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Pressure driven liquid �ow through rectangular cross-
section microchannels was investigated in this work. Mi-
crochannels fabricated using so�t lithography method on
PDMS/PDMS substrates. Pressure drop data are used to
characterize the friction factor for the wide channel aspect
ratios in the range 0.13�0.76 and over a Reynolds num-
ber range 1� 45. Distilled water were used in this study
as working �uid. Comparison with conventional model and
previous works revealed that distinguishable deviation from
Stokes �ow theory was not observed for any channel cross-
section.

Nomenclature
a = radius, m
Ac = micro channel cross-section area, m2

At = tubing cross-section area, m2

f = Fanning friction factor, �
H = microchannel half height, m
Ip = polar momentum of inertia, m4

I�p = speci�c polar momentum of inertia, Ip=A2c , �
Kbend = loss coe¢ cient for bend, �
Kc = contraction loss coe¢ cient, �
Ke = expansion loss coe¢ cient, �
L = microchannel length, m
Lin = �ow developing region length, m
Po = Poiseuille number, f RepAc

Q = volumetric �ow rate, m3=s
RepAc

= Reynolds number, �Q=�
p
Ac
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Greek
" = aspect ratio, 2H=2W; �
� = cross-section perimeter, m
� = �uid viscosity, kg=m:s
�a = apparent viscosity, kg=m:s
�eo = electroosmotic mobility, m2=V:s
� = �uid density, kg=m3

�b = �uid electrical conductivity, S=m
!f = friction factor uncertainty, �

INTRODUCTION
Advances in microfabrication make it possible to build

microchannels with small dimensions, in order of microm-
eters. Micro- and minichannels show promising potential
and have been incorporated in a wide variety of unique,
compact, and e¢ cient cooling applications such as in mi-
croelectronic devices. These micro heat exchangers or
heat sinks feature [1] extremely high heat transfer sur-
face area per unit volume ratios, high heat transfer coef-
�cients, and low thermal resistances . In biological and
life sciences, microchannels are used widely for analyzing
biological materials such as proteins, DNA, cells, embryos
and chemical reagents [2]. Various microsystems such as
micro-heat sinks, micro-biochips, micro-reactors and micro-
nozzles have been developed in recent years [3�6]. Since
microchannels are usually integrated in these microsystems,
it is important to determine the characteristics of the �uid
�ow in microchannels for better design of various micro-
�ow devices.
In parallel to the recent attentions to micro�uidic de-

vices, microfabrication techniques have also evolved signif-
icantly. Some of the important fabrication techniques in-
clude lithography (soft and photolithography), lamination,
injection molding, hot embossing, micromachining with
laser, and electrochemical or ultrasonic technologies [7].
Together with new methods of fabrication, it is possible to
exploit certain fundamental di¤erences between the physi-
cal properties of �uids moving in large channels and those
travelling through micrometer-scale channels [2]. Di¤er-
ent cross-sections such as rectangular, circular, trapezoidal,
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triangular, and elliptical were investigated by several re-
searchers to understand the �ow behavior in microchannels.
Rectangular and trapezoidal cross-sections have been ex-
tensively studied for a wide range of applications, mainly
due to practical considerations such as fabrication tech-
niques, cost, ease of manufacturing [7]. Most researchers
employed rectangular cross-sections for studying friction
and pressure drop in microchannels [8�11]. Since mi-
crochannels length is normally long (compared to other
dimensions), inlet and exit e¤ects have been neglected in
most works.

In recent years, a large number of papers have reported
pressure drop data for laminar fully developed �ow of liq-
uids in microchannels with various cross-sections. However,
published results are often inconsistent. Tuckerman and
Pease [12] employed rectangular microchannels as high-
performance heat sinks for cooling electronic components.
They found that the experimental results of �ow friction
were slightly higher than those predicted by classical the-
ories. Peng et al. [8] experimentally studied the �ow and
heat transfer characteristics of water �ow through rectan-
gular cross-section microchannels with hydraulic diameters
ranging from 130 �m to 340 �m. They [8] used precision
machining microfabrication method on stainless steel sub-
strates. Signi�cant deviation from the characteristics of the
macro-size channel �ow was observed in their work. This
deviation was attributed to an early onset of laminar to
turbulent �ow transition. Same results and discussion were
reported by Xu et. al. [9] and Mala and Li [13]. Pfhaler et
al. [14] and [15], Urbanek et al. [16], Qu et al. [17], Papaut-
sky et al. [18], Ren et al. [10] and [19], Weilin et. al. [20]
and Guo and Li [21] explained that deviations would orig-
inate from surface phenomena such as surface roughness,
electrokinetic forces, temperature e¤ects and microcircu-
lation near the wall. Ren et al. [10] and [19] provided a
comprehensive study on electroviscous e¤ect in microchan-
nels. They demonstrated that electroviscous e¤ect on the
pressure drop strongly depends on the channel dimensions
and ionic concentration of the working liquid. Bahrami et
al. [22] proposed an analytical model to predict the pressure
drop in fully developed laminar �ows in rough microtubes.
They showed that the e¤ect of roughness is to increase the
pressure drop in microtubes. and can be neglected when
the relative roughness is less than 3%.

Jiang et al. [23], conducted an experimental investigation
of water �ow through di¤erent shapes of microchannel cross
section including circular, rectangular, trapezoidal and tri-
angular. The hydraulic diameter of microchannels varied
from 8 �m to 42 �m. They collected experimental data
with the Reynolds number ranging from 0:1 to 2, and con-
cluded that there was less in�uence of the cross-sectional
shape on the micro�ow in the microchannel and the experi-
ment data agreed well with the prediction of the convention
theory. Baviere et. al. [24], performed an experimen-
tal study on the water �ow through smooth rectangular
microchannels. Their channels were made of a silicon en-
graved substrate anodically bonded to a Pyrex cover. Their

results showed that in smooth microchannels, the friction
law is correctly predicted by conventional theories. Judy et.
al. [11] and Bucci et. al. [25] showed that their experimental
results were in good agreement with conventional theo-
ries, in laminar regime. Also Wu and Cheng [26], Lio and
Garimella [27] and Gao et al. [28] reported good agreement
between experimental data with conventional theories.
Recently, discrepancies among the work of many re-

searchers have been summarized in a review paper by
Steinke and Kandlikar [29]. Interestingly, it was reported
that the deviations are higher at lower Reynolds numbers.
They listed developing region e¤ect, inlet, exit and other
minor losses and uncertainty in the measurements as the
reasons for the observed deviations from the classical mod-
els in the literature.
The contradictions among di¤erent researches indicate

that the �ow in microchannels are still needed to be well
understood. The objectives of present work are: 1) to ex-
perimentally investigate the characteristics of single-phase
liquid �ow in microchannels, and 2) resolve some of the
disagreements observed in the existing data. We focus on
a comprehensive experimental investigation of liquid �ow
with an emphasis on careful measurements. Low Reynolds
numbers have been studied in this work. Rectangular cross-
section microchannels with a range of aspect ratios were
fabricated using soft lithography method on PDMS/PDMS
substrates. E¤orts have been made to investigate the
e¤ects of developing region pressure drop, minor losses,
streaming potential on the pressure drop in details.Viscous
dissipation and roughness e¤ects are neglected in this study.
Further, the experimental data are compared to the model
proposed by Bahrami et al. [1], and also data collected by
others. Based on the experimental results, attempts have
been made to show that the conventional theory is applica-
ble in microscales.

THEORETICAL MODELING
The low Reynolds number �ow regime is one of the char-

acteristic of �ows in microchannels [30]. Hence, nonlinear
terms in Navier-Stokes equation disappear, resulting in the
Poisson�s equation

r2u = 1

�

dP

dz
with u = 0 on � (1)

where u is the �uid velocity, z is the �ow direction and �
is the perimeter of the channel. Equation (1) is applicable
of fully developed �ow. Exact solution for Eq. (1) in rectan-
gular cross-section channels can be found in �uid mechanics
textbooks such as White [31]. The original analytical solu-
tion for the mean velocity in rectangular channels is in the
form of a series, but it has been shown [1] that using the
�rst term of the series results in errors less than 0:7%. Shah
and London [32] eported a correlation for determining the
Poiseuille number in rectangular channels as a function of
channel aspect ratio.

Bahrami et al. [1,33], developed a general model for pre-
diction of pressure drop in microchannels of arbitrary cross-
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section. Using the analytical solution of elliptical duct and
the concept of Saint-Venant principal in torsion [34], they
showed that the Poiseuille number, f RepAc

, is a function
of the polar moment of inertia, Ip, area, Ac, and perime-
ter of the cross-section of the channel, �. Their model
showed good agreement with experimental and numerical
data for a wide variety of cross-sections such as: rectan-
gular, trapezoidal, triangular, circular, and moon shaped.
The objective of this paper is to �rst investigate the accu-
racy of their model; and later on extend it to more general
geometries such as converging and diverging microchannels.
Selection of the characteristic length is an arbitrary

choice and will not a¤ect the �nal solution. However, an
appropriate length scale leads to more consistent results, es-
pecially when general cross-section is considered. A circular
duct is fully described with its diameter, thus the obvious
length scale is the diameter (or radius). For non-circular
cross-sections, the selection is not as clear; many textbooks
and researchers have conventionally chosen the hydraulic
diameter, as the characteristic length. Yovanovich [35, 36]
introduced the square root of area as a characteristic length
scale for heat conduction and convection problems. Later,
Muzychka and Yovanovich [37] proposed the use of

p
Ac

for the fully-developed �ow in non-circular ducts. Bahrami
et al. [1, 33] showed through analysis that square root of
area appears in the solution of fully-developed �ow in non-
circular ducts. They also compared both Dh and

p
Ac and

observed that using
p
Ac as the characteristic length scale

results in similar trends in Poiseuille number for microchan-
nels with a wide variety of cross-sections. Therefore, in
this study,

p
Ac is selected consistently as the length scale

throughout the analysis.
According to this model Poiseuille number in this model

can be obtained from [1]

Po = f RepAc
= 32�2I�p

p
Ac
�

(2)

where

RepAc
=

�Q

�
p
Ac

(3)

Note that the square root of the microchannel cross sec-
tion,

p
Ac was used as the characteristic length in Eq.

(3):Based on Bahrami et al. model [1], the Poiseuille num-
ber is only a function of geometrical parameters of the
channels. Relationships for various geometries have been
provided in [1]. Substituting for geometrical parameters in
Eq. (2) for rectangular cross-section channels, Poiseuille
number can be found to be only a function of microchannel
aspect ratio, " [1]

f RepAc
=
4�2

�
1 + "2

�
3
p
" (1 + ")

(4)

where " = 2H=2W:

EXPERIMENTAL

Chemicals and materials

De-ionized water has been used as the testing liquid.
The �uid properties are � = 998 kg=m3 and � = 0:001
kg=(m:s) and constant:We assumed that the viscous heat-
ing e¤ect is negligible for the range of Reynolds number
investigated in this work. SU-8 photoresist (Microchem,
Newton, Massachusetts, USA) and Diacetone-alcohol de-
veloper solution (Sigma-Aldrich, St.Louis, Missouri, USA)
were used in the making of the positive relief masters by
the procedure outlined below. PDMS casts were prepared
by thoroughly mixing the base and curing agent at a 10:1
ratio as per the manufacturers instructions for the Sylgard
184 silicon elastomer kit (Dow Corning, Midland, Michi-
gan, USA). Caution was used to avoid contact between the
liquid PDMS and latex rubber (gloves) as this was found
to inhibit curing [38].

Microfabrication

The PDMS/PDMS microchannels used in this study
have been manufactured using the soft lithography tech-
nique described by Erickson et. al. [38] (Fig. 1).
Brie�y, photomasks needed are designed by AutoCAD soft-
ware (www.usa.autodesk.com) and printed by a 3500 DPI
printer (Island graphics Ltd., Victoria, BC). Masters con-
taining the desired microchannel pattern have been made
by spin coating SU-8 negative photoresist on a glass slide to
a nominal desired thickness. The photoresist �lm was then
hardened through a two-stage direct contact pre-exposure
bake procedure (65 �C for 15 min and 95 �C for 30 min) and
exposed to UV light for 100 sec through the mask contain-
ing the channel pattern. A two stage post-exposure bake
procedure (65 �C for 1-2 min. 95 �C for 20 min.) was then
used to enhance cross-linking in the exposed portion of the
�lm. The slide was then placed in quiescent developer so-
lution for 10 min. to dissolve the unexposed photoresist,
leaving a positive relief containing the microchannel pat-
tern.
Liquid PDMS was then poured over the master and ex-

posed to vacuum condition (1 hr) to exrtact all the bubbles
in it. Then cured at 85 �C for 15-20 min yielding a negative
cast of the microchannel pattern. An enclosed microchan-
nel was then formed by bonding the PDMS cast with either
another piece of PDMS with plasma treating. All above
procedure was carried out under a clean condition to avoid
any impurities e¤ecting the fabrication process.
Five microchannels were made with a range of aspect

ratios, 0:13 < " = 2H=2W < 0:76, and tested in this
study. Dimensions of the microchannels are shown in Ta-
ble 1. Since channel dimensions have a major e¤ect on
the friction factor calculations [9], [11] and [29], a destruc-
tive careful measurement was performed after the experi-
ments. Channels were cut at three random cross-sections
and dimensions of the channel were measured by an im-
age processing method. To do so, a Leica DMI 6000B
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Fig. 1 Schematic of soft lithography technique.

(Leica microsystems, RichmondHill, Ontario, Canada) mi-
croscope with a 10�, 0:4 N.A. objective was used. Images
of the channel cross-section were captured by a high reso-
lution, high sensitivity CCD (Hamamatsu Orca AG) and
imported in a photo edit software, Adobe Photoshop 8.0
(www.adobe.com). Dimensions of the channel were then
measured by pixel counting. Size of each pixel was cali-
brated by a known dimension, then number of pixels in the
width or height of the channel were counted to �nd the di-
mensions of the channel. Figure 2 shows the microchannel
cross-section taken for the specie PPR-0.17, typically. As
can be seen, due to fabrication process, microchannel cross-
section has an arbitrary shape, but it is close to rectangle.
Height and width measurements were conducted at di¤er-
ent positions for each cross-section and the average value
was considered. This measurement was also performed at
several cross-sections. Mean values are reported in Table 1.
It was observed that both microchannel depth and width
were di¤erent from the expected values in the fabrication
process. From our measurements, channel height changed
less than 4% and its width changed less than 3% with re-
spect to spin coating procedure prediction and mask size
during the fabrication.

Experimental procedure

An open loop syringe pump system, as illustrated in
Figure 3 was chosen for this work. A syringe pump (Har-
vard Apparatus, Quebec, Canada) provided constant �ow
rate with �0:5% accuracy. A range of Reynolds number
was covered by changing the volumetric �ow rate from
40�L=min to 240 �L=min. Reynolds number was calcu-
lated using Eq. (3), having the volumetric �ow rate, Q:
To prevent entering bubbles into the transducer a 0:2 �m

Fig. 2 (a) Microchannel under the test and (b)
microchannel cross-section (image taken by Leica
6000DMI-B microscope), channel # PPR-0.17.

Fig. 3 Microchannel pressure mearusment test section.

�lter (Aktreingeselchaf Co., Germany) was installed after
the pump. Water was forced to �ow through this sub-
micron �lter before entering the channel. Droplet formed
during the test at the channel outlet was collected repeat-
edly to avoid its surface tension e¤ect on our measurments.
To measure the pressure drop, a gauge pressure transducer
(Omega Inc., Laval) was �xed at the channel inlet while
the channel outlet was opened to the atmosphere. Te�on
tubing (Scienti�c products & equipment, Noth York, ON,
Canada) was employed to connect pressure transducer to
the syringe pump and the microchannel. Values of mea-
sured pressure were then monitored and recorded with a
computerized data acquisition system ( Labview 8.5, Na-
tional Instrument, www.ni.com). The �ow was considered
to have reached a steady state condition when the readings
of the pressure drop did not change any more. The data
reported in this paper are for steady state �ow. For a given
channel, the measurement of pressure drop were repeated
three times for each �ow rate. Each measurement started
when the transducer showed zero pressure. An arithmetic
averaging method [39] was performed to determine the �-
nal results.
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Table 1 Ratio of developing pressure drop to measured pressure drop of the channel

Channel Width, 2W Depth, 2H Length, L
p
Ac " = H=W

p
Ac=L

[�m] [�m] [mm] [�m]

PPR� 0:13 780 110 50:0 293:0 0:13 0:006
PPR� 0:17 581 101 50:0 242:0 0:17 0:005
PPR� 0:40 480 192 58:8 303:6 0:40 0:005
PPR� 0:60 189 113 55:5 146:4 0:60 0:003
PPR� 0:76 134 103 50:0 117:3 0:76 0:002

RESULTS AND DISCUSSION
Total measured pressure drop during the experiment,

�Pmeasured is

�Pmeasured = �P c+�P con+�PD+�PFD (5)

+�P ex+2�P b+�P ev

where �Pc is the pressure loss due to the �ow in the
connecting tubes, �Pcon and �Pex are the inlet and exit
losses, �PD is the developing region loss, �PFD is the pres-
sure drop in the fully developed region, �Pb is the pressure
drop due to 90 degrees bends and �Pev is pressure drop
corresponds to electroviscous e¤ect. Since fully developed
pressure drop is the focus of this study, right hand side
losses except �PFD should be subtracted from the mea-
sured pressure drop.

Connecting tube pressure loss,�Pc The connecting tube
pressure drop includes the losses due to all �ttings and
the capillary tube from the transducer to the microchannel
inlet. We measured this loss directly at each �ow rate when
there was no microchannel at the end of the tubing. The
measurements were carefully conducted and all conditions
were identical to the case which microchannel was at the
end of the connecting tube.
Developing region, �PD Since the viscous boundary

layer inherently grow faster in microchannels than in
macroscales, the developing region in most cases is negligi-
ble. There are few references can be found in the literature
in which the e¤ect of inlet region was considered [40], [41]
and [32].Phillips [40] showed that the length of the hydrody-
namic developing region, Lin, depends on the aspect ratio
of rectangular cross-section microchannels, the higher as-
pect ratio, the longer developing length. Maximum value
of Lin can be obtained from Eq. (6):

Lin =

�
16Ac

p
Ac

�2

�
RepAc

(6)

Pressure drop of the entrance region is then [40]

�PD =
8
�
f RepAc

�
�Q
p
Ac

�D2
h

Lin +K
�Q2

2A2c
(7)

In this equation K is a constant and related to the mi-
crochannel aspect ratio as follows

K = 0:6796 + 1:2197"+ 3:3089"2 (8)

�9:5921"3 + 8:9089"4 � 2:9959"5

In Eq. (7), f RepAc
was calculated based on the mea-

sured pressure drop, in this work. Table 2 lists the rel-
ative pressure loss of developing region with respect to
the measured pressure drop, in percent. As can be seen,
the values are small, less than 0:3%; thus can be ne-
glected for the range of Reynolds number studied in this
work (1 < RepAc

< 35). For higher Reynolds numbers
(Re � 100), developing pressure drop, �PD was found to
be less than 2% of the fully developed pressure drop ob-
tained from Eq. (4).
Minor losses, �Pmin or Other pressure losses associated

with the measured pressure drop are entrance, exit and
bend losses. These losses are usually obtained from the
traditional relationships used in macroscale [11], [29], [40],
[42]. Phillips [40] showed that the minor pressure losses can
be obtained from Eq. (9)

�Pmin or = �Pin +�Pexit + 2�Pb = (9)

�Q2

2A2c

"
Kc +Ke + 2Kbend

�
Ac
At

�2#

where Ac and At are the channel and tubing cross-
sectional areas, respectively, Kbend is the loss coe¢ cient
for the bend and Kc and Ke represent the contraction and
expansion loss coe¢ cients due to area changes. Phillips [40]
recommends Kbend to be approximately 1:2 for a 90 degree
bend. Assuming equal cross-sectional areas for the channel
and tubing and also maximum possible values for Kc and
Ke [43] relative minor losses with respect to the measured
pressure drop, in percent, are listed in Table 3. As can be
seen, these losses are negligible compared to the measured
pressure drop. For higher Reynolds numbers (Re � 100),
developing pressure drop, �Pmin or was found to be less
than 5% of the fully developed pressure drop obtained from
Eq. (4).

Electroviscous e¤ect, �Pev When a liquid is forced
through a narrow channel under an applied pressure gra-
dient, the counterinons in the di¤usive layer of EDL are
moving towards the down stream end and a potential gra-
dient is induced in the �ow [45]. This so called streaming
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Table 2 Percentage of developing region pressure drop to measured pressure drop of the channel

�PD=�Pmeasured[%]

Q
h
�L
min

i
" = 0:13 " = 0:17 " = 0:40 " = 0:60 " = 0:76

40 0.01 0.01 0.04 0.03 0.04
60 0.01 0.02 0.03 0.04 0.06
80 0.01 0.02 0.04 0.06 0.08
100 0.02 0.01 0.06 0.07 0.10
120 0.02 0.02 0.06 0.08 0.11
240 0.03 0.05 0.10 0.20 0.24

Table 3 Percentage of minor pressure losses to measured pressure drop of the channel

�Pmin or=�Pmeasured[%]

Q
h
�L
min

i
" = 0:13 " = 0:17 " = 0:40 " = 0:60 " = 0:76

40 0.04 0.04 0.12 0.09 0.11
60 0.05 0.07 0.10 0.13 0.17
80 0.07 0.10 0.14 0.17 0.23
100 0.08 0.07 0.21 0.22 0.28
120 0.09 0.10 0.19 0.25 0.35
240 0.16 0.24 0.35 0.51 0.70

potential acts to drive the counterions in the di¤use layer
of the EDL to move in the direction opposite to the pres-
sure driven �ow. The overall result is a reduced �ow rate
for a constant pressure gradient or increased in pressure
drop for a given �ow rate. This phenomena which gives
the appearance of an increased viscosity, �a, is called elec-
troviscous e¤ect [45]. The ratio of this apparent viscosity to
the �uid viscosity can be found from Eq. (10) for circular
cross-section capillaries [46]

�a
�
' 1 + 32�

�ba2
�2eo (10)

where � is the �uid viscosity, �b is the liquid electrical
conductivity and a is the radius of capillary. �eo = �0�r�=�
is called electroosmotic mobility where �0 = 8:854� 10�12
C2V �1m�1 is the permittivity of vacuum, �r = 78:3 is
the relative permittivity for water at 25�C [45] and � is
the zeta potential of the surface. Approximating the rec-
tangular cross-section microchannel with a capillary of the
same hydraulic diameter, �b = 5:6 � 10�6Sm�1 [47] and
�eo = 5:9 � 10�8m2V �1s�1 [48] for PDMS, variation of
�a=� with respect to hydraulic diameter is plotted in Fig.
4. As can be seen, for small hydraulic diameters, Dh < 100
�m , the apparent viscosity becomes important. Consistent
with the work of Ren and Li [10], for larger channel sizes,
the apparent viscosity is very close to the actual viscosity of
the liquid and streaming potential e¤ect is not signi�cant.
In this work, since minimum hydraulic diameter is 116:2
�m electroviscous e¤ect was neglected.

Uncertainty analysis A careful analysis of the experimen-

tal uncertainty in this study is critical to the interpretation
of experimental data of friction factor, f and exploration
of deviation from macroscale theory. Neglecting developing

Hydraulic diameter [µm]

µ a/µ

0 100 200 300 400 500 600

1

1.05

1.1

1.15

1.2 PDMS surface and deionized water

Fig. 4 Variation of the ratio of apparant viscosity to
�uid viscosity.

region and minor losses and also electroviscous e¤ect, the
fully developed pressure drop is

�PFD = �Pmeasured ��Pc (11)

Then the experimental fanning friction factor can be ob-
tained from

fexp =
�PFD
2L

�
DhA

2
c

�Q2

�
(12)
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Table 4 Uncertainty values in measured parameters.

Parameter Maximum uncertainty [%]

�Pmeasured �0:25
L �0:01
Dh �6:12
Ac �4:42
Q �0:5

The uncertainty in the friction factor, f , based upon the
measured variables is given by [39]

!f =

vuut nX
i=1

�
@f

@xi
!i

�2
(13)

where xi is a variable used to calculate the friction factor,
f and !i is the corresponding uncertainty: Since friction
factor takes the form of a product of the measured vari-
ables it is bene�cial to study the relative friction factor
uncertainty

!f
f
=

2664
�!�P
�P

�2
+
�!L
L

�2
+

�
!Dh

Dh

�2
+�

2!Ac

Ac

�2
+

�
!Q
Q

�2
+

�
!�
�

�2
3775
1=2

(14)

From Eq. (14), it can be seen that the channel dimen-
sions plays an important role in determination of uncer-
tainty. Also for small Reynolds numbers, the accuracy of
the �ow rate becomes more signi�cant. Maximum uncer-
tainty in the measurement of measured variables is listed
in Table 4.
Note that channel cross-section and hydraulic diameter

uncertainty was obtained from the measured parameters,
channel width, 2W , and depth, 2H, using the same method
described. Uncertainty associated with this experiment was
calculated to be less than 10%:
Figures 5 and 6 show the comparison between friction

factor obtained from Eq. (4), solid line, and experimental
data for channels PPR-0.13 and PPR-0.76, respectively. As
shown the trend and values of experimental data are similar
to that of predicted by Bahrami et al. model.
Variation of the Poisueille number, f RepAc

; with the
Reynolds number for di¤erent channels is shown in Fig.
7. Experimental data is normalized by analytical data ob-
tained from Eq. (4). The solid line shows the analytical
model. From Eq. (4), it is obvious that the frictional resis-
tance, f RepAc

; does not depend on the Reynolds number.
Same trend can be observed from the experimental data.
As can be seen most of the experimental points fell within
�10% bounds of the analytical model.
Another comparison of present experimental work with

analytical model of Bahrami et al. is illustrated in Fig. 8.

Re√Ac

f

0 10 20 30 40
0

0.5

1

1.5

2

2.5

3

experimental
analytical

channel # PPR0.76

2W = 134 µm 2H = 103 µm ε = 0.76

H

W

Fig. 5 Variation of friction factor with the Reynolds
number, " = 0:13:

Re√Ac

f

0 10 20 30 40
0

0.5

1

1.5

2

2.5

3

experimental
analytical

channel # PPR0.76

2W = 134 µm 2H = 103 µm ε = 0.76

H

W

Fig. 6 Variation of friction factor with the Reynolds
number, " = 0:76:

Since Poisueille number, f RepAc
remains constant for the

laminar regime as the Reynolds number varies, the exper-
imental data for each set were averaged over the laminar
region. The �10% bounds of the model are also shown in
the plot, to better demonstrate the agreement between the
data and the model, Eq. (4).
As can be seen in Eq.(4), Poisueuille number, f RepAc

;
is only a function of the aspect ratio, " = H=W , which
is a geometrical parameter. This dependency is plotted in
Fig. 9. Averaged values of di¤erent Reynolds number were
used in this plot. Experimental data from present work
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Fig. 7 Variation of Poisueuille number, f RepAc with
the Reynolds number.
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c
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Eq. (5)

Bahrami et al. [29]

# 2W(µm) 2H(µm) ε

PPR0.13 780 110 0.13
PPR0.17 581 101 0.17
PPR0.4 480 192 0.4
PPR0.6 189 113 0.6
PPR0.76 134 103 0.76

Fig. 8 Comparison of experimental data of present
work with analytical model of Bahrami et. al. (2006).

captures the trend and values of analytical model with good
agreement. It can be observed that for smaller aspect ratios
frictional resistance , f RepAc

; increases sharply.
It is bene�cial to compare the results of present work

with the existing data of rectangular microchannels. Data
was collected from the works of Wu and Cheng [26], Lu and
Garimella [27] and Gao et al. [28]. As shown in Fig. 10,
the collected data cover a wide range of the aspect ratio,
" = 2W=2H , almost three decades. Solid line represents
the analytical model of Bahrami et al. [1]. The relative dif-
ference between present data, analytical model and results

ε = H/W

fR
e √ A

c

0 0.25 0.5 0.75 1
0

20

40

analytical model
experimental data

Error bars ±10%

# 2W(µm) 2H(µm) ε

PPR0.13 780 110 0.13
PPR0.17 581 101 0.17
PPR0.4 480 192 0.4
PPR0.6 189 113 0.6
PPR0.76 134 103 0.76

Fig. 9 Variation of Poiseuille number, f RepAc ;with the
channel aspect ratio.

ε = H/W

fR
e √ A

c

103 102 101 100

100

200

300

analytical model [29]
present work
Wu and Cheng [25]
Liu and Garimella [26]
Gao et al. [27]

Fig. 10 Comparison between experimental data of
present study and previous works.

of previous works is within the uncertainty of the experi-
ments.

SUMMARY AND CONCLUSIONS
Frictional pressure drop measurements have been made

over a range of Reynolds number for rectangular cross-
section microchannels fabricated with soft lithography
method in the aspect ratio range, 0:13 < " < 0:76. A care-
ful measurement of pressure drop as well as calculations
of developing region, minor losses and pressure drop due
to electroviscous e¤ect revealed that conventional theories
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are still applicable in microscales with good accuracy. Un-
certainty analysis showed that the measurement of channel
dimensions and �ow rate is critical in microscales. Hence,
processing of the high quality images of the channel cross-
section was conducted to �nd out the size of the microchan-
nel. It is concluded that for the range of the microchannel
explored in this study any non-stokes �ow e¤ect is at the
level within the experimental uncertainty.
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