Hoffman’s Circulation Theorem

Edge Cuts: For a digraph G = (V,FE) and X C V we let 67(X) = {(z,y) € FE :
reXandy & X} and set 6 (X) =07(V \ X). For v € V we write 6(v) = §*({v}).

Circulation: A function ¢ : E — R is a circulation if

Z (e Z ¢(e) for every v € V.
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Note: if ¢ is a circulation and X C V then
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Theorem 1 (Hoffman s Circulation Theorem) Let G = (V,E) be a digraph and let
Cu: E — RT satisfy £(e) < u(e) for every e € E. Then either there exists a circulation
¢: E— R with l(e) < ¢(e) <ule) for every e € E or there exists X CV so that
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Proof: Define the slack of a set X to be
s(X)= D ule)= Y Le).
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It suffices to prove the existence of a flow ¢ under the assumption that every set has slack > 0.
If every edge e satisfies £(e) = u(e), then we define ¢ = u = ¢. Now for every v € V' we have
Zeeﬁ(y) ¢(6)_Zeedf(v) ¢(e) = s({v}) = Oand Zeeaf(v) cb(e)—Zeeﬁ(v) ¢le) = s(V\{v}) =0
so ¢ is a flow. We shall now modify ¢, u one edge at a time (maintaining nonnegative slack
everywhere) until we achieve ¢ = u. To do this, choose an edge f with ¢(f) # u(f). Choose
a set X with minimum slack so that f € 67(X) and choose a set Y with minimum slack so
that f € 67 (Y). Set S be the set of edges with one end in X \ Y and one end in Y\ X and
note that e € S. Now we have

s(X)+s(Y)=s(XNY)+s(XUY)+ Z (u(e) —L(e)) > u(f) —L(f).

ecS
So, we may choose z,y > 0 with z < s(X) and y < s(Y) and = +y = u(f) — ¢(f). Now
increase /(f) by x and decrease u(f) by y. Then u(f) = ¢(f) and it follows from our choice

of X,Y that the resulting functions ¢, u still have nonnegative slack for every set. 0



