9 Polytopes

Definition. A polytope is a subset of R” of the form P = Conv(xy, ...,xy). The dimension
of P is the dimension of Aff(xy,...,x,). 2-dimensional polytopes are also known as convex

polygons, while 3-dimensional polytopes are known as polyhedra.
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Examples:

Definition. Let y € R" and let t € R. We define the half-space
<t __ n
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Definition. Let P be a polytope of dimension d and let H* be a half-space with P C H".
If F' = H, NP #{ then we call ' a face of P. Every face of P is another polytope, so it
has a dimension. A face of dimension 0 consists of a single point and is called a vertex. A

face of dimension 1 is called an edge, and a face of dimension d — 1 is called a facet.
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Definition. We define reqular polytopes recursively. Every 1-dimensional polytope is regu-

lar. A polytope P of dimension d > 1 is regular if every facet is a copy of the same regular
(d — 1)-dimensional polytope and for any two vertices u,v there is a symmetry of P which

takes u to v. The regular polytopes of dimension 3 are known as the Platonic Solids, they
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are as follows:



