Another example: estimating equations. Sup-
pose Yi,...,Y, independent and x4,...,xn CON-
stants.

Given: a function g(y,z,0) such that
E [g(}/mx”w 90)] =0
for all = and some particular 6,.

Includes linear and generalized linear model prob-
lems.

Define a random function of 6 by

1=1

Plan: estimate 6 by solving the equation

Sn(e) =0 (1)
for @ to get 0,

Study large sample behaviour of 0,,.



Hoped for behaviour:

1. 0, is weakly consistent: for each € > 0

n—aoeo

2. 0, is strongly consistent:

P( lim_ O, = 6,) = 1.

3. 6, is asymptotically normal.



Do one example:
€, — (Yz — aowi)/ﬁo
are iid standard Cauchy. Log likelihood is
n
t(0) = = log {1+ B72(Y; — w;a)?}
1

—nlogm —nlogp

Score function has two components:

L 287 %i(Yi — wie)
Una(0) =
z; {1+p72(vi - wz'a)z}z

and
2873 —e)?  n
Un (9) — - =
’ g:l {14+872(vi - 5137;04)2}2 g

We will show the existence of a unique consis-
tent root of the likelihood equations

Un(0) = 0.



Notice: if all z; = 0 (or all z; ~ 0) then get no
(or little) information about «.

If one z; very large then estimate of a largely
determined by that one data point.

Assumptions

Al: The constants x; satisfy

1
0 < liminf =) x;
o

A2: There is 6 > 0 so that constants x; satisfy

. 1 &
limsup—3 221 < oo
n
1

A3:. There is 6 > 0 so that constants x; satisfy

1 n
limsup =Y 2310 < o0
n
1



Tools for proving a set of equations has a root
in some domain:

e If equations are derivative of scalar func-
tion a local max or min of the function
interior to domain corresponds to a root.

e Brouwer fixed point theorem: if f is con-
tinuous then f(x) = x must have a root in
any set K which is compact and for which
f(K) Cc K. See Atchison & Silvey, Ann
Math Statist, 1958.

e Contraction mapping theorem: if da < 1
with

1f(y) — f(2)| < aly — =
for f : RP — RP then f has a fixed point.

Note: g¢g(x) = 0 iff f(x) = x where f(x) =
g(z) + z.



In what follows a will be some positive real and

An = {y is strictly concave on Bq(0,)}

Theorem 1 Thereis an a > 0 such that

P(Ap) — 1

asn — oo. In fact

In words /4,, is almost surely strictly concave for
all large n on some neighbourhood of the true
parameter values. A strictly concave function
can have no more than 1 local maximum on
the set in question.



Now let
In(a) = sup{l(0) : |0 — 0o| = a}
and
By, = {en(eo) > Zn(a)}

Theorem 2 Thereis an a > 0 such that
An almost sure version is true, too.

When B, happens there must be at least one
root in the ball in question.



Let Cr(a) denote the event that there is a
unique root of U, inside the ball B,(6,) Note
that Cn(a) D An N By,.

WARNING: I won't try to prove C,, is really an
event.

Let Dye be the event C,(a)NCr(e) (unique root
in big ball and the root is in a small ball).
From the theorems so far: for each fixed ¢ > O

Useful lemma: if ane 1S @ sequence of numbers
for each € > 0 and for each fixed € > O we have

lim apne =0
n—00

then there is a sequence ¢, — 0 such that
lim ane, — 0]
mn—00

Hence there is a sequence ¢, — O such that

P(Dnpe,) — 1



Define 6,, as follows: on the event A, N B,, let
0, be the unique root of U, inside By(6,). On
the complement of this event put

I also won't prove 6,, is a random variable but
it is.

Theorem 3 The sequence 0,, is weakly con-
sistent.

This is the content of the assertion on the
previous slide.

WARNING: 8,, is not an estimator; definition
depends on 6,.



These things are all proved by studying deriva-
tives. Define

E; = (Y; —xja) /B
Write the log likelihood as
> 4(6)
where
2;(8) = —log(1 + E2) — 10g(5)

I claim there is are bounded functions g,s such
that

orrs x’
. — [/ .
aaraﬁsez(e) — ﬁr—l—sgrS(EZ)

(I only need this for r 4+ s < 3.)
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Proof of Theorem 1: Suppress n. We let U,
V and W denote the arrays of first, second and
third derivatives of £/n.

Each entry in W has the form
5_3 Z wfgrs(Ei)/n
i

where r + s = 3. Every such quantity is no
more than

5_32 5" /n < B3+ Z ;]2 /n).

Under assumption A3 this quantity is bounded
over all pairs «a, 8 with 8 > ¢ > 0 for any fixed
positive c. Fix some a < B,. For each fixed 6
we have

V(6) — E(V()) —0 (2)

in probability by an application of a weak law
of large numbers. (One I know applies is in a
1988 Annals paper I wrote; a variance calcula-
tion doesn't quite work.)
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Now consider the maps

I(0) = —E(V(8))
We find

z2/(2n 0
I(00) = 2 zé( ) 1/2
which is positive definite. Let M3 denote the
upper bound on the third derivatives from the
last slide.

If

10 — 0o|| < 6 = min{} x2/n,1/2}/(4M3)

then I(0#) must be positive definite. In fact we
must have

I11(0) >35/4
I>>(0) > 356/4

[12(0) <6/4
detI(9) > 5/2
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We now take a = § and prove Theorem 7.

Fix e > 0. Choose N so large that for n > N
we have

P(|V;;(00) +1;;(00)| > 6/4) < ¢
Find points 61,...,0N all in Bg(8,) with the
property that
Ba(eo) U B5

Fix some 6. We need some notation for the

13



entries in H and S/n. Let

E; = (Y; — z;0) /8
Uia = 28 '2,E;/ {1 + Ezz}

U 267'E7 1
P2l B
N 27
Hz'ozoz—ﬁ 5 > 1—|—E2
{1+ E?} ;
_ AE3x, Az, E;
Hiaﬁ:ﬁz 2222_1_'_ZEZ.2
{1+ E2} ;
Higg = B8~ i >~ 6EZ'22+1
{1+E2)7 1T&



Theorem 4 The score function at the true
parameter value is asymptotically normal.

As function of Y; each term in the score is
bounded so

E[Sn(6,)] =0
Var [Sn(00)] = X < o0

We try to apply the Lyapunov CLT to the score
function.

Terms in S,1 are not iid.
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To state the result we will fix an a > 0 and a
sequence ¢, of constants converging to O and
define events

Ap = {£ is concave on By(0p)}
Bpn = {£(0p) > sup{l(0) : |0 — 0g = en}

Define a random variable 8 as follows. On the
event A, N B, we define § to be the unige root
of U(0) =0 in Bg(0pg). On the complement of
this event put 8, = 6y (for definiteness). It is
true, but I will not prove that 8 so defined is a
random variable.

Put

1 =

2
225% 0 ]
0 3

By 71/2 and 7-1/2 we mean the non-negative
definite diagonal square roots of Z and 71
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Theorem 5 Under conditions A1 and A3 we
have:

1. There is a constant a > O such

P(Ap) — 1

2. There is a sequence ¢, — 0 such that

P(Bp) — 1

3. The sequence of random variables 0 is con-
sistent for Oy in the sense that  — 0g in
probability.

4. The random variables 0 are asymptotically
normal in the sense

7128 — 05) = MV N(0,1)

where 1 is the two by two identity.
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Proof of 4: This conclusion is based on Taylor
expansion of the identity (on A, N By)

U@ =0
We write that expansion in the form

0="U(00) +V(00)(0—0)+ R (3)

where the remainder term R is given by
1 -
R; = Z/o (1 —t)W;;x(6o + (0 — 6y)dt
jk

x (0; — 00;) (0 — Oo)

Step 1: There is a constant M such that for
all n:

Wikl < Mn.

It follows (using say Cauchy Schwarz) that on

IR;| < Mnl|f — 0p|° < Mnen|d — 6g
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and

|R| < 3Mnl|d — 0g|? < 3Mnen|d — g

Step 2: Multiply 3 by Z-1/2 and get

0=7"12U(0) + T2V (00)T 127V 2(8 — 09) + 771
=T +1T5+ 13

say.



Step 3: We show that 77 converges in dis-
tribution to standard bivariate normal by ap-
plying the Lindeberg central limit theorem and
the Cramér-Wold device. It suffices to show
that for each unit vector a is R? we have

a'7-1/2U(69) = N(0, 1).

The vector Z-1/2U(0p) has two components
which we label temporarily X,, and Y,,. Define

c:
A, =2—"
’ 1—|—€Z-2
2
B, =2—1! 2—1
1+¢€
Xip = CUiAQi
\/2337;/2
B;
Yin =

19



Then
Xn = ZXin
0
and
Yn = ZY;,n
0
Direct computation shows that

E(Xn) =E(Yn) =0
Var(Xn) = Var(Yp) =1
Cov(Xn,Yn) =0
If we put Z;, = a1X;, + axY;, and Zn, =, Z;,
then

a'T12U(00) = Zn

and the triangular array {Z;,} is independent
within rows. It thus remains to check Linde-
berg’'s condition. To this end we note

If two triangular arrays {X;,} and {Y;,} each
satisfy Lindeberg’s condition then for each a;
20



and ap the triangular array {Z;, = a1X;, +
a>Y;,} satisfies Lindeberg’s condition.

Proof. The assertion is trivial if either a1 =0
or ao> = 0 so we assume both are non-zero. Fix
e > 0 and note that

Z2 < 2a32X2 4 2a5Y2
and that
1(|Zin| > €) < 1(Ja1Xin| > €/2)+1(|axYin| > €/2)
Hence
Z51(|Zin] > €) < 2a3X7,1(Ja1 Xin| > €/2)+2a7V;51(Jas

Moreover by considering each case of the indi-
cators involved we may check that

a1Yip1(la1 Xin| > €/2) < afYinl(la1Yin| > €/2)+a7 X5, 1(

and the analogous inequality reversing the roles
of X and Y. Combining these gives

25311 Zin| > €) < 4a71X5,1(|la1 Xin| > €/2)+205X5,1(|az



Put

It remains to check Lindeberg’s condition for
the specific arrays X;,,} and {Y;,} given above.
Define

Gx(M) = E(A71(J4;] > M))
Gy (M) = E(Bf1(|B;| > M))

and note that since the As and Bs have a finite
variance we have

M, OXWM) = im Gy (M) =0.
Then
> Ei1([Yinl > ©)) = 2Gy (ey/n/2)

which converges to 0. Second

> E(XZ1(Xin| > ) = Y 22Cx (e[S 22/2/ail)/ Y
) () J

< Gx(eyf S #2/2/ max{lai|})



Now in view of assumption 3 we must have
;| < Mn

for all ©+ so by assumption 1

2
which shows
2
mai{xg o
21 L

This ends Step 3.



Step 4: Define
M= -7 12V (99)7-1/2
I claim that
M —1
in probability.

We now need a few pieces of elementary linear
algebra. In the following A is a real kx k matrix
and x a k-vector.

1. A symmetric matrix A can be written in
the form

A = PAP’

where the matrix A is diagonal and the ma-
trix P is orthogonal, that is,

PP =1

The columns of P, say vq,...,v, are eigen-
vectors of A with corresponding eigenvalue
21



A; being the 7th diagonal entry in A. That
IS

AVZ' — >‘7§V7L

. We define the Euclidean (2) norm of ma-
trix A by

A| = \/trace(AA’)
— ZA%
]

. We have by Cauchy-Schwarz:
[Ax| < JA[x]

. If Amip @nd Amax are the smallest and largest
eigenvalue of a symmetric matrix A then
for all x we have

AminlX| < JAX| < Amax|x|



We will also show

=712y (9)7 12 = 1
in probability.

This will show:

1. Asn — o0

P(M is invertible) — 1

2. If C, is the event that M is invertible then
on A, N B,NC, we may write

21/2(§ —0p) = M_lTl -+ M_1T3

3. The smallest eigenvalue of the matrix 71/2
IS at least

AminyVn = \/nmin{é, 1}/4




where ¢ is the quantity in assumption Al.
Hence

ZY/2(6 - 60)| > Aminv/nld — 69|
At the same time

120 — 60)| < M 1Ty | 4 M 1T

Since
T3] < 3Mnen||0 — bo|
and
2
1]
we find

Aminv/1l8 — 60| < [M™Ty| + 6 Mn



