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• I did some delta method examples: ratio estimation,
√

χ2
n, and redid the

sample median calculation.

• I did ratio estimation in the context of a sample of size n from an infinite
population. Each sampled unit is classified as being young or not. I let
Yi = 1 if the ith sample unit is young and 0 if not. I let Ui = 1 if person
is unemployed.

• For this summary I will change the notation slightly. Let pU be the proba-
bility of a sampled person being unemploye, pY be the probability of being
young, and pUY be the probability of being both young and unemployed.

• The estimated proportion of young people who are unemployed is

θ̂ ≡ N̄

D̄

where

N̄ =
1
n

n∑
1

UiYi

and

D̄ =
1
n

n∑
1

Yi

• Think of N̄ as an estimate of pUY and D̄ as an estimate of pY . The ratio
θ̂ is an estimate of the parameter

θ =
pUY

pY
= P (Unemployed|Young).

• The CLT shows that[√
n(N̄ − pUY )

√
n(D̄ − pY )

] d→ MV N2(0,Σ)

where Σ is the 2× 2 matrix

Σ =
[

Var(UY ) Cov(UY, Y )
Cov(UY, Y ) Var(Y )

]
• The variables UY and Y are Bernoulli so their variances are pUY (1−pUY )

and pY (1− pY ).

• The covariance is

Cov(UY, Y ) = E(UY · Y )− E(UY )E(Y )
= E(UY )− pUY pY

= pUY (1− PY )
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• Our estimator is
θ̂ = f(N̄ , D̄)

for the function
f(x, y) =

x

y
.

• The gradient (derivative) of f is the vector[ 1
y

− x
y2

]
.

• Evaluated at x = pUY and y = pY we get

∇f(pUY , pY ) =

[
[

1
pY

−pUY

p2
Y

]

• The delta method then proves that

√
n(f(N̄ , D̄)−f(pUY , pY )) =

√
n(θ̂−θ) d→ N(0,∇f(pUY , pY )T Σ∇f(pUY , pY ))

• Do the algebra in Maple to get

N

(
0,

pUY (1− pY )
p3

Y

)
.

• The asymptotic variance can be rewritten as

pUY

pY

(
1− pUY

pY

)
pY

• The ratio pUY /pY is just θ, the conditional probabity of being unemployed
given you are young.

• So the asymptotic standard error of θ̂ is√
θ(1− θ)
√

npY

• Finally the Estimated Standard Error is√
θ̂(1− θ̂)
√

nD̄

• Notice that nD̄ is just the total number of young in the sample so the
final SE is just as if you had a sample of size nD̄ and of these observed
that a proportion θ̂ were unemployed.
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• I used the delta method to prove that if Tn ∼ χ2
n then

√
2Tn −

√
2n =

√
2
√

n

(√
Tn

n
− 1

)
d→
√

2f ′(1)N(0, 2)

where f(x) =
√

x.

• In the above I used the clt on Tn/n, recognizing it as the average of
n independent χ2

1 variables. The variance of χ2
1 is 2. The derivative,

evaluated at the mean of Tn/n, which is 1, becomes 1/2.

• So √
2Tn −

√
2n

d→ N(0, 1).

• I also reviewed the limit law of the sample median doing it a slightly
different way.

• Next Tuesday I will do the a short lecture on OP and oP notation and
also a small bit on Confidence intervals.

• Next Thurday we start decision theory.

• There are handwritten slides for this lecture.
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http://www.sfu.ca/~lockhart/richard/830/20_3/Summaries/L13/slides.pdf

