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I discussed convergence in distribution and Markov’s inequality.
If X,, and X are real valued then we define
X, % x
provided
lim E(g(Xn)) = E(9(X))

n— oo

for every continuous function g from the real line to the real line.

Let F,, be the cdf of X,, and F be the cdf of X. We call x a continuity
point of F if F is continuous at X. This is equivalent to P(X = z) = 0.

Then X, 2 X if and only if

lim F,(z) = F(z)

n—oo
for every continuity point x of F.

The first definition is also the definition if X,,R” and even if X,, is a ran-
dom function in some function space like C[0, 1], the set of all continuous
functions from [0,1] to the reals.

Suppose X,, . X and h is continuous from the space where X,, and X
take values. Define Y;, = h(X,,) and Y = h(X). Then

Y, 4.

The proof is pretty easy. If g is bounded and continuous on the range
space of Y then f = g o h is bounded and continuous on the space where
X,, takes values so

E(9(Yn)) = E(f(Xn)) — E(f(X)) = E(g(Y)).
I did examples. If X, X~ N(0,1) then
x2 %4 x2 X3

If X,, € R? and
X, % X ~ MVN(0,I)

then ;
XoXn 5 XX ~x2



e I showed that if X,, ~ Bin(n,A\/n) and X ~ Poisson(\) then
X, % x
and in fact for every x we have

lim P(X, <z)=P(X <x).

n—oo

That is, for this particular case F,,(z) — F(x) for all z including the ones
where P(X =z) > 0.

e I proved Markov’s inequality: if P(X > 0) =1 and ¢ > 0 then

The first inequality is correct because the integrand (X/t)1(X > t) is
greater than or equal to the indicator. The second inequality comes from
the fact that X/t > 0 and the fact that replacing an indicator with 1
makes a non-negative integrand bigger.

e So if X = Y? we learn

P(Y|>1t)=P(X >t?) < Eg) = E(tlf).

e This leads to the easiest method for proving that a sequence X,, converges
to 0 in probability. Suppose Y,, is a sequence with mean pu, and variance
02. Then for any positive e,

E(Y;) up+on
e €2 -

P([Yn| 2 ¢) <

so Y, — 0 in probability.

e On Thursday I will do the § method and Slutsky’s theorem. In class I
may do Op, op, O and o notation.

e There are handwritten slides for this lecture.


http://www.sfu.ca/~lockhart/richard/830/20_3/Summaries/L12/slides.pdf

