Processes with Periodic Components

Some series looked at have had clear annual cy-
cles, returning to high levels in the same month
every year.

Our analysis: tried to model mean p; as a pe-
riodic function pyy 1o = .

Sometimes fitted specific periodic functions to
puy — writing puy = acos(2nt/12)+p8sin(2nt/12).

Series of sunspot numbers, also seems to show
a clearly periodic component, though now the
frequency or period of the oscillation is not so
obvious.

Will decompose general stationary time series
into simple periodic components.

Take components to be cosines and sines.

Focus on problems in which the period is not
prespecified (problems more like the sunspot
data than the annual cycle examples).
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Use correlation between series and sines and
cosines of various periods:

e Look for periods for which correlation is
very high: seek evidence of purely periodic
component with that period.

e Study correlations as function of period (or
frequency) for ARMA processes. Use plots
to identify specific ARMA models and to
test quality of ARMA fit.

e Study effect of filtering on correlations: re-
move periodic components (diminish corre-
lation between filtered process and sine or
cosine of corresponding frequency).

e Use information about filtering to fit mod-
els to pairs of series where series Y is fil-
tered version of series X, given data from
X,Y and estimate filter.
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Periodic Functions

Def’'n: A function f on real line is periodic if
f(t+d) = f(t) for some d and all t.

Smallest possible choice of d is period of f.

The frequency of f in cycles per time unit, is
1/d.

Best known periodic functions: trigonometric
functions sin(wt + ¢) and relatives.

This function has period 27 /w and frequency
w/(2m) cycles per time unit.

Often convenient to refer to w as frequency;
units now are radians per time point.

Fourier: essentially any function f with period
1 can be represented as a sum of functions
sin(2wkt) or cos(2rkt).
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Tactic: suppose that
f) = (1)

@) ©.@)
ap+ Y apcos(2mwkt) + ) bpsin(2rkt)

Find coefficients using orthogonality:

/01 cos(2mkt) cos(2mjt) dt = 1(j = k) /2

/01 sin(2rkt) sin(2mjt) dt = 1(j = k) /2
and

1
/o cos(2wkt)sin(2wjt)dt = 0.

Multiply f by cos(2wkt); integrate from O to 1.

Expand integral using assumed expression of f
as a sum:

1 1
/0 f(t) cos(2nwkt) dt = ak/o c052(27rkt) dt
— CLk/Q.
Similarly by, = 2 [§ f(t) sin(2nkt) dt.
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Mathematically: derivation of formula for coef-
ficients is not proof proving that resulting sum
actually represents f.

Missing piece: proof that any function whose
Fourier coefficients are all O is essentially the
O function.

Properties of Fourier Series

Fourier series for f truncated to order K:

K K
ap+ > apcos(2rkt) + ) bgsin(2wkt),

where coefficients given by Fourier integrals
gives best possible approximation to f as a lin-
ear combination of these sines and cosines in
the following sense.
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Proof: Choose ¢ and d; to minimize

! 2
|1 = Fre(®) at

where

K K
fx(@) =co+ ) cpcos(2mkt) 4+ > dysin(2rkt)
k=1 k=1

Square out integrand, integrate term by term.
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Remember sines and cosines are orthogonal.
1 2
L) = £ @) at
1, 1
=/O f (t)dt—QCo/O £(¢) dt

Ko 1
2% / F(2) [c, cOS(2mkt) + dj, sin(2rkt)] di
k=1"0

K
+ Y (cf + dp)
k=1
Take derivative with respect to Cj to get

1 .
¢;j— 2 /O £(t) cos(2mjt) dt

which is O when C; is Fourier coefficient.

Meaning: Fourier series is best possible ap-
proximation to a function f by a trigonometric
polynomial of this type.

BUT, conclusion depends quite heavily on how
we measure quality of approximation.
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Example: Fourier approximations to each of 3
functions on [0,1]: the line y = x, the quadratic
y = (1 — x) and the square well y = 1(z <
0.25) + 1(y > 0.75).

For each plot: pictures get better as K im-
proves.

But well shaped plot shows effects of Gibb's
phenomenon: near the discontinuity in f there
IS an overshoot which is very narrow and spiky.

Overshoot size does not depend on order of
approximation.

Similar discontinuity implicit for y = x:
Fourier approximations have period 1.

So approximations equal at 0,1 but y = x is
not.

Quadratic function has f(0) = f(1); Fourier
approximation is much better.
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My S-plus plotting code:

lin <- function(k)
{
x <- seq(0, 1, length = 5000)
kv <- 1:k
sv <- sin(2 * pi * outer(x, kv))
y <= - sv %%, (1/(pi * kv)) + 0.5
plot(x, x, xlab = "", ylab = "",
main = paste(as.character(k),
"Term Fourier Approximation to y=x"),
type = "1")
lines(x, y, lty = 2)

shows the use of the outer function and the
paste function as well as how to avoid loops
using matrix arithmetic.
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Correlation between functions

Integrals in previous section are analogous to

covariances and variances. E.g. Riemann sum
for

1
/o cos(2wkt) cos(2mjt) dt
IS
n—1

Y cos(2rwkl/n) cos(2mjl/n)/n
(=0

which is an average product. In fact:

n—1
Y cos(2mkl/n)/n =0
(=0
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So: average product is a “sample” covariance.

Can evaluate average product exactly to see

n—1
Y cos(2mkl/n) cos(2wjl/n)/n = 1(j = k)/2
¢=0

exactly.

When j = k this is a variance, equal to 1/2.
So correlation is 2xcovariance: 0 when j # k.

Summary: sines are uncorrelated with each
other and with all cosines and all cosines are
uncorrelated with each other.
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Notice particularly: sine with frequency 5 and
cosine with frequency 5 are uncorrelated.

Important implication for looking for compo-
nents at frequency j cycles per time unit in
a time series: must consider both cosine and
sine at that frequency.

Alternative summary:. consider trigonometric
identity

sin(wt + ¢) = cos(¢) sin(wt) + sin(¢) cos(wt) .

To look for component with frequency w adjust
¢, called phase, to maximize correlation with
data.

Equivalent to adjusting coefficients cos(¢) and
sin(¢) to maximize correlation with right hand
side of trigonometric identity.
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Complex Exponentials
Many identities easier with complex variables.

Basic identity: for i2 = —1
e'? = cos(6) + isin(0)

Use to rewrite series in sines and cosines in
terms of exponentials.

Can often use tricks involving geometric sums
to simplify algebra.

For instance:

exp(2wkti) + exp(—27wkti)
2

cos(2wkt) =

and

exp(2rwkti) — exp(—2wkti)

sin(2wkt) = 5
1
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So can rewrite expansion (1) in form

f(t) = i cr. exp(2mkti)

where ¢, = (aj, —iby)/2 for k > 0, ¢cg = ag and
c. = (ay, —I—’Lbk)/Q for £k < 0. In fact

1
o = /O F(t) exp(—2rkti) dt .
Fourier transforms

Nonperiodic functions: make further approxi-
mation.

Suppose f defined on real line. Fix large value
of T'. Define

g(t) = f(~T/2 +1T).
Then g is defined on [0, 1] and
1
g(t) = 3 exp(2rkti) /o 9(s) exp(—2mksi) ds
according to (1) above.
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Re-express conclusion in terms of f:
1 .
f(u) = T > exp{2rki(u+T/2)/T} X

T/2 |
/_ 1o (V) €XD(=2mkiC0 + T/2)/T) do

which simplifies to

flu) = % 3 exp(27r§uz') «

[ sy exp(-2ntviya
T2 v D 7rTm, v

Recoghnize this as Riemann sum for integral

@)
/ exp(2rxui) X

— 00

1/ 2 )dvd
/—T/Q f(v) exp(—2mrzvi) dvdx

which converges as T' — oo to
@)
Flu) = / exp(2mzui) X
— OO

/_OO f(v) exp(—27mzvi) dv dx
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Def’'n: the function

Fz) = / O:O £(v) exp(—2mrzvi) dv

is Fourier transform of f.
We have derived a Fourier inversion formula.
WARNING: no proofs here!

T his integral will exist for, for example, f which
are integrable over all the real line.

Inversion formula expresses the function f as a
linear combination of sines and cosines, though
there are infinitely many frequencies involved.
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