Periodogram of various generated series which
have exact sinusoidal components.

First a pure sine wave with no noise.
Middle panel: periodogram.
Lower panel: 1og1g(|X(w)|) * 10.

Apparent waves: round off error log(=x 0).

Pure Sine Wave at 0.04 cycles per point
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Same series plus N(0,1) white noise.

Note: much harder to see perfect sine wave in
data but periodogram shows presence of sine
wave quite clearly.

Pure Sine Wave at 0.04 cycles per point plus noise
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The sum of three sine waves.
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Now add N(0O,1) white noise. Periodogram still
picks out each of component.

The sum of three sine waves.

Pure Sine Wave at 0.04, 0.05 and 0.24 cycles per point plus noise
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Multiply sine wave by damping exponential.

Signal gone =~ quarter of way through series.

Periodogram peak still at 0.04 cycles per point.

Exponentially Damped Sine Wave at 0.04 cycles per point
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With noise added can still see effect. But com-
pare the scales on the middle plots between all
these series.

Exponentially Damped Sine Wave at 0.04 cycles per point plus noise
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Exponentially damped sine wave plus two sine
waves with N(0,1/16) noise.

Only two peaks visible in raw periodogram.

On logarithmic scale: hump on left of peak at
0.05 which is peak at 0.04.

Raw scale can make small secondary peaks in-
visible.

Exponentially Damped Sine Wave at 0.04 plus sine waves
at 0.05 and 0.24 cycles per point plus noise/4

24 0 1 2

50 10 150

eeeeeeeeee

Series: sig * s1 + s2 + s3 + noi/a
Raw Periodogram

pect
000 0 w0 0 0w

262



Properties of the Periodogram

The discrete Fourier transform
1 T-1

X(w) = \/_ Z X exp(2rwti)

IS periodic with period 1 because all the expo-
nentials have period 1. Moreover,

X(1-w)=
1 T—1
\/_ Z X exp(—2nwti) exp(27ti) = X (w)

SO perlodogram satisfies

X(1-w)* =X (W)

So periodogram symmetric around w = 1/2.

Called Nyquist or folding frequency.
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(Value is always 1/2 in cycles per point; usually
converted to cycles per time unit like year or

day.)
Similarly power spectral density fx given by
oo
fx (W) = > Cx(h)exp(2mhwi)
— 00

is periodic with period 1 and satisfies

fx(—w) = fx(w)

which is equivalent to

fx(1—-w)=fx(w).
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Spectra of Some Basic Processes
First method: direct.

More powerful technique: indirect.

Direct from the definition

White Noise: Since Ce¢(k) = 0 for all k£ # O:
fe(w) = Ce(0) = 062 .

MA(].) For X+ = e+ — bey_1q:

Have Cx(0) = o2(1 +b2), Cx(+1) = —bo? so

fx(w) = (1 +b°)
—bo? (exp(2nwi) + exp(—27wi))
= 02(1 4 b%) — 2bo? cos(27w).
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AR(1): We have Cx (k) = plklc+(0) and

fx(w) | |
:CX(O){1+ Z pk(627rwkz_|_€—27rwk2)}

k>0
=Cx(0){1
2w —27w1
e e
T (1 _ p€27rwi + 1 — pe—27rwi>}
e2TWi —p+ e~ 2TWL _ 0

(1 _ p€27rwz)(1 ,06_27“‘”;)

2{cos(2nw) — p}
1+ p2 — 2pcos(2nw)
1 — p2
1+ p2 — 2pcos(2nw)

2
€

14 p2 —2pcos(2nw)

—Cx(0) 1 14,

=Cx(0) |[1+p

=Cx(0)

o)
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Using filters

Write mean 0 ARMA(p, q) process in MA form:

oo
Xt — Z As€t_—g-.
s=0

Covariance of X is

@) @)
Cx(h) = > > arasCov(eryp_p,e€t—s)
r=0s=0

Covariance simplifies for white noise

But in general C(t+h—r—(t—s)) = C(h+s—r)
IS covariance in double sum.

Plug double sum into definition of fyxy to get

oo @)

fx(w) = Z g2mwhi Z Z arasC(h +s—r)

h=——0o0 r=0 s=0
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Write h in exponential in form (h+s—7r)+r—s.

Bring sum over h to the inside to get

(X) . w .
fX(w) — Z aT627rwm Z ase—Qmusz

r=0 s=0
> exprw(h+s—r1)i)C(h+s—r)
h=—o0

Substite k = h+ s —r in inside sum and define

@)
A(w) — Z aT€27rwrz
r=0
to see that

fx(w) = A(w)A(w) fe(w)

or

fx (@) = [A(W) [ fe(w).

Frequency response function: A (or A).
Power transfer function: |A|?

Gain is sometimes used for |A|.
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The Spectrum of an ARMA(p, q)

An ARMA(p, q) process X satisfies

p q
Z asXt—g = Z bret—r
s=0 r=0

so that if Y is the process 30 _,asX;—s then

fy (W) = |A(W)|?fx(w)

where A(w) = Z?zo as exp(2rwsi).

Also Y; = Y1 bret—y SO
fy (@) = |B(w)]? fe(w)
where B(w) = Y1_,bsexp(2nwsi). Hence

[B(w)[?

=R
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Example: ARMA(1,1)

Xt —aXy1 =€ —beq

From MA(1) calculation:

IB(w)|? =14 b° — 2bcos(2rw)
for filter on MA side and

|A(w)|2 = 14 a® — 2a cos(27w)
for filter on AR side.

So
1 + b2 — 2bcos(2nw)
1+ a? — 2acos(2nw)

fx(w) =
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