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What | assume you already know

o Multivariate Normal distribution theory.

e Standard linear model theory.
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Multiple regression

Regression models relate response Y to vector of predictors x.
Response sometimes dependent variable.
Predictor sometimes feature or independent variable or covariate.

Main strategies for specification:

@ 11D sample of pairs (X;, Yi),i=1,...,n.

@ Designed experiment: n runs: values x; selected. corresponding Y;
observed.

© Conditional specification: model conditional distribution Y | X.

@ Sometimes mixtures of these: sampling plus random assignment.
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[ID data model

Model is E[Y; | X; = x]] = o + x3 for some particular p-vector f3.
True residual is

€ =Y —x3

@ Often assume homoscedastic errors.
Var(e;| X = x;) = o2

for some parameter o not depending on / or x;.

Sometimes assume that €; ~ N(0, o2).

So conditional dist of Y's given X is same as designed case.
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Model equations

@ Common to specify model by model equations.

@ One way layout: sample of n people.

Split into k groups (e.g. for k = 2, sex; or ‘socio-economic class’ or
age group)

In group i have response (like log-income) Yj;,j =1,...,n;.

Let 1 be population mean response.

Let «; be effect (on Y) of belonging to group i.

Additive model;

Y,-J-:,u—{—a,-—l—e,'j.
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Show identifiability Problem
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Note two standard solutions
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|dentifiability and Estimability in Linear Models

@ From now on:
Y=XB+¢€

@ Errors are iid normal mean 0 variance o2.

@ So you can estimate any parameter of the form
p=v'E(Y)=v'Xg.

o If X is n X p and has rank p < n then the model is identifiable.
@ Proof: usual OLS estimates exist and have expected value 3, o2.

o If p=nthen B = XY is unbiased est of 3 but o, 3 is not
identifiable and there is no unbiased estimate of 2.

@ Modern interest: p > n.

@ This problem is hopeless without making uncheckable (using only the
current data) assumptions.
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Routes forward

Shrink the parameter space explicitly or implicitly.

@ Example: in some genetic problems there is one column for each gene
in some set of genes.

o It might happen that exactly one gene influences Y.

@ If so the our parameter space is

{(B,0) : 0 >0,card({i : 5; #0}) < 1}

@ That is, the only allowed 3 are either the 0 vector or vectors with
exactly 1 non-zero entry,

@ We call 3 sparse and use s for the number of non-zero j3;.
@ Usually in the literature s is not prespecified.
@ But we must have in mind s < n/2 to hope for identifiability.

Richard Lockhart (Simon Fraser University). STAT 830 High Dimensional Regression STAT 830 — Fall 2020 9/21



What if 2s > n
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Estimability

The set A= {i: (; # 0} is called the Active set.
The 3 in the definition is the true parameter vector,

The cardinality of A is the sparsity s.

In high dimensional regression there is a variety of views on the goal
of data analysis.

One possibility: find an estimate A of A.
e This is called Model Selection
@ Goal would be:

OR
P(AD A)~ 1.

@ Another possibility is to focus on prediction: find good estimate of (3
so that if you have a new data point x, Y the predictor xJ is a good
guess for Y.
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Survey of methodology

@ You can't do least squares: if p > n and rank(X) = n then the set of
3 for which
Y =Xp3
with no error is a p — n dimensional vector space.

@ From applied mathematics: choose among these 3 on basis of
secondary criterion such as: minimum L; norm.

@ That is, compute

argminﬁ{z 1Bi| - Y = XB}

e Studied, for instance, by Candeés and Tao (2005 to 2007: IEEE
Information Theory, Ann Stat, many math journals).
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Penalized methods

Can be framed in two ways:
lllustrated by L; (LASSO).

Constrained: minimize error sum of squares ||Y — X/3||? subject to
1Bl =22 161 < ¢

Here t is a tuning parameter

Penalized: minimize penalized sum of squares

LA(B) = 1Y = XBIZ+ 2D |8l

@ Now A\ is a tuning parameter.
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Equivalences

@ As always do constrained minimization by minimizing the Lagrangian
and then adjusting the Lagrange multiplier to satisfy constraint.

@ Study how solution to the penalized problem depends on A.

@ The function Ly(3) is convex because it is the sum of two convex
functions.

o If p < nand X has full rank (min{n, p}) then L, is strictly convex.
@ So there is a unique minimizer if there is any minimizer.

@ And there is a minimizer because limg_, ||B]/1 = oo.
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