

NumDF DenDF Pr > F

3

3
3
3

9

9
9
9

0.0004
0.0004
0.0004
0.0004

118



Things to notice:

1. The conclusion is clear. The mean vectors
for the two groups are not the same.

2. The four statistics have the following def-
initions in terms of eigenvalues of E—1H:

Wilk's Lambda:
1 1
[1(1+ ;) 6.816
Pillai’s trace:

tracc(HH+E) H =Y

\; _ 5.816
1+, 6.816

Hotelling-Lawley trace:

trace(HE™ 1) =Y \; = 5.816
Roy’'s greatest Root:

max{\;} = 5.816
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1 way layout
Also called m sample problem.
Data X;5,7=1,...,n5i=1,...,m.
Model X;; independent MV Np(u;, X3).

First problem of interest: test

Ho@pg == py
Based on E and H. MLE of pu, is X;.
E=) (X; - X)X — X"
]

Under H, MLE of u, the common value of the
i 1S

So
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This makes

H=Y X; - X)(X; - X)T
]
Notice can do sum over 5 to get factor of n;:

H=> n(X; - X)(X; - X)T

Note: rank of H is minimum of p and m — 1.
The data

19 20 18
20 21 19
19 22 22
18 19 21
16 18 20
17 22 19
20 19 20
15 19 19
12 14 12
16 15 17
16 17 15
13 14 14
14 16 13
15 14 17
13 14 15
12 15 156
12 13 13
8 9 10
10 10 12
11 10 10
11 7 12

AP PO WOWLOWWDNDDNMNNDNMNNNRP,PRP,PRPRPR,PRPRPRPR,RPRE
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Code

data three;
infile ’tabb57for3sams’;
input group a b c;
run;
proc print;
run;
proc glm;
class group;
model a b ¢ = group;
manova h=group / printh printe;
run;
data four;
infile ’tableb.7’;
input group a b c;
run;
proc print;
run;
proc glm;
class group;
model a b ¢ = group;
manova h=group / printh printe;
run;
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Pieces of output: first set of code does first 3
groups.

So: H has rank 2.

Characteristic Roots & Vectors of: E Inverse *x H
Characteristic Characteristic Vector V’EV=1
Root Percent a b C
6.90568180 96.94 0.01115 0.14375 0.08795
0.21795125 3.06 -0.07763 -0.09587 0.16926
0.00000000 0.00 -0.18231 0.13542 0.02083

S=2 M=0 N=5

Statistic Value F NumDF Den DF Pr > F
Wilks’ 0.1039 8.41 6 24 <.0001
Pillai’s 1.0525 4.81 6 26 0.0020
Hotelling-Lawley 7.1236 13.79 6 14.353 <.0001
Roy’s 6.9057 29.92 3 13 <.0001

NOTE: F Statistic for Roy’s is an upper bound.
NOTE: F Statistic for Wilks’is exact.

Notice two eigenvalues not 0. Note that ex-
act distribution for Wilk's Lambda is available.
Now 4 groups

Root Percent a b C
15.3752900 98.30 0.01128 0.13817 0.08126
0.2307260 1.48 -0.04456 -0.09323 0.15451
0.0356937 0.23 -0.17289 0.09020 0.04777
S=3 M=-0.5 N=6.5

Statistic Value F NumDF Den DF Pr > F
Wilks’ 0.04790913 10.12 9 36.657 <.0001
Pillai’s 1.16086747 3.58 9 51 0.0016
Hot’ng-Lawley 15.64170973 25.02 9 20.608 <.0001
Roy’s 15.37528995 87.13 3 17 <.0001

NOTE: F Statistic for Roy’s is an upper bound.
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Other Hypotheses

How do mean vectors differ? One possibility:

ik — Hjk = Ci — €y
for constants ¢; and C; which do not depend on
k. This is an additive model for the means.

Test 7
Define a = ZZ] /,LZ]/(pk‘> Then put
Bi = mi/p—a,
J
V=D ik —a
i

Tij = Mij — Bi —Vj —

If the 7;; are all O then

ik — ik = Bi — B

so we test the hypothesis that all T;5 are 0.
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Univariate Two Way Anova
Data Y,k
k=1,...,n55,7=1,...;p;e=1,...,m.
Model: independent, ;i ~ N(u;j,02).
Note: this is the fixed effects model.

Usual approach: define grand mean, main ef-
fects, interactions:

p=2_ kij/ D i
ik i

o =Y i) Y mip—
gk J
B = Zuz‘j/znij — [

Test additive effects: v;; = 0 for all 4, j.
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Usual test based on ANOVA:

Stack observations Y}, into vector Y, say.
Estimate u, «;, etc by least squares.

Form vectors with entries u, a; etc.

Write
Y=p+a+B+7+e

This defines the vector of fitted residuals €.

Fact: all vectors on RHS are independent and
orthogonal. So:

Y112 = |1@l1* + l&l1? + 118117 + [1711° + [1el|?

This is the ANOVA table. Usually we defined
the corrected total sum of squares to be

2 ~112
Y= = [l
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Our problem is like this one BUT the errors
are not modeled as independent.

In the analogy:
1 labels group.
7 labels the columns: ie 3 is a, b, C.
k runs from 1 to n;; = n,.
But
.o 1= k=F

Yigr Yirgra) {O otherwise

Now do analysis in SAS.
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Tell SAS that the variables A, B and C are re-
peated measurements of the same quantity.

proc glm;
class group;
model a b ¢ = group;
repeated scale;

run;

The results are as follows:

General Linear Models Procedure
Repeated Measures Analysis of Variance
Repeated Measures Level Information
Dependent Variable A B C

Level of SCALE 1 2 3

Manova Test Criteria and Exact F
Statistics for the Hypothesis of no
SCALE Effect
H = Type III SS&CP Matrix for SCALE
E = Error SS&CP Matrix
S=1 M=0 N=7
Statistic
Value F NumDF DenDF Pr > F
Wilks’ Lambda 0.56373 6.1912 2 16 0.0102
Pillai’s Trace 0.43627 6.1912 2 16 0.0102
Hotelling-Lawley 0.77390 6.1912 2 16 0.0102
Roy’s 0.77390 6.1912 2 16 0.0102

Note: should look at interactions first.
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Manova Test Criteria and F Approximations

for the Hypothesis of no SCALEx*GROUP Effect

S=2 M=0 N=7

Statistic Value F NumDF DenDF Pr > F
Wilks’ Lambda 0.56333 1.7725 6 32 0.1364
Pillai’s Trace 0.48726 1.8263 6 34 0.1234
Hotelling-Lawley 0.68534 1.7134 6 30 0.1522
Roy’s 0.50885 2.8835 3 17 0.0662
NOTE: F Statistic for Roy’s Greatest

Root is an upper bound.

NOTE: F Statistic for Wilks’ Lambda is exact.

Only weak evidence of interaction. Repeated
statement: univariate anova. Results:

Repeated Measures Analysis of Variance
Tests of Hypotheses for Between Subjects Effects
Source DF Type III SS Mean Square F Pr > F
GROUP 3 743.900000 247.966667 70.93 0.0001
Error 17  59.433333 3.496078
Repeated Measures Analysis of Variance
Univariate Tests of Hypotheses for
Within Subject Effects
Source: SCALE Adj Pr > F
DF TypeIIISS MS F Pr>FG-G H-F
2 16.624 8.312 5.39 0.0093 0.0101 0.0093
Source: SCALExGROUP
DF TypeIII MS F Pr>FG-G H-F
6 18.9619 3.160 2.05 0.0860 0.0889 0.0860
Source: Error(SCALE)
DF TypeIIIl SS Mean Square
34 52.4667 1.54313725
Greenhouse-Geisser Epsilon = 0.9664
Huynh-Feldt Epsilon 1.2806
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Greenhouse-Geisser, Huynh-Feldt test to see if
> has certain structure.

Return to 2 way anova model. Express as:

Yiik =+ a; + B+ vij + €iji
For fixed effects model is ¢, iid N(0,0?).

For MANOVA model vector of ;. is MVN but
with covariance as for Y.

Intermediate model. Put in subject effect.

Assume

€ijk = Oik T+ Uijk
where u;j, iid N(0,02) and &;, are iid N(0,72).
Then

Cov(i/z'jka }/i’j’k’) =

{0.2_|_7_2 i/,j:j/,k‘:k‘/
177 i=ik=FK,j#j
|0 otherwise
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This model is usually not fitted by maximum
likelihood but by analyzing the behaviour of the
ANOVA table under this model.

Essentially model says
> = 2111 + 641

GG, HF test for slightly more general pattern
for X..

Do univariate anova: The data reordered:

1 19
2 20
3 18
1 20
2 21
3 19
cetera
2 10
12
11
10
10
11
7
12

NNNNE ==
T T T S T N i e i e e e

P WWWwNdN
WNNF, WNEFL, W

The four columns are now labels for subject
number, group, scale (a, b or ¢) and the re-
sponse.
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The sas commands:

data long;
infile ’tableb.7uni’;
input subject group scale score;
run;
proc print;
run;
proc glm;
class group;
class scale;
class subject;
model score =group subject(group)
scale group*scale;
random subject(group) ;

run;
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Some of the output:

Dependent Variable: SCORE

Sum of Mean
Source DF Squares Square F Pr > F
Model 28 843.5333 30.126 19.52 0.0001
Error 34 52.4667 1.543
Total 62  896.0000

Root MSE SCORE Mean

1.242231 15.33333

Source DF TypelSS MS F Pr > F
GROUP 3 743.9000 247.9667 160.69 0.0001
SUBJECT(GROUP) 17 59.4333 3.4961 2.27 0.0208
SCALE 2 21.2381 10.6190 6.88 0.0031
GROUP*SCALE 6 18.9620 3.1603 2.05 0.0860
Source DF TypeIllISS MS F Pr > F
GROUP 3 743.9000 247.9667 160.69 0.0001
SUBJECT (GROUP) 17 59.4333 3.4961  2.27 0.0208
SCALE 2 16.6242 8.3121 5.39 0.0093
GROUP*SCALE 6 18.9619 3.1603 2.05 0.0860
source Type III Expected Mean Square

GROUP Var (Error) + 3 Var (SUBJECT(GROUP))

+ Q(GROUP,GROUP*SCALE)
SUBJECT (GROUP) Var(Error) + 3 Var (SUBJECT(GROUP))
SCALE Var (Error) + Q(SCALE,GROUP*SCALE)
GROUP*SCALE Var (Error) + Q(GROUP*SCALE)
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Type I Sums of Squares:

e Sequential sums of squares.

e Each line is a sum of squares comparing
the model with effects listed above to one
with one extra effect.

e Depend on order terms listed in model.

Type III Sums of Squares:

e Roughly: each line compares model with
all other effects in model.

e In unbalanced designs be careful about the
differences between Types II, III and IV.
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Notice hypothesis of no group by scale inter-
action is acceptable.

Under the assumption of no such group by
scale interaction the hypothesis of no group
effect is tested by dividing group ms by sub-
ject(group) ms.

Value is 70.9 on 3,17 degrees of freedom.

This is NOT the F value in the table above
since the table above is for FIXED effects.

Notice that the sums of squares in this table
match those produced in the repeated mea-
sures ANOVA. This is not accidental.
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