Model assessment

Fit ARIMA model: get (essentially automati-
cally) fitted residuals e.

Usually: fewer than T residuals

Parameter estimates consistent (if model fitted
correct) so fitted residuals should be essentially
the true ¢ which is white noise.

Assess this by plotting estimated ACF of €; see
if estimates are all close enough to O to pass

for white noise.

To judge close enough we need asymptotic dis-
tribution theory for autocovariance estimates.
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Asymptotic distribution theory for the
sample autocorrelation function

Let p,. and p,. be ACF and estimated ACF re-
spectively.

Step 1: reduce behaviour of p;. to behaviour of
C', the sample autocovariance.

Our approach is standard Taylor expansion.
Large sample theory for ratio estimates

Suppose you have pairs (Xn,Yn) of random
variables with

nt/2(Xp, — p) = N(0,02)
and
nl/Q(Yn —v) = N(O, 7‘2)

Study large sample behaviour of X, /Y, under
assumption v #= 0.

Case u = 0 results in some simplifications.
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Begin by writing
Xn Xn _ Xn 1

Yn _I/—|—(Yn—l/)_ v 14+ e,

where

Notice that ¢, — O in probability. We may
expand

k
1—|—en Z( n)

and then write

Xn _ Xn & k
- = —€
= e

We want to compute the mean of this expres-
sion term by term and the variance by using
the formula for the variance of the sum and so
on.
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But: really truncate infinite sum at some fi-
nite number of terms and compute moments
of finite sum.

Example: to illustrate distinction.

Imagine that (Xp,Yn) has a bivariate normal
distribution with means u,v, variances o2/n,
72 /n and correlation p between X, and Yj.

The quantity X, /Y, does not have a well de-
fined mean because E (| X,/Yn|) = oc.

Our expansion is still valid, however.

Stopping the sum at &£ = 1 leads to the ap-
proximation

Yn v v2
_ ﬁ B p(Yn —v) B (Xn —p)(Yn —v)
1 2 2
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Look at these terms: which are big and which
are small?

Introduce big O notation:

Defn: If U, is a sequence of random variables
and a, > 0 a sequence of constants then we
write

if, for each € > 0 there is an M (depending on
e but not n) such that
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The idea is that U, = Op(an) means that U, is
proportional in size to a, With the “constant of
proportionality” being a random variable which
IS not likely to be too large.

We also often have use for notation indicating
that U,, is actually small compared to ay.

probability: for each ¢ > 0

im P(|Un/an| > €) =0

n—aoeo

You can manipulate Op and op notation alge-
braically with a few rules:

1) If by, is a sequence of constants such that
b, = can, WIith ¢ > 0 then

We write
COP(an) — OP(CLn)
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sequences an and b, then

We express this as

Op(an)Op(bn) = Op(anbn)

3) In particular

bnOP(an) — OP(bnan)

4) Op(an) + Op(bn) = Op(Mmax(an,bn))

5) cop(an) = op(an)

6) op(an)Op(bn) = op(an)op(bn) = op(anbn)

7) In particular bpop(an) = op(bnan)

8) op(an) + op(bn) = op(Max(an,bn))
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These notions extend Landau’s o and O nota-
tion to random quantities.

Example: In our ratio example we have
Xp = p~+Op(n~1/?)

and
Yo, =v+ Op(n_l/z)

In our geometric expansion
kE __ —k/2
€n — OP(n / )

Look first at the expansion stopped at £k = 1.
We have

Xn p _ Xon—p p(Yn—v)

Yn v v v2
(Xn —p)(Yn —v)
2

14
= Op(n12) + 0p(n~ ') + 0p(n™h)
(The three terms on the RHS of the first line

are being described in terms of roughly how
big each is.)
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If we stop at £k = 2 we get
Xn W Xn—H_H(Yn—V)

Y, v 1% v2
_ (Xn — p)(Yn —v)
,/2
_I_N(Yngl/)z 4+ (Xn—,u)gyn—’/)Q
v v

= O0p(n 2+ 0p(n~12) + 0p(n~1)
+0p(n~ 1) + 0p(n=3/?)

Keeping only terms of order Op(n~=1/2) we find

X X Y, —
Yn 1% 1% v2
Take expected values: except for an error of

order n—1

E(Xn/Yn) = n/v

WARNING: real meaning — there is a rv which
is approximately (neglecting something which
is probably proportional in size to n™1)

Xn _p
Yn 14
whose expected value is 0.
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For normal example: remainder term in expan-
sions (term Op(n—1))) is probably small but its
expected value is not defined.

To keep terms up to order Op(n—1) we have
to keep terms out to £ = 2. In general

Xney, = {1+ Op(n~1/2)} Op(n™*/2),

For k > 2 this is op(n~1) but for £k = 2 the
1Op(n~1) term is not negligible. If we retain
terms out to k = 2 then we get

Xn H_Xn—H_H(Yn—V)

Y, 1% 1% v2

Xpn — p)(Yy — Yn —v)?
_( n M)Q( n ’/)_I_H( n3 V) —I—Op(n_3/2)
14 14
Taking expected values here we get
X
£ |t = B & —E (X — ) (Yo = )] /13
Yn v

+ %E {(Yn — 7/)2}

up to terms of order n—1.
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In the normal case we get

2

YT
=4
nv? = nus

= [Xn ,u] -~ _poT
Yn 1%

To compute approximate variance should com-

pute second moment of X, /Y, — u/v and sub-

tract square of first moment. Imagine you had

a random variable of the form

2w

k=1"
where I assume that the W, do not depend on
n. T he mean, taken term by term would be of

the form
.9

Sk
k/2
k=1" /
and the second moment of the form

= = E(W;Wy)
2 2GR

j=1k=1
This leads to a variance of the form
Var(Wy) . 2Cov(W1, Ws)
+ 3/2
mn mn

+0(n™2)
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Our expansion above gave

nl/Q(Xn — ) B H’nfl/Q(Yn — V)

174 1/2

Wi =

nl/z(Xn — M)nl/z(Yn — V)
12

plnt/2(vn — 1))
+ 3

from which we get the approximate variance

2 2.2
(02 + - 2’”2“) /n 4+ O(n=3/?).
14 14 14

Apply these ideas to estimation of py.
Make X, be C(k) and Y, be C(0).

Replace n by T'.
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Our first order approximation to p —p is
W1 = TY2{C(k) — C(k)}/C(0)
- TY2C(k){C(0) - C(0)}/C?(0).

Second order approximation is W7 4+ W» with

Wo = [T12{C (k) — C(k)}]” C (k) /C3(0)
—~TY2{C(k) - C(k)}TY/2{C(0) - C(0)}/C?(0).

Now evaluate means and variances in special
case where C has been calculated using a known
mean of 0. That is

i | T—1—k
C(k) = T > X Xiak
0

Then
E{C(k) - C(k)} = —kC(k)/T

SO

E(W1) = —kpy/T/?
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Compute variance: start with second moment:

1
e > E(Xs X p,: Xe X1 p)
S t

Notice: expectations in question involve fourth
order product moments of X.

They depend on distribution of X's and not
just on C'y.

For white noise can compute expected value.
For Kk > 0 may assume s <t or s=tsince s >t
cases can be figured out by swapping s and t

in s <t case.

For s < t, Xs is independent of all 3 of X 4,
X and Xt—l—k'

So expectation factors into something contain-
ing the factor E(Xs) = 0.

183



For s =t, we get E(X2)E(XZ, ;) = o*.

So second moment is
T—k 4
T2 °
This is also the variance since, for £k > 0 and
for white noise, Cx (k) = 0.

For k=0 and s <t or s >t the expectation is
simply o%.

For s =t we get E(X}}) = ua.

So variance of sample variance (when mean is
known to be 0) is

T -1
- 0"+ pa/T — 0% = (pa — ™) /T

For the normal distribution the fourth moment
pa is given simply by 30%.
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Next: large sample distribution theory.

For k = O the usual central limit theorem ap-
plies to = X7 /T (in the case of white noise) to
prove that

VT{Cx(0) — 0?2} /\ g — o* — N(0,1).

Presence of ug in formula shows approximation
quite sensitive to assumption of normality.

For k > 0 need “m-dependent central limit the-
orem” which shows

VTCx(k)/o? — N(0,1).

In each of these cases the assertion is sim-
ply that the statistic in question divided by its
standard deviation has an approximate normal
distribution.
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The sample autocorrelation at lag k is

Cx(k)/Cx(0).

For £ > O we can apply Slutsky's theorem to
conclude that

VTCx(k)/Cx(0) — N(0,1).

This justifies drawing lines at +2/+/T to carry
out a 95% test of the hypothesis that the X
series is white noise based on the kth sample
autocorrelation.

Fact: subtraction of X from the observations
before computing the sample covariances does
not change the large sample approximations,
although it does affect the exact formulas for
moments.
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When the X series is actually not white noise
the situation is more complicated.

Consider as an example the model

Xt =Xy 1+ €

with ¢ being white noise.

Take
R 1 Aok
CX(]{)—? > XiXiqk
t=0
to see
T2E(Cx(k)?)

= LYYy gtuatutes

S t u1 up v1 Vo

X E(es—ules—l—k—uzet—vl€t+k_v2)

Expectation is O unless either all 4 indices on
the €'s are the same or the indices come in two
pairs of equal values.
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First case: requires u; = uo—k and vy = vo—k
and then s —u1 =t — v;.

Second case requires one of 3 pairs of equal-
ities: s —uy =t —wv1 and s —up =t — vy Or
s—uy =t+k—voand s+ k—up =t —wvy Or
s—u1=s8s+k—upandt—vy =t+ k—vo along
with the restriction that the four indices not
all be equal.

The actual moment is then usg when all four
indices are equal and o% when there are two
pairs.

It is now possible to do the sum using geomet-
ric series identities and compute the variance
of Cx(k)

It is not particularly enlightening to finish the
calculation in detail.
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Fact: for ARMA(p, g) processes can use mixing
central limit theorems to conclude that

VT{Cx (k) — Cx(k)}/y/Var{Cx (k)}

has asymptotically a standard normal distribu-
tion.

Moreover: same is true when the standard de-
viation in denominator replaced by an estimate.

To get from this to distribution theory for the
sample autocorrelation is easiest when the true
autocorrelation is O.

General tactic: the 6 method or Taylor expan-
sion.

For each sample size T' you have two estimates,
say Np and D7 of two parameters.

Want distribution theory for the ratio Ry =
Np/Dr.
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Idea: write Ry = f(Np,Dp) where f(z,y) =
x/y; then use fact that Ny and Dt are close to
the parameters they estimate.

Here: Np is sample lag k£ autocovariance —
close to true Cx (k). Dp is sample lag O auto-
covariance, a consistent estimator of Cx(0).

Write

f(N7, D) = f{Cx(k),Cx(0)}
+ {Np — Cx(k)} D1 f{Cx(k),Cx(0)}
+ {Dr — Cx(0)} D> f{Cx(k),Cx(0)}
+ remainder

Use a central limit theorem to conclude
(VT{Nr — Cx(k)},VT{Dr — Cx(0)})

has approximately bivariate normal distribution
and neglect remainder to get

VT [f(Np, D7) — f{Cx(k),Cx(0)}]
= VT{p(k) — p(k)}

has approximately a normal distribution.
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Notation: D; denotes differentiation with re-
spect to the jth argument of f.

For f(x,y) = x/y we have Dif = 1/y and
Dof = —x/y.

When Cx (k) = 0 the term involving D5 f van-
iIshes and we simply get the assertion that

VT{p(k) — p(k)}
has the same asymptotic normal distribution
as Cx(k)/Cx(0).

Similar ideas can be used for the estimated
sample partial ACF.
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Portmanteau tests

To test hypothesis that series is white noise
using distribution theory just given, need single
statistic to base test on.

Rather than pick single value of k: consider a
sum of squares or a weighted sum of squares
of the p(k).

A typical statistic is
s 2
Ty (k)
k=1

which, for white noise, has approximately a x2-
distribution. (This fact relies on an extension
of the previous computations to conclude that

VT(p(1),...,p(K))

has approximately a standard multivariate dis-
tribution. This, in turn, relies on computation
of the covariance between C(j5) and C(k).)
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When the parameters in an ARMA(p,q) have
been estimated by maximum likelihood the de-
grees of freedom must be adjusted to K —p—q.

The resulting test is the Box-Pierce test; a re-
fined version which takes better account of fi-
nite sample properties is the Box-Pierce-Ljung
test.

S-Plus plots the P-values from these tests for
1 through 10 degrees of freedom as part of the
output of arima.diag.
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