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• I worked through some small no-data decision theory examples.

• I illustrated the possibility that there a proper prior might have the feature
that every procedure has infinite Bayes risk.

• I took Θ = D = {1, 2, . . . , } and L(d, θ) = (d− θ)2.

• The prior π had π(θ) = 6
π2θ2 .

• For this prior
rπ(d) =

∑
π(θ)(θ − d)2 = ∞.

• So every procedure, even randomized, has infinite Bayes risk.

• Then I took Θ = D = [0, 1] and L(θ, d) = (d − θ)2. We have a prior Π
and a possibly randomized decision rule δ.

• Both Π and δ can be thought of as distributions of random variables, say,
T and ∆.

• The Bayes risk of δ is

rπ(δ) = E
[
(T −∆)2

]
= E(T 2)− 2E(T∆) + E(∆2).

• Use the fact that my decision cannot depend on the value of T (because
I don’t know Θ) to write

rπ(δ) = E(T 2)− 2E(T )E(∆) + E(∆2).

• Subtract and add E2(∆) to get

E2(∆)− 2E(∆)E(T ) + E(T 2) + Var(∆).

• We have to choose a distribution for ∆ to make this small. For a fixed
value of E(∆) we can always minimize the variance by taking it to be 0;
then ∆ is some non-random d and we must minimize

d2 − 2dE(T ) + E(T 2)

• This shows that
d = E(T ) = EΠ(θ)

is the Bayes procedure for Π.

• Finally I found the minimax procedure in the same problem.
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• I looked only at non-randomized procedures; if there is a minimax proce-
dure then there is a minimax procedure which is Bayes for some Π.

• For the fixed procedure d ∈ [0, 1] the maximum risk is

max
θ

(θ − d)2.

• This function decreases from 0 to d and then increases so the maximum
over [0, 1] is either at θ = 1 or at θ = 0.

• so
max

θ
(θ − d)2 = max{d2, (1− d)2}.

• For d < 1/2 the maximum is (1−d)2 > 1/4 and for d > 1/2 the maximum
is d2 > 1/2.

• For d = 1/2 the two terms are equal:

max{d2, (1− d)2} =
1
4

=
(

1
2

)2

=
(

1− 1
2

)2

.

• So d = 1/2 minimizes the maximum risk.

• This procedure is Bayes for any prior with mean 1/2 as we say above.

• For the discrete prior with π(1) = π(0) = 1/2 we have

π({θ : L(θ, 1/2) = max
θ

L(θ, 1/2)}) = π({0, 1}) = 1.

• So the risk of d = 1/2 is constant and equal to its maximum on a set with
prior probability 1.

• On Thursday we add data.

• There are handwritten slides for this lecture.
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http://www.sfu.ca/~lockhart/richard/830/20_3/Summaries/L16/slides.pdf

