Lecture 9
EM algorithm

Applied when we have (real or imaginary) miss-
ing data.

Suppose data we have is X; some other data
we didn't get is Y and Z = (X,Y).

Often can think of a Y we didn't observe in
such a way that the likelihood for the whole
data set Z would be simple.

In that case we can try to maximize the likeli-
hood for X by following a two step algorithm
first discussed in detail by Dempster, Laird and
Rubin.

This algorithm has two steps:
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E or Estimation step: ‘“estimate” missing Y
by computing E(Y|X).

Technically, should estimate likelihood func-
tion based on Z. Factor density of Z as

fz = Iyvixfx
and take logs to get

£(612) = 109 (fy|x) + £(8]X)

We actually estimate the log conditional den-
sity (which is a function of ) by computing

E90(|09(fy|X)|X)

Note subscript 85 on E: indicates need to know
parameter to compute conditional expectation.

Note: another 6 in the conditional expectation
— log conditional density has a parameter in it.

M or Maximization step: maximize our esti-
mate of £(0|Z) to get a new value 01 for 6. Go
back to E step with this 61 replacing 6p and

iterate.
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To get started: need a preliminary estimate.
In our case: quantity Y is e_1.

Rather than work with the log-likelihood di-
rectly we work with Y.

Our preliminary estimate of Y is O.

We use this value to estimate 6 as above get-
ting an estimate 6g.

Then we compute Ey,(e_1|X) and replace e_;
in the log-likelihood above by this conditional
expectation.

T hen iterate.

T his process of guessing e_1 is called backcast-
ing.
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Summary

e Log likelihood for e_q1,Xq,...,X7_1 IS
_ 21
20_2 T (T + 1) |Og(0‘)
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e Put e_q1 = 0O in this formula and estimate
Y by minimizing

>&
where
& =Xt —YX;_1 —Y2Xy_o— - —p'Xg
fort=0,...,T —1.

e Now compute E(e_1|Xp,..-, X7_1).

e [terate, re-estimating 3 and recomputing
the backcast value of e_1 if needed.
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Box, Jenkins and Reinsel presents algorithm to
compute

E(€—1|X07 S 7XT—1)°

Algorithm uses fact that there are actually sev-
eral MA representations of corresponding to a
given covariance function (the invertible one
and at least one non-invertible one).

The non-invertible representation is

1
Xt =et+ —€41,
b +

this form can be used to carry out the compu-
tation of the conditional expectation.
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