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• I did some examples of prior to posterior calculations and discussed pos-
sible realistic priors.

• For X1, . . . , Xn iid Bernoulli(θ) I computed posteriors for Beta(α, β) pri-
ors. These are Beta(α + X, β + n−X).

• I observed that α = β = 0 produces an improper prior but a proper
posterior.

• The posterior mean when α = β = 0 is the MLE θ̂ = X/n.

• I worked on a prior which had point mass π1/2 at θ = 1/2 and otherwise
had a Beta(α, β) prior.

• I computed

P (θ = 1/2|X = x) =
P (X = x, θ = 1/2)

P (X = x)

=
P (X = x|θ = 1/2)P (θ = 1/2)

P (X = x)
.

• The denominator is

E(1(X = x)) = π1/2P (X = x|θ = 1/2)+(1−π1/2)
∫ 1

0

P (X = x|θ)π(θ)dθ.

• The integral is(
n

x

)
Γ(α + β)
Γ(α)Γ(β)

∫ 1

0

θα+x−1(1− θ)β+n−x−1dθ

which simplifies to(
n

x

)
Γ(α + β)
Γ(α)Γ(β)

Γ(α + βn)
Γ(α + x)Γ(β + n− x)

• Since

P (X = x|θ = 1/2) =
(

n

x

)
2−n

we see the posterior probability desired is

π1/22−n

π1/22−n + (1− π1/2
)
Γ(α + β)Γ(α + x)Γ(β + n− x)

Γ(α)Γ(β)Γ(α + β + n)
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• We can simplify for α = β = 1 and get

π1/22−n

π1/22−n + (1− π1/2
)
x!(n− x)!
(n + 1)!

which is
π1/2(n + 1)P (X = x|θ = 1/2

pi1/2(n + 1)P (X = x|θ = 1/2 + (1− π1/2)
.

• This is an odd looking formula but we can use the local central limit
theorem and approximate P (X = x|θ = 1/2) by

φ

(
x− n/2√

n/4

)
/
√

n.

• Finally let’s just look at the special case π1/2 = 1/2 and get

P (Ho true|X = x) ≈
√

nφ(z)
sqrtnφ(z) + 1

where z is short hand for the standardized value of x, namely

z =
x− n/2√

n/4
.

Notice I replacde n + 1 by n along the way.

• If the null hypothesis is actually true then usually this will be close to 1
because z won’t be too far from 0 but if the true value of θ is not 1/2 then
eventually z will be quite large and the probability will be nearly 0. So a
Bayesian would likely make the right choice.

• I looked at the improper prior and observed that you can’t compute the
posterior probability because of the Γ(0) = ∞ values that appear.

• Nextg Tuesday I will move on to Bayesian estimation.

• There are handwritten slides for this lecture.
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http://www.sfu.ca/~lockhart/richard/830/20_3/Summaries/L17/slides.pdf

