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• We are finished all the slides for “Likelihood Asymptotics”.

• Next Tuesday I will work on “Multivariate Normal Distributio”.

• I did one example based on a Technometrics paper with my student Chan-
danie Perera concerning Thermoluminescence Dating (TL).

• This is an experimental design in which a response variable Y is measured
as a function of radiation dose. Thus we have data (x1, Y1) . . . (xn, Yn).
The xi are not random; they are chosen by design.

• The model is specified by the assumptions

Yi = h(xi, θ)(1 + σεi)

together with the assumption that the εi are iid N(0, 1). The function h
is specified by some scientific considerations.

• The log-likelihood is

`i = − 1
2σ2

n∑
i=1

{Yi − h(xi, θ)}2

h2(xi, θ)
− n log σ −

n∑
i=1

log(h(xi, θ))
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• We looked at three methods of estimation. I defined

ESS(θ) =
n∑

i=1

{Yi − h(xi, θ)}2

h2(xi, θ)
.

Then the three methods are:

1. Maximize the likelihood:

`(θ, σ) = −
n∑

i=1

`i.

The maximizer solves the equations

1
σ2

{∑ Yi − h(xi, θ)
h2(xi, θ)

∂h(xi, θ)
∂θ

n∑
i=1

{Yi − h(xi, θ)}2

h3(xi, θ)
∂h(xi, θ)

∂θ

}
−

∑ ∂ log h(xi, θ)
∂θ

= 0

and
1
σ3

n∑
i=1

{Yi − h(xi, θ)}2

h2(xi, θ)
− n

σ
= 0.

The second of these can be solved to see that.

σ2 =

∑n
i=1

{Yi−h(xi,θ)}2
h2(xi,θ)

n
.
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2. Minimize the Error Sum of Squares given by

ESS(θ) =
n∑

i=1

{Yi − h(xi, θ)}2

h2(xi, θ)
.

The minimizer solves the equations∑ Yi − h(xi, θ)
h2(xi, θ)

∂h(xi, θ)
∂θ

= 0.

For σ we use the same equation as for ML.
3. An iterative procedure I called Iteratively Reweighted Least Squares

(IRLS). I chose the initial estimator θ̂0 which minimizes
n∑

i=1

{Yi − h(xi, θ)}2

Then iteratively compute θ̂k+1 from θ̂k by minimizing

{Yi − h(xi, θ)}2

h2(xi, θ̂k)

until the estimates change less than some tolerance. Notice that
typically θ̂k+1 will be a root of the equation

n∑
i=1

Yi − h(xi, θ)

h2(xi, θ̂k)

∂h(xi, θ)
∂θ

= 0.

Mathematically we study the estimator

θ̂∞ = lim
k→∞

θ̂k.

This estimate satisfies the equation
n∑

i=1

Yi − h(xi, θ)
h2(xi, θ)

∂h(xi, θ)
∂θ

= 0.

• The estimating equations for maximum likelihood are unbiased if we have
correctly specified boththe mean and the variance of the Yi. (They don’t
actually need the εi to have normal distributions.)

• The estimating equations for IRLS are unbiased if we have the formulat
for the mean correct.

• The estimating equations for Least Squares are not unbiased.

• So only ML and IRLS are consistent.

• The methods in the slides can be used to compute asymptotic SEs for ML
and IRLS.

• There are Handwritten slides.
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http://www.sfu.ca/~lockhart/richard/830/20_3/Summaries/L07/slides.pdf

