
Seasonal Non-stationarity

Every winter the measured (not reported) un-

employment rate in Canada rises.

Simple model with this feature: non-stationary

mean of form

µt+S = µt

Typically S = 12 for monthly data or 4 for

quarterly data (common in economic data).

Normally, µ1, . . . , µS are not the same.
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Defn: Deseasonalization is the process of

transforming X to eliminate this sort of sea-

sonal variation in the mean.

Method A: Regression. Estimate

µ̂t =
Xt +Xt+S + · · ·

# of terms

and then

Ŷt = Xt − µ̂t

This is ordinary least squares regression with

θ =







µ0
...

µS−1







and

V =





















1 0 0 · · · 0
0 1 0 · · · 0
... ... ... ... ...
1 0 0 · · · 0
0 1 0 · · · 0
... ... ... ... ...





















T×S
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Method B: Seasonal differencing:

Wt = Xt+S −Xt

is stationary. BUT: if Y was an ARMA process

then now W has a unit root.

Defn: A multiplicative ARIMA model written

ARIMA(p, d, q) × (P,D,Q)S

has the form:

Φ(BS)φ(B)(I −BS)D(I−B)dX = Ψ(BS)ψ(B)ǫ

where Φ, φ,Ψ, ψ polynomials of degree P, p,Q, q

respectively with all roots outside the unit cir-

cle (and other technical conditions – see as-

signment 2, question 1) and ǫ is white noise.

As an example consider the model

(1−Φ1B
12)(1−φ1B)X = (1−Ψ1B

12)(1−ψ1B)ǫ

which is an ARIMA(1,0,1)× (1,0,1)12 model.
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Multiplying this out we get

(I − φ1B − Φ1B
12 + φ1Φ1B

13)X

= (I − ψ1B − Ψ1B
12 + ψ1Ψ1B

13)ǫ

which looks like an ARMA(13,13).

Key point: new model has only 4 parameters

(plus the variance of ǫ) instead of the 26 for a

general ARMA(13,13).
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