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Purposes of These Notes

@ Describe extensions of likelihood.

@ Motivation, behaviour.

@ Then focus on proportional hazards.
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List of Likelihood Extensions

Likelihood

Conditional Likelihood

Marginal Likelihood (warning: at least two definitions)
Partial Likelihood

Quasi Likelihood

Empirical Likelihood

Pseudo Likelihood

Composite Likelihood
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Parameters of Interest, Nuisance Parameters

In many research problems the regression coefficients are the focus
and parameters affecting variability are not.

So we might write § = (3, 0) and declare that o is a nuisance
parameter.

Or we might really only care about one entry in 3, like the one for the
treatment effect.

The low-dimensional (usually) parameter of interest is distinguished
from all the other nuisance parameters.
Many techniques are designed either
» to eliminate the nusiance parameters from the inference problem
> to provide accurate approximations to the distribution of the estimate
of the parameter of interest.
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Examples

@ One-way layout: Yj; independent, normal, mean p;, SD o.
@ Sample sizes nj and i =1,..., K say.

o Let T; = ZJ(Y,-J- — \_/,)2 be ESS in sample /.

o Sufficient statistic:

52(51752):(?17"'7?K7T17"'7TK)

where 57 is the vector means, S, vector of Ts.

@ Data is S together with standardized residuals

| Yu-Y Yk — Yk
51 ’ Sk

where each s; =/ T;/(n; — 2).

e Fact: V is independent of the sufficient statistic S.

vV
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Marginal and Conditional Likelihood
@ Joint density of S factors:

f(s1|s2, p,0)f(s2 ] 0).

Second term is marginal likelihood: joint density of part of the data.
o ASIDE: marginal likelihood also used for

[ rx1o.0)dv

which eliminates ¢ by integrating away a (uniform) prior.

Key is: no us in second term.

First term is a ‘conditional likelihood'.

In general: split data X into X1, X and factor
f(x|0)="Ff(x1|x,0)f(x2|0)

@ Useful if one term or the other depends only on parameter of interest.
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Theoretical Ideas

@ Suppose 0 = (¢,) and
Fx[0) =f(a | @)f(x2 | 6, ¢)
@ Then f(x; | ¢) is a likelihood with score

Un(®) = Vlog(f(x1 | ¢))

and Hessian say H,,; subscript m for marginal.
@ Usual likelihood theory will often apply to this smaller data set.
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Markov Processes, Time Series

@ One common data structure: response Y measured over time:
unemployment rate, GDP, etc.

@ Simple example: Y; recorded at times t =0,1,..., T.

@ Most elementary model:

Yerr —p=p(Ye — p) + €e1
with e, ..., e iid N(0, 0?).
@ Specifies conditional distribution of Y:;11 given Y;:.

@ Does not specify distribution of Yj.
@ Factor joint density as:

f(YT | YT—lnu’vpva-)'” f(Yl | YOv,uvpv U)f(YO)

o Last term is complex and may depend on other parameters.
o But

.
F(Wise ooyt | Yo, 0,0) = [ [ F(ve | ye-1, 18,0, 0)
1

is a conditional likelihood.
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The conditional log-likelihood for AR(1)

@ Each conditional density is just a normal contribution so

Y, (Y, 2
Ce(p, p, o) = Z{ —— gazt L= Trog(o)

This can be maximized to find MLEs

Notice similarity to likelihood for simple linear regression.

Defining 5 = p and a = p(1 — p) we see

T Ca— BY. )
ec(a,ﬂ,a)z—zm BYi-1) — Tlog(o)

202
t—1

@ Fact: Can do all the usual likelihood stuff with this set-up and deduce
that p is approximately normally distributed with variance which
depends on p and o.
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Quasi-likelihood

@ Consider exponential family regression model.
@ Response Y; has density

f(yi | i) = exp{yioi — b(¢i)}
where g(¢;) = a + (x; and x; is covariate.
@ Note that

og(ei) 00
50 & (¢)W'
e So
99 _ 1 [ 1 ]
00 g'(¢i) | xi

@ Score function is

S wily - B(e0)
U(e,, B) = [ > wixi(yi — b'(9i)) ]

where

1

" g'(di)
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Quasi-likelihood continued

@ Now consider replacing b'(¢) by some generic function u(¢) and
weights w; by a generic function w(¢).

" 5 wi(00) (i — 1(6)
o i Wil @i )\Yi — @i
Ulan ) = > wixi(yi — p(i))
is called a quasi-score.

@ And a function ¢ whose gradient is U is called a quasi-likelihood even
if it is not the log of a density.

@ Not every quasi-score has a corresponding quasi-likelihood.
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Proportional Hazards Model

@ Framework: response T; is time to some endpoint event: death,
cancer recurrence, recovery, etc.

o Let f; be density of T; and define the hazard function of T; by

Pt<Ti<t+e|Ti>t
hi(t) = lim tsTisttellizt)
€—> €

t+e f,(u) du

@ Proportional hazards model: there is some baseline hazard h,(t) and

hi(t) = ho(t) exp(Xi3)
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Some reality checks

Wrinkle: in real medical trials some patients disappear before they
experience the endpoint.

They are censored.
You record C;, the censoring time, for each such case.

Potential wrinkle: covariate X; might depend on t.

Potential wrinkle: in real trials patients are recruited gradually: time
is sometimes measured from recruitment, or from data of treatment
and not from start of study.
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Parametric form example

@ Assume no censoring.

Assume hg(t) = «, independent of t.
Time independent covariates, non-random.
So T; has constant hazard a exp(x;03).
Thus

h(e) = — < log {1~ F(1)} = aexp{x)

@ Solve this (integrate from 0 to t) to get

log {1 — F(t)} —log{l— F(0)} = —aexp{xf}t.

@ So the survival function is

1— F(t) = exp{—aexp{x0}t}

which means T has an exponential distribution.
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The log-likelihood

Let T(1) < T2y < -+ < T(n) be the sorted failure times.

Let J1,...,J, be the indexes of the variables which fail at these times.

The joint density of the data is
n
H ayjexp(—tjayi)
i=1

where
vi = exp(xif).

Can do standard likelihood analysis on this.

@ But: can rewrite in terms of the order statistics:
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Likelihood in time order

o Distribution of Ty is exponential with rate a) where
Ay =D 7= exp(xif).

@ Rates just add for independent observations.

o Fact:
U

i
i A

P(h=j|Tiy=1ty)=
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Lack of Memory Property

o If T is exponential with rate 7 then conditional law of T — t given
T > t is exponential with rate 7.

@ So given that T(y) = t(1) and J; = j1 the time T(5) — T(q) to the next
failure has an exponential distribution.
o Conditional rate is a)(2) = « {)\(1) — *yjl}.
@ Then given T(1) = t(1), T(2) = t(2) and J1 = j1 we have
Vi

P(J2 :j2 ’ T(l) = t(l)a T(2) = t'(2),J1 :jl) = E
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Lack of Memory Continued

e Continuing this way write the likelihood in (symbolic) form

P(Tay = t))P(h =4 | Ty = t))
P(Toy=te) | Ta)y=ta)y, =)

@ Even numbered terms do not involve «, the baseline hazard.

o We form the partial likelihood by multiplying together these terms.
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The Partial Likelihood

@ The log-partial likelihood depends on the sequence Ji, J, ..., J, but
NOT on the actual times:

tp = log {P(J; = j; | History)} = > {log(;) — log(A)} -
i=1

which simplifies to

lp = Z {x;8 —log(A(i)) } -

@ In general: observe sequence of failure and censoring times.
@ Think about time of ith failure.
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Partial Likelihood, General Case

@ Instantly before time of ith failure, there is a set R; of those subjects
who have not yet failed or been censored.

@ Set R; is called the risk set.
@ At this time individual j; fails.

@ The log-partial likelihood is

D %8 —log 4 > exp(v)

i JER;
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General Structure

@ Think of data at Vi, Wy, Vs, ..., V,, W,, Vn+1
@ Write likelihood in form

L=P(Vog1 | Wa, ..., VA)P(Wy | Va,..., V4)
X P(Vn | Wn—l---a Vl)P(Wn_l ‘ Vn—]."'7V1)
X oo X P(Wl | Vl)P(Vl)

o Keep all terms of form P(W; | History).
e Call this Lp.

@ Lp has many properties of a likelihood.
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Theoretical concepts

o Can analyze the partial likelihood

tp(8) = > {x8 —log(\sy} -

i

@ Score is
ZJER; XiVj
Do R
i ZjER,' /YJ
@ Define 3
iy
Dy = xj, — ]
EjERk ’YJ
and

k
My => D
i=1

o Let Hy_1 be the history up to the instant before the kth failure.

Richard Lockhart (SFU) STAT 830 Extensions of Likelihood STAT 830 — Fall 2020

37 / 48



History, Filtration

@ Then H_1 contains information up to time of kth failure.

@ Such as: which subjects have failed or been censored before this
failure.

In particular H,_1 contains Rj.
The sequence Hy, - - - is called a filtration.
Technically each Hy is a o-field.

Given Ry the probability that subject j € Ry fails in the next € time
units is
hi(t)e + ofc)

And prob some subject in Ry fails is

> hi(t)e + o(e).

iERy
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Unbiased Score

@ So given Ry and time T, of kth failure the conditional probability
that j € Ry is the subject who fails is

hi(t)e + o(e)
>icr, hi(t)e + o(e)

o Letting € — 0 gives us the contribution to the likelhood and allows us
to compute

_ S e X
E(Di | Hk—1) = > P(Jc=1J | Hk—l){xj SIERTI T _ g

JER, ZjERk i

@ This is the usual unbiasedness property of scores!

Richard Lockhart (SFU) STAT 830 Extensions of Likelihood STAT 830 — Fall 2020 40 / 48



Blank Page for Algebra

Richard Lockhart (SFU) STAT 830 Extensions of Likelihood



The Score is a Martingale

o Let N be the number of failures observed (typically random and
smaller than the sample size because of censoring).

@ The partial score is M.
@ Fact: My,..., My is a martingale:

E(Mi | Hk=1) = My_1.

@ Proof:
k

E(My | H) = ZD,|Hk

k-1

= Dj+EDy | Hy)
i=1

=M1 +0=M,_;.

o Notice that for i/ < k the value of D; is part of the history Hy_1.
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Martingale theory

o Definition: A sequence My, My, M>, ... is a martingale relative to a
sequence Hy (of o fields, technically) if
Hi C His1
and

E(Mis1 | Hi) = M.

Important martingale theorems: optional sampling, martingale
convergence, and martingale CLT.

Let Dy = My — My _1 be the martingale differences.

Notice that

Var(/\/lk+1) = Var {E(Mk+1 | Hk)} +E {Var(Mk+]_ ‘ Hk}
= Var(My) + E {Var(Dy+1 | Hk)}

As for sums of indep obs variances of differences add up.
This can be turned into a central limit theorem.
Look at the book by Peter Hall and Chris Heyde.
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Martingale Central Limit Theorem

Theorem
Suppose that for each N there is a martingale My ,, k =0,..., N with
associated filtration
Hink=0,...,N—1
Suppose that
N-1
> Var(Diy | Hi) — 1
k=0
and Lindeberg's condition: for every € > 0:
N-1
E{DZ,11(|Dk+1| > €) | Hx} — 1.
k=0
Then
My n converges in distribution to N(O, 1).
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