STAT 830 Lecture 8
Fall 2020
6 October 2020

e On Thursday I will continue work on “Hypothesis Testing”.
e [ defined the expectation operator and showed a variety of notation for it:

— If A is an event the indicator of A is the Bernoulli random variable
14. I define
E(14) = P(A).

— A random variable X is simple if it can be written in the form

X = iail&.
i=1

for some integer p > 1 and some events A;,..., A, and some con-
stants a1, ..., a,. In this case I define

= Z a; P(A))

— If X is non-negative then I define
E(X) =sup{E(Y) : Y is simple and Y < X }.
— I call X integrable is E(|X|) < co. In this case I define
E(X) = E(max{X,0}) — E(max{—X,0}).
e Some mathematical effort is needed to prove that this process actually
defines a specific object E.
e I wrote out standard properties of E: positive, linear, monotone.

e | extend the definition of E to vectors and matrices with random entries
by taking the corresponding array of expected values

e I defined means, variances and covariances and wrote down some well-
known properties of these. Many of them are special cases of the follow-
ing general formula. Suppose Xj,..., X, are all random p vectors and
Y1,...,Y,n are random ¢ vectors. Suppose Ai,..., A,, are non-random
r X p matrices of constants and v is a non-random r vector. Similarly
Bi,..., B, are non random s X ¢ matrices and v is a non-random s vec-
tor. Then
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e I moved on to find moments of the normal distribution.

— For N(0,1) the mean is 0 and the variance is 1. I did the integrals.

— For MV N(0,I) the mean vector is 0 and the variance covariance
matrix is the Identity matrix.

—If X = AZ + p and 7 is standard multivariate normal then X has
mean y and variance covariance ¥ = AAT so MVN(yu,Y) notation
corresponds to mean and variance.

— For Z standard normal the higher odd moments are 0 by symmetry
and
E(Z**) = (2k —1)(2k - 3)---3 - 1.

e I computed the moment generating function of the N(0,1) distribution:
E(e'?) = / etze_zz/zdz/\/ 27

It is an algebraic fact that

(Z — t)2 + t2/2etze—z2/2
2 =

SO

E(e!?) = eb’/2 /00 e*(zft)Q/zdz/\/%r

— 00

the integrand is the N(¢,1) density so the integral is 1 and

E(e'?) = /2,

o I then established that
E(exp(t' X)) = exp(t'p+t'5t/2)
if X has a MVN(y, ) distribution.

e Handwritten slides.
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