STAT 830 Lecture 5
Fall 2020
24 September 2020

e We covered slides 1-21 of “Likelihood Asymptotics” finishing the topic of
consistency.

e For next Tuesday you need to have done slides 22-41. Next Thursday we
will finish “Likelihood Asymptotics”.

e [ defined weak and strong consistency in terms of convergence in proba-
bility and almost sure convergence. A sequence 6,, of the true parameter
0o is weakly consistent if for every € > 0 we have

lim Py, (|0, — 0] <€) = 1.
n—oo
The sequence is strongly consistent if

Py, [ lim 0, =6y = 1.
n—oo

We also say consistent in probability and consistent almost surely for these

two ideas.

Consistency in the Cauchy location problem

Iillustrated the methods used for proving consistency by considering the case
of an iid sequence X1, X5, ... from the Cauchy model with location parameter 6.
I defined a modified estimate 6,, as the maximizer of the log-likelihood function
over the range [—M, M] where M is some prespecified number. I outlined a
proof of

Proposition 1 If —M < 0y < M then 0, is weakly consistent: for every e > 0

lim Py, (|6, — 0] <€) = 1.

I gave the proof only for 8y = 0; the more general case is very similar. Since
the notes I gave are now gone I am going to give a slightly different version of
the proof here.

I define a number of events with the property that if all these events occur
then the event in the theorem occurs. In these notes I use only

By, 1 = {{, is monotone strictly increasing on [—M, —¢]},

B, 2 = {¢,, is monotone strictly decreasing on [e, M]},

and
B, = Bml N Bn,2-

I will outline a proof that
lim Py(B,)=1. (1)

n—oo



The function ¢, is continuously differentiable on [—M, M]. If event B, occurs
then the maximum of £,, over this interval must occur within the interval [—e, €].

It is a basic mathematical fact that a continuously differentiable function on
a closed interval [a,b] which achieves its maximum at a point ¢ € (a,b) must
have derivative 0 at ¢. With a = —M and b = M we have proved that when
the event B,, occurs we must have |én| < e. That is

B, C {|0n] < €}.
So it limy, 00 Po(By) = 1 then

1< lim Py(B,) < lim Py(|f,] <€) <1
n—oo n—oo
which implies that the limit in the middle are both 1.
We are going to use the Law of Large Numbers on U, /n together with a
bound on the derivative of this function to establish 1. Define

—20
= E = —
p(6) = Eo(Un(0)/m) = 57
(T used Maple to compute

[ 2(x—0) 1 '
”(9)_/_001+(x—0)27r(1+x2)d$’

I encourage you to use tools like Maple and Mathematica.)
The function p is positive on § < 0 and negative on 6 > 0. Let

2M 2¢

0 = inf{|u(d)] :e<O< M} = min{M’ =7

Evidently é; > 0. Let § = 01/3 and define

Co=1{ sup  [U,(0)/n— u(0)| < 0}

—M<O<M

Suppose the event C,, occurs and think about any € with ¢ < 6 < M. For this
6 we have p(0) < —§; and

—6 < Un(0) — u(6) < 6.

Thus
U,(0) <5+ pud) <§d—06,=-2§/3<0

A similar argument for negative 6 shows that
C, C B,.

Thus if lim,, . Py(Cy) = 1 we have proved our consistency result. This part
relies on the Law of Large Numbers applied at a large but finite and fixed grid



of N points between —M and M; I will show how to pick /N in a moment. Once
N is picked we set
0 =—M+2M(j; —1)/N.
Let
Dy, = {|Un(0;)/n — p(6;)] < 6/4}
and
Enj={ sup |Un(0)/n—p0)] <d/4}

0;<0<6;+1
The second derivative of —log f(X;,0) is

2 (X, — 0)?
TG 02 (L (X 0

The minimum of this over all possible values of X; occurs at X; = 6 where the
value is -2. The maximum occurs at X; = 6 + 3 where the value is 1/4. Thus
the absolute value of the derivative of U,, /n is bounded by 2. It is easy to check
that the derivative of p is also bounded in absolute value by 2. It follows that
for any 6 with 6; <60 < 60,1 we have

Un(8) /1 — p(0)] = [Un(0) /1 — Up(0;) — (1(8) — p2(6;) + (Un(0;) — p(60)]
<||Un(0) /1 — Un(0;)] + |11(8) — 1(85)| + [Un(85) — u(6;)]
<210 — 0;] +2[6 — 0, + [Un(6;) — (6;)]
8M

< — T 1U05) = ul8;)].

Choose N so large that 8M/N < 6/2. On D, ; we find that for all  with
0; <0 < 0,41 we have
[Un(0)/n — u(0)] < 6.

Thus
N-1

ﬂ Dn,j cCy,

j=1

The Law of Large Numbers proves that

lim PO(Dn,j) =1.

n—oo

We can combine this with the following Lemma, used N — 2 times to show that

N-1
lim Py | (] Doy | =1< lim Py(Cy) <1
n—oo 1 n—oo

j=

which finishes the problem. Here is the Lemma.



Lemma 1 If R, and S, are two sequences of events such that

lim P(R,) = lim P(S,)=1

then
lim P(R,NS,)=1.

n—oo

To prove the Lemma start from

P(R, U Sy) = P(Ry) + P(Sn) — P(Rn N Sy).

Since P(R,) < P(R,US,,) <1 for every n we may take limits term by term to

deduce
lim P(R,)=1< lim P(R,US,)<1.

n—oo n—oo

This shows lim,, o, P(R, US,) = 1. But then

lim P(R, N Sy) = lim [P(Rn) + P(Sp) — P(RyUS,)] =1+1—1=1.

n—oo n—oo

There are no handwritten slides for this lecture.



