
Spectra of Some Basic Processes

First method: direct.

More powerful technique: indirect.

Direct from the definition

White Noise: Since Cǫ(k) = 0 for all k 6= 0:

fǫ(ω) ≡ Cǫ(0) = σ2
ǫ .

MA(1): For Xt = ǫt − bǫt−1:

Have CX(0) = σ2(1 + b2), CX(±1) = −bσ2 so

fX(ω) = σ2(1 + b2)

−bσ2(exp(2πωi) + exp(−2πωi))

= σ2(1 + b2) − 2bσ2 cos(2πω).
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AR(1): We have CX(k) = ρ|k|CX(0) and

fX(ω)

=CX(0){1 +
∑

k>0

ρk(e2πωki + e−2πωki)}

=CX(0){1

+ ρ

(

e2πωi

1 − ρe2πωi
+

e−2πωi

1 − ρe−2πωi

)

}

=CX(0)

{

1 + ρ
e2πωi − ρ + e−2πωi − ρ

(1 − ρe2πωi)(1 − ρe−2πωi)

}

=CX(0)

[

1 + ρ
2{cos(2πω) − ρ}

1 + ρ2 − 2ρ cos(2πω)

]

=CX(0)
1 − ρ2

1 + ρ2 − 2ρ cos(2πω)

=
σ2

ǫ

1 + ρ2 − 2ρ cos(2πω)
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Using filters

Write mean 0 ARMA(p, q) process in MA form:

Xt =
∞
∑

s=0

asǫt−s.

Covariance of X is

CX(h) =
∞
∑

r=0

∞
∑

s=0

arasCov(ǫt+h−r, ǫt−s)

Covariance simplifies for white noise

But in general C(t+h−r−(t−s)) = C(h+s−r)

is covariance in double sum.

Plug double sum into definition of fX to get

fX(ω) =
∞
∑

h=−∞

e2πωhi
∞
∑

r=0

∞
∑

s=0

arasC(h + s − r)
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Write h in exponential in form (h+s−r)+r−s.

Bring sum over h to the inside to get

fX(ω) =
∞
∑

r=0

are
2πωri

∞
∑

s=0

ase
−2πωsi

∞
∑

h=−∞

exp(2πω(h + s − r)i)C(h + s − r)

Substite k = h + s− r in inside sum and define

A(ω) =
∞
∑

r=0

are
2πωri

to see that

fX(ω) = A(ω)A(ω)fǫ(ω)

or

fX(ω) = |A(ω)|2fǫ(ω) .

Frequency response function: A (or Ā).

Power transfer function: |A|2

Gain is sometimes used for |A|.
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The Spectrum of an ARMA(p, q)

An ARMA(p, q) process X satisfies

p
∑

s=0

asXt−s =
q
∑

r=0

brǫt−r

so that if Y is the process
∑p

s=0 asXt−s then

fY (ω) = |A(ω)|2fX(ω)

where A(ω) =
∑p

s=0 as exp(2πωsi).

Also Yt =
∑q

r=0 brǫt−r so

fY (ω) = |B(ω)|2fǫ(ω)

where B(ω) =
∑q

s=0 bs exp(2πωsi). Hence

fX(ω) =
|B(ω)|2

|A(ω)|2
σ2

ǫ .
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Example: ARMA(1,1)

Xt − aXt−1 = ǫt − bǫt−1

From MA(1) calculation:

|B(ω)|2 = 1 + b2 − 2b cos(2πω)

for filter on MA side and

|A(ω)|2 = 1 + a2 − 2a cos(2πω)

for filter on AR side.

So

fX(ω) =
1 + b2 − 2b cos(2πω)

1 + a2 − 2a cos(2πω)
σ2

ǫ .
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