STAT 830

Problems: Assignment 5

. For a sample of size n from the Uniform [0, 6] distribution, compute
the posterior law of ¢ if you use the prior m(f) = 1/0. What is the
posterior Bayes risk? What is the Bayes estimator for squared loss.

. In the same problem use the factorization theorem to find a minimal
sufficient statistic. Show that this statistic is complete.

. Suppose I observe a sample of size n from the Poisson distribution
with mean A. Give A\ a Gamma(a, 3) distribution. Compute the Bayes
estimator for squared error loss, find the Bayes risk, and either find a
minimax estimate or explain why you can’t.

. This problem concerns the loss function for which a posterior mode
would be a Bayes estimate. The parameter space © is finite and

L(0,d) = 1(0 # d).

Show that the posterior mode is the Bayes estimate. Assume that the
data X has a discrete distribution for each 6 € ©.

. I discussed Bayesian testing problems a bit. In this problem you are
testing y = 0 against y # 0 based on the sample mean X ~ N(u,1/n).
Your prior is P(u = 0) = 1/2 and given p # 0 the prior has a N (0, 72))
distribution. Plot the P-value for the usual test which rejects for large
values of |[\/nX| as a function of the observed value z of X. On the
same plot graph P(u = 0|X = z) for a variety of values of 7. Try some
7s which are quite small, and some which are quite large to get an idea
of the effect of the prior variance on the conclusion.

. Suppose Xi,...,X,, are iid N(u,0?) and Y;,...,Y, are iid N(x,7?).
Assume the Xs are independent of the Y's.

(a) Find complete and sufficient statistics.
(b) Find UMVUE’s of i — x and o2/72.



(c)
(d)

(e)

Now suppose you know that o = 7. Find UMVUE’s of xy — 1 and
of (x — p)/o. (You have already found the UMVUE for ¢2.)

Now suppose ¢ and 7 are unknown but that you know that p = x.
Prove there is no UMVUE for p. (Hint: Find the UMVUE if you
knew o/7 = a with a known. Use the fact that the solution
depends on a to finish the proof.)

Why doesn’t the Lehmann-Scheffé theorem apply?

7. Suppose Xi,..., X, iid Poisson( A ). Find the
UMVUE for A and for 1 — exp(—\) = P(X; # 0).

8. Suppose ¢(X) is a test function and S(X) is a sufficient statistic for
some model. Show that

E(o(X)]95)

is a test function and compare its power and level to that of ¢(X).

9. Suppose Xi, ..., X, are iid exponential(A).

(a)

(b)
(c)

Find the exact confidence levels of 95% intervals based on normal
approximations to the distributions of the pivots Ty = X/, Ty =
1/T}, and T3 = log(T}) for n=10, 20 and 40.

Find the shortest exact 95% confidence interval based on Ti; get
numerical values for n=10, 20 and 40.

Find the exact confidence level of 95% confidence intervals based
on the chi-squared approximation to the distribution of deviance
drop. Compare the results with the previous question based on
length and coverage probabilities. Figure out how to make a con-
vincing comparison. Which method is better?
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