STAT 804: Notes on
Lecture 4

More than 1 process

Definition: Two processes X and Y are jointly
(strictly) stationary if

'C’(Xt?"'?Xt—FhaYt?"'?}/t—Fh)
:L:(XO,...,Xh,YO,...,Yh)

for all ¢t and h.

Definition: X and Y are jointly second order
stationary if each is second order stationary
and also

Cxy(h) = Cov(Xy, Yiyp) = Cov(Xo, Yy,)
for all ¢t and h.

Notice that negative values of h give, in gen-
eral, different covariances than positive values
of h.



Definition: If X is stationary the autocovari-
ance function of X is Cx(h) = Cov(Xg, X}).

Definition: If X and Y are jointly stationary
then we call Cxy(h) = Cov(Xp, Y}) the cross-
covariance function.

Notice that Cx(—h) = Cx(h) and Cxy(h) =
Cy x(—h) for all h and similarly for correlation

Definition: The autocorrelation function of
X IS
px(h) = Cx(h)/Cx(0) = Corr(Xg, Xp).

the cross-correlation function of X and Y is

pxy (h) = Corr(Xo, Yp)
= CXY(h)/\/CX(O)CY(O)-

Fact: If X and Y are jointly stationary then
aX -+ bY is stationary for any constants a and
b.



Model Identification

Goal: develop tools to permit us to choose a
model for a given series X.

Idea: attempting to fit an ARMA(p,q); first
step is to learn how to choose p and g.

We try to get small values of these orders.

Efforts focused on cases with either p or g equal
to 0.

Use autocorrelation or autocovariance function
to do model identification.



Some Theoretical Autocovariances

Moving Averages: Addition of a constant
never affects a covariance, so take mean equal
to O.
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Using bg = 1 we find

Cx (h) = Cov(Xy, Xiqp)

q q
= Cov( ) bj€t—j, > breitn—i)
j=0 k=0
q q
> bibCov(er_j, e44h—i)
=0 k=0

J



Each covariance is O unlesst—j3=t+4+ h —k or
k= 37—+ h. This gives
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Notice that if h > q (or h < —q) then we get
Cx(h) = 0.

Jargon: We call h the lag and say that for an
M A(q) process the autocovariance function is
O at lags larger than q.

To identify an M A(q) look at a graph of an
estimate C(h) and look for a lag where it
suddenly decreases to (nearly) O.



Autoregressive Processes: WLOG u = 0.

Firstdop=1:. Xy =pX;_1+ €. Then

Cx(h) = Cov(X¢, Xiqp)
= Cov(X¢, pXp4h—1 + €+n)
= pCoV(X¢, Xp4n—1) + Cov(Xy, €4p)

For h > 0 Cov(Xy, €4p) = 0. This gives

Cx(h) = pCx(h — 1)
= p°Cx(h —2)

= p"Cx(0)
This gives

px(h) = px(1)" = p"
Also recall Cx(0) = 02/(1 — p?).

Notice that Rx(h) decreases geometrically to
O but is never actually O.

Remark: If p is small so that p2 is very small
then an AR(1) process is approximately the
same as an MA(1) process: we nearly have

Xt = €+ per_1-



