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I ran some R-code to illustrate the Law of large numbers and the failure
of those theorems for the Cauchy distribution.

Then I talked briefly about big ‘O’ and little o’ notation.
I spent quite a bit of time on simultaneous (Scheffé) confidence intervals.

Suppose Y = X3 4 € where Y is a vector of n responses, X is an n X p
matrix of covariates (usually including a column of 1s for the intercept),
B is a p-vector of parameters and e has a MVN,,(0, szpxp) distribution.

The least squares, maximum likelihood estimate of 3 is
B=(X"X)'XTY =+ (XTX)'X e

The vector of fitted values is X3 = X + He where H = X(XTX)™1XT
is the ‘hat’ matrix.

The fitted residual vector is

Y - X3=XB+e—He=(I-H)e
The quantity
(5-8) x7x(5-8) v
(v-8) x7x(v-3) /)

is a pivot; it has an Fj, ,,_, distribution (which I now prove).

F' can be written as the ratio of two pivots:
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(ol o

p

and .
(v=8) x7x (Y =8) Ho(n—p)} = (1 - H)=
o o
These are pivots because Z = ¢/o is standard multivariatte normal.

Notice that [H,I — H|Z = [HZ, (I — H)Z] is a linear transformation of Z
so it has a multivariate normal distribution.

Its mean is 0 and its variance covariance matrix is

0l


file:./xbar.txt

Notice in particular that

Cov(HZ,(I — H)Z) = HCov(Z)I-H)' =H(I —H)=H - H>=0.
so that HZ and (I — H)Z are independent.
This proves the numerator and denominator of F are independent.

The quantity ZT HZ has a x,, law with v = trace(H) because H is idem-
potent.

Then

v = trace(H) = trace(X (X ' X) 7' X T = trace((X ' X) 7' X " X) = trace(Id,x,.
Similarly Z (I — H)Z has a Xp_p distribution. This finishes the claim.

Now consider estimation of ¢ 3 using ¢ 8.

This quantity has mean ¢' 3 and variance o2c¢’ (X T X) " te.

So the usual ¢ pivot would be

c'(B-5)
s\/cT(XTX) Te|

Here s is the root mean square error

tl =

() xx (v
(n—p)

There is a symmetric matrix M such that M2 = X T X.

Write R X
" (3= B)| = le"M~TM((B ~ B)l
and use the Cauchy Schwarz inequality
2Tyl <aTayly
to see that R R
2 CTMTIM (B~ )T MM(5 - )
- s2cT(XTX) e

This simplifies to
t? < pF.



Given a 3 € (0,1) let « =1— (3 and
Fyyn—p,a
be the upper «a critical point of the F}, ,_, distribution.

Then
P(t2 > pFypn—pa < P(F > Fpppa)=a.

So
P3c: |[t*| > pFpn—pa) < .

Solve the inequalities to get

P(Ec:|e"B—c"h| > s\/ch(XTX)—lch,n—p,a) <a.

This proves that

"B+ s\/ch (XTX) YeFyn_pa

gives confidence intervals for ¢ 8 which have simultaneous coverage prob-
ability for all ¢ at least 1 — .

On Thursday we move on to decision theory.

There are handwritten slides for this lecture.


http://www.sfu.ca/~lockhart/richard/830/20_3/Summaries/L14/slides.pdf

