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e We have completed the slides of “Introduction to Inference” and up to
slide 15 or so of “Nonparametric Basics”.

o I defined a density f(z) and a conditional expectation E(Y'|X):

— We say X has density f(x) if

P(X € A) = /Af(x) do

for any set A.
— If Y has finite expected value (E(]Y|) < co) then

E(Y]X)

is a function of X, say h(X) such that for any other function g(X)
where g is bounded we have

E[Yg(X)] =E[h(X)g(X)].

— As aresult Y — E(Y|X) is uncorrelated with any function of X (pro-
vided variances exist);,

— We write
h(z) = E(Y|X = x).

e Now imagine that X,Y have joint density f(z,y) = fx,yv(z,y) and X has
marginal density
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Both fx(z) and E(Y|X = x) are ‘local’ properties of the joint distribution
of X and Y. First,
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It is possible to prove that this definition (which is dF'(z)/dx) has the
properties above provided that F' is absolutely continuous (meaning it is
equal to the integral of its derivative).

Second
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In terms of the joint density this is

f“_ef_ yf(u,y)dydu
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If f is continuous at z this limit is
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E[Y|X =] =

This can be rewritten

Bvix=al= [ 058y = [ upvixlo)dy

I then looked used the Pearson Lee height examples to discuss estimation.
The method we used approximate the limit as ¢ — 0 by simply using a
small € — 1/2 inch in our case. Then each expected value in the ratio is
estimated empirically. Our estimate of E[Y|X = z] is
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I wanted you to notice that the denominator could be 0 if € is small or z is
near the edge of the data. So the estimate has a positive chance, typically,
of being of the undefined form 0/0.

I told you I will attach standard errors to this estimator next time. They
will be approximate even though the estimator does not have a well-defined
expected value or variance.

I did not define probability spaces or random variables. But I pretended
you know about random variables. Here are the definitions.

Definition: A probability space is an ordered triple (w,F, P) where )
is a abstract set of “outcomes”. Elements w of € are called elementary
outcomes.

F is the domain of the function P. It is a collection of subsets of Q. (It
has the properties ) € F, Q € F, A € F implies A° € F, and (4, : n > 1)
all in F implies that U, A,, € F.

P is a function from F to [0,1] with P(f) = 1 — P(R2) = 0 and, for any
countable pairwise disjoint collection (A,;n > a) we have P(U,A4,) =
>, P(A;). This last property is called countable additivity. In the home-
work you compute some probabilities by doing infinite sums; countable
additivity is the axiom that says this works.



A real valued random variable is a function X mapping 2 t o R such that
for each x the set {w: X (w) < z} is in F. We usually write this event as
{X <z}

I did not define E: for a random variable of the form ¥ = 1(X € A) we
define
E(Y)=P(X € A).

We call Y a Bernoulli variable or an indicator variable.

Ty = Zle a;Y; where each Y; is Bernoulli and the a; are non-random
constants then we call Y simple and we define

k
E(Y) =) aE(Y).

If Y is any random variable with P(Y > 0) = 1 then we define

E(Y) = sup E(Y").
Y’:.0<Y’<Y,Y’ simple

We call any random variable Y for which E(|Y|) < oo integrable. Then

there are two random variables Y, = max{Y,0} and Y_ = max{-Y,0}
such that

Y=Y, +Y_
and

Y=Y, -Y_

If Y is integrable we define

E(Y) = E(Y,) - E(Y_).

In a probability course we would prove this definition makes sense and
that the resulting operator E is linear, positive, and monotone (see the
probability notes). We would also prove three big theorems: Dominated
Convergence, Monotone Convergence, and Fatou’s Lemma. These are all
about taking limits in and out of E.



