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Abstract—It_is proved that the Shannon zero-error capacity of the
wntagon is V5 . The method is then geueralized to obtain upper bounds
| the capacity of an arbitrary graph. A well-characterized, and in a sense
sily computable, function is introduced which bounds the capacity from
wove and equals the capacity in a large number of cases. Several results
« obtained oa the capacity of special graphs; for example, the Petersen
aph has capacity four and a self-complementary graph with » points and
jch a vertex-transitive automorphism group has capacity Va.

[. INTRODUCTION

ET THERE BE a graph G, whose vertices are letters
L in an alphabet and in which adjacency means that
he letters can be confused. Then the maximum number
{ one-letter messages which can be sent without danger
£ confusion is clearly a(G), the maximum number of
ndependent points in the graph G. Denote by a(G*) the
aaximum number of k-letter messages which can be sent
vithout danger of confusion (two k-letter words are con-
oundable if for each 1<i<k, their ith letters are con-
oundable or equal). It is clear that there are at least
(G Y such words (formed from a2 maximum set of non-
wnfoundable letters), but one may be able to do better.
“or example, if Cs is a pentagon, then a(C3)=5. In fact,
fr,. .t are the vertices of the pentagon (in this cyclic
wder), then the words v,v,, 0,05, U305, L4045, and vsu, are
1onconfoundable.

It is easily seen that

0(G)= saip{]a(c*) = lim Va(GH) .

This number was introduced by Shannon [6] and is called
the Shannon capacity of the graph G. The previous consid-
tration shows that ©(G)>ea(G) and that, in general,
tquality does not hold.

i The determination of the Shannon capacity is a very
difficult problem even for very simple small graphs.
Shannon proved that a(G)=#6(G) for those graphs which
tan be covered by a(G) cliques {the best known such
?mphs are the so-called perfect graphs; see [1]). However,
even for the simplest graph not covered by this result—

he pentagon—the Shannon capacity was previously un-
Known,
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A general upper bound on ©(G) was also given in [6]
(this bound was discussed in detail by Rosenfeld {5]). We
assign nonnegative weights w(x) to the vertices x of G
such that

> w(x)<1

xeC
for every complete subgraph C in G; such an assignment
is called a fractional vertex packing. The maximum of
> w(x), taken over all fractional vertex packings, is de-
noted by a*(G). It follows easily from the duality theorem
of linear programming that a*(G} can be defined dually
as follows: we assign nonnegative weights ¢(C) to the
cliques C of G such that

2 q(C)>1

CHx

for each point x of G and minimize ¥ ~q(C). -
With this notation Shannon’s theorem states

Q(G) <a*(G).

For the case of the pentagon, this result and the remark
above yield the bounds

V5 <O(C5)<5/2.

We shall prove that the lower bound is the precise value.
This will be achieved by deriving a general upper bound
on ©(G). This upper bound is well characterized and in a
sense easily computable. Qur methods will enable us to
determine or estimate the capacity of other graphs as well.
For example, the Petersen graph has capacity four.

II. THE CAPACITY OF THE PENTAGON

Let G be a finite undirected graph without loops. We
say that two vertices of G are adjacent if they are either
connected by an edge or are equal.

The set of points of the graph G is denoted by V(G).
The complementary graph of G is defined as the graph &
with ¥(G)= V(G) and in which two points are connected
by an edge iff they are not connected in G. A k-coloration
of G is a partition of ¥{G) into k sets independent in G.
Note that this corresponds to a covering of the points of
the complementary graph by k cliques. The least £ for
which G admits a k-coloration is called its chromatic
number. -

A permutation of V(G) is an aufomorphism if it pre-
serves adjacency of the points. The automorphisms of G
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form a permutation group called the automorphism group
of G. If for each pair of points x, y € V(G) there exists an
automorphism mapping x onto y, then the automorphism
group is called vertex transitive. Edge transitivity is de-
fined in an analog manner. A graph is called regular of
degree 4 if each point is incident with edges. Note that
graphs whose automorphism groups are vertex transitive
are regular. This does not necessarily hold for edge transi-
tivity (as, for example, in the case of a star).

If G and i are two graphs, then their strong product
G-H is defined as the graph with V(G-H)=V(G)X V(H),
in which (x,y) is adjacent to (x",y") iff x is adjacent to x’
in G and y is adjacent to y’ in H. If we denote by G* the
strong product of k copies of G, then a(G¥) is indeed the
maximum number of independent points in G*.

We shall use linear algebra extensively. For various
properties of (mostly semidefinite) matrices, see, for exam-
ple. [4]. All vectors will be column vectors. We shall
denote by [ the identity matrix, by J the square matrix all
of whose entries are ones, and by j the vector whose
entries are ones (the dimension of these matrices and
vectors will be clear from the context).

Besides the inner product of vectors v, w (denoted by
¢ "w, where T denotes transpose), we shall use the rensor

product, defined as follows. If v=(t;,---,u,) and w=
(w,-+-,w,), then we denote by vow the vector
(Cpwp,e - epw,,owpe Lo )T of length nm. A simple

computation shows that the two kinds of vector multi-
plication are connected by

(x°9)(vow)=(xTe)(y "W). (1)

Let G be a graph. For simplicity we shall always assume
that its vertices are 1,---,n. An orthonormal representation
of G is a system (v, - -,0,) of unit vectors in a Euclidean
space such that if / and j are nonadjacent vertices, then v;
and v; are orthogonal. Clearly, every graph has an ortho-
normal representation, for example, by pairwise orthogo-
nal vectors.

Lemma I: Let (u).---,u,) and (v,,---,v,)} be ortho-
normal representations of G and H, respectively. Then the
vectors &, ° v; form an orthonormal representation of G-H.

The proof is immediate from (1).

Define the value of an orthonormal representation
(uy, -+ ,u,) to be

min max
¢ 1gign (cTu,-)z

where ¢ ranges over all unit vectors. The vector ¢ yielding
the minimum is called the handle of the representation.
Let #(G) denote the minimum value over all representa-
tions of G. It is easy to see that this minimum is attained.
Call a representation optimal if it achieves this minimum
value,

Lemma 2: $(G-H)<%(G)3(H).

Proof: Let (u),---,u) and (v, - ,v,) be optimal
orthonormal representations of G and #, with handles ¢
and d, respectively. Then ced is a unit vector by (1), and

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. IT-25, No. |, Jax

hence

HG° H) < max 1 -
Y ((eod) (100))

= max 7
W (" T”:)

= (G)I(H).

Remark: We shall see later that equality I
Lemma 2,

Lemma 3: a(G)<HG).

Proof: Let (w,---,u) be an optimal orth.
representation of G with handle c. Let {1,---
example, be a maximum independent set in (
-, are pairwise orthogonal, and so

1=¢2> é (c"u)’ > (G)/HG).

i=1
Theorem I: B(G)<HG).
Proof: By Lemmas 1 and 2, a(G*) <#G¥) <
Theorem 2: ©(C)=V5 .

Proof: Consider an umbrella whose handle ¢
ribs have unit length. Open the umbrella to th
where the maximum angle between the ribs is # /2
B;, U3, uy, U be the ribs and ¢ be the handle, as
oriented away from their common point. Then .
is an orthonormal representation of Cs. Moreov.
easy to compute from the spherical cosine theor
c’u;=5""4 and hence

1
O(C) <H(Cs) < max -=V5.
i (L‘ Tui)
The opposite inequality is known, and hence the t.
follows.

III. FORMULAS FOR HG)

To be able to apply Theorem 1 to estimate or c:
the Shannon capacity of other graphs we must inv:
the number #(G} in greater detail.

Theorem 3: Let G be a graph on vertices {1,
Then ¥(G) is the minimum of the largest eigenv.
any symmetric matrix (a;)7,., such that

a,=1,

y if i=jorif { and j are nonadjacen:

Proof:
1) Let (u,---,u,) be an optimal orthonorm
resentation of G with handle e. Define

g =1 — 9 s
4 (cTu)(cw;)
a.=1,

and

A =(%‘)§fj=|-
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en (2) is satisfied. Moreover,

—a ._.(c__"_:-)f(c__‘&-_
’ (cTu;) (e

6(6)—a,.,.=(c— C—l;;:)z—{-(ﬂ((;)_

nd

l )
(cTu)?
¥These equations imply that #(G)/— 4 is positive semidefi-
Foite. and hence the largest eigenvalue of 4 is at most
1(G)-
2) Conversely, let 4 =(a,) be any matrix sat:sfymg
2). and let A be its largest e:genvaluc Then Af—4 is

[posmve semidefinite, and hence there exist vectors
+,x, such that

P,
7\6,-}- a;=x;x;

¢t ¢ be a unit vector perpendicular to x,,- - - ,X,, and set

3

Pen
Eﬂ

u= \/_L)\(‘H- x).

=1 ,n,

1
ul= X(—l +x7)=1,

¥
?nd for nonadjacent { and j,

ij) =0,

u,) is an orthonormal representation of G.

i
i u,-ng=—;((l+xt-

; '] (ul’ ey,
oreover,

f I

% (eTu)

and hence #(G)<A. This completes the proof of the

theorem

. Note that it also follows that among the optimal repre-
fentations there is one such that

,3((;)_._1__... L -
(e u,) (c7u,)
* The next theorem gives a good characterization of the
falue $(G).

Theorem 4. Let G be a graph on the set of vertices

(R ,n}, and let B= (b;);=1 range over all positive
emidefinite symmetric matrices such that
b;=0 (3)
or every pair (i,j) of distinct adjacent vertices and
Tr B=1. (4)
{hen

HG)= max Tr BJ.

Yote that Tr BJ is the sum of the entries in B.

Froof:

1) Let A=(q, )i~ be a matrix satisfying (2) with
irgest eigenvalue 1?(6) and let B be any symmetric

219KY3 cot 5 N 3

QUALITY CONTROL MARK

matrix satisfying (3) and (4). Then using (2) and (3),

n n
2 2 a;b,=Tr 4B,

i=] f=1

TrBJ/= 2 3 b;=

i=1 =1
and so
#(G)—-Tr BJ=Tr (HG)I—-A)B.

Here both #(G)/— A4 and B are positive semidefinite, Let
e, " ,e, be a set of mutually orthogonal eigenvectors of
B, with corresponding eigenvalues A, -+ ,A, >0. Then

Tr (H(G)[—-A)B="Y &T(HG)I—A)Be,

= 2 Nef(3(G)I—A)e,>0.
i=1 ‘

2) We have to construct a matrix B which satisfies
the previous inequality with equality. For this purpose let
(Gt s (i J)( <Ji,) be the edges of G. Consider the
{m+ 1)-dimensional vectors

b (Sh))

+h,) ranges through all unit vectors and
7=(0,0,---,0,%G)".

Claim: z is in the convex hull of the vectors k.
Suppose this is not the case. Since the vectors & form a
compact set, there exists a hyperplane separating z from
all the A, i.e., there exists a vector e and a real number «a

such that arh <a for all unit vectors k& but a 'z >a.
Set

where h=(h,,- - -

a=(a,--- ,am,y)T.

Then in particular a7k <a, for h=(1,0,---,0); whence
y<a. On the other hand, a’z>a implies %(G)y>0.
Hence y >0, and a > 0. We may suppose that y =1, and so
a<HG).

Now define

1

a;= Eak"'l, if {i’j}z{ik!jk}

1, otherwise;
then aTh <« can be written as

I

i=] j=1]

ahh <a.

i
Since the largest eigenvalue of A =(a;) is equal to
max {xTAx:|x[= 1},

this implies that the largest elgenvalue of (ay) is at most a.
Since (a,) satisfies (2), this implies 3(G) éa, a contradic-
tion. This proves the claim.

By the claim, there exist a finite number of unit vectors

hy,-- -k, and nonnegative reals a,, - - ,ay such that
ay+ o tay=1 . (5)
ah +- - ok =z (6)



Set
T
hp=(hp,l’ ) "hp.n)
N
b= 2 ahh,;
P=I

The matrix B is clearly symmem'c and positive semidefi-
nite. Further, (6) implies
i

and

Tr BJ =% G)
while (5) implies

Tr B=1.

This completes the proof.

Lemma 4: Let (uy,---,u,) be an orthonormal repre-
sentation of G and (v, -,v,) be an orthonormal repre-
sentation of the complementary graph G. Moreover, let ¢
and d be any vectors, Then

n
(u c) (vrd) éczd2
i=1

Proof: By (1). the vectors u, © v; satisfy

(0> 0)(a>0) = (1)) =5,

Thus they form an orthonormal system, and we have
(cod)’> 3 ((cod) (w°0)’
i=1

which is just the inequality in L.emma 4.

Coroflary I: If (v,,---,v,) is an orthonormal repre-
sentation of G and d is any unit vector, then

HG) > _2 (vd)’.

Corollary 2: HG)YNG)=n.

We give now another minimax formula for the value
3 G), which shows a very surprising duality between G
and its complementary graph G.

Theorem 5: Let (v, --,v,) range over all orthonormal
representations of G and d over all unit vectors. Then

#G)= maxz(d .

i=]

Proof: By Corollary 1 we already know that the -

inequality > holds. We construct now a representation of
G and a unit vector d with equality. Let B= (b,) be a
positive semidefinite symmetric matrix satisfying (3) and
(4) such that Tr BJ=3(G). Since B is positive semidefi-

nite, we have vectors w,,- - +,w, such that
= T,
by=w'w, (7

Note that

> wi=1, (él w,.)2=ﬁ(G).
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Set -

L
ZWI.

i=1

wmm/bol - d=( 3 )/

Then the vectors v, form an orthonormal represent
G by (7) and (3). Moreover, using the Cauchy-:
inequality we get :

3 @y=( 3 ) £ )
> 2 pita )) (idfw,-)

i= i

Note that since we have equality in the (
Schwarz inequality, it also follows that
(dvi)z =} G)w}=HG)b,.

Theorem 6: Let A4 range over all matrices s
=0 1f i,j are adjacent in G, and let A,(4) > - -
denote the eigenvalues of 4. Then

HG)= max {1— ;lzj; }

This completes the proof.

Proof:

1) Let A be any matrix such that a; =0 if
are adjacent. Let f=(f,,---,£)" be an elgenvector
ing to A\(A4) such that f2= —1/A (4) (note that -
A =0, the least eigenvalue of 4 is negative). Cons
matrices F=diag (f;,---.f,} and

B=F(4-\(A))F.

Obviously B is positive semidefinite. Moreover, &
and j are distinct adjacent points, and

TrB=-A(A4) Tr F=1,
So by Theorem 4,

#(G)> Tr BJ = S Ea,fJ MA) S 2

f=1 j=1 i=1

< A4

= 2 A (A =1~
igl {AI(A)-I; n( ).f; } AH(A
2) The fact that equality is attained here fo

a more or less straightforward inversion of this a:
and is omitted.

Corollary 3: (See Hoffman [3]).) Let A, > --- 2}
eigenvalues of the adjacency matrix of a graph -
the chromatic number of G is at least

A

1—1:.

Proof: The chromatic number of ¢ is least :
fact, if (#;,- -+ ,u,) is an orthonormal representati
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;s any umit vector, and Jy," - ,J, are the color classes in
;ny \:-coloration of G, then

” k k
$(uf= 3 3 (i< 3 1=k
i=1 m=1 i€J, - om=1

rom which the assertion follows by Theorem 5. Now the
ydjacency matrix of G satisfies the condition in the theo-

«m (with G instead of G), which implies the inequality in
the corollary.

IV. Some FURTHER PROPERTIES Of #(G)

The results in the previous section make the value H{G)
quite easy to handle. Let us derive some consequences.

Theorem 7: 8(G-H)=1%(G)HH).
Proof: We already know that
HG-H)<HG)HH).

o show the opposite inequality, let (v,,---,v,) be an
cthonormal representation of G. (w;,---,w,) be an or-
onormal representation of H, and ¢,d be unit vectors
ch that

"

i (v7c)' =9(G) Zl (wd)'=9(H).
i=1

i=

en v, ° w; is an orthonormal representation of G-# (this
oliows since it is an orthonormal representation of G-f
d‘G-HD G-H). Moreover, c°d is a unit vector. So

5> S 3 ((omw) (cod)

i=1j=1

- igi jél (viTC)Z( ijd)z

= S (o7 S (wid) = HG)I(H).

3 i ji=1
p.

L Theorem 8: If G has a vertex-transitive automorphism
group, then

HGYHG ) =n.

. Corollary 4: If G has a vertex-transitive automorphism
froup, then :

8(G)8(G) <n.

E Note that Theorem 8 and its corollary do not hold for
graphs because there are graphs with a(G)a(G)>n

E  Proof: Let T be the automorphism group of G. We
lay consider the elements of T as nXn permutation

Then trivially, B also satisfies (3), and

TrB=1 TrBJ=%G)

(using PJ=JP=J). Also trivially, B is symmetric and
positive semidefinite and satisfies P 'BP=B, for all P €
T. Since T is transitive on the vertices, this implies b; =
1/n, for all i. Constructing the orthonormal representa-
tion (p,,--+,v,) and the unit vector d as in the proof of
Theorem 5, we have

oy =2

by (8). So from the definition of #(G),

n

3G)< (et (dTv.)l HG)’

and hence

HG)HG)<n.
Since we already know that the opposite inequality holds
(Corollary 2), Theorem 8 is proved.

Theorem 9: Let G be a regular graph, and let A > A,
> .-+ 2\, be the eigenvalues of its adjacency matrix A.
Then

HG)<

—nh,
-

NN,

Equality holds if the automorphism group of G is transi-
tive on the edges.

Corollary 3: For odd n,
_ ncos (n/n)
HC)= l+cos (w/n)’

Proof: Consider the matrix J— x4, where x will be
chosen later. This satisfies condition (2) in Theorem 3,
and hence its largest eigenvalue is at least #(G). Let v,
denote the eigenvector of 4 belonging to A;. Then since 4
is regular, v, =, and therefore, j 05, -, 0, are also eigen-
vectors of J. So the eigenvalues of J—xA are n-—
xA;, —XAg -+, —xA,. The largest of these is either the
first or the last, and the optimal choice of x is x=n/(A,—
A,) when they are both equal to —n\,/(\—A,). This
proves the first assertion.

Assume now that the automorphism group ' of G is
transitive on the edges. Let C=(c;) be a symmetric matrix
such that ¢;=1if i and j are equal or nonadjacent and
having largest eigenvalue #(G). As in the proof of Theo-
rem 8, consider

1
== P-ICP.

2
Then € also satisfies (2), and moreover, its largest eigen-
value is at most #(G). By Theorem 3, it is equal to #(G).
Moreover, C is clearly of the form J—xA. Hence the
second assertion follows.

C
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V. CoMPARisoN WITH OTHER. BOUNDS ON
CAPACITY

Theorem 10: HG) <a*(G).

Proof: We use Theorem 4. Let (#) be an orthonor-
representation of G and ¢ be a unit vector such that

¥G)= 2";' ()

Let C be any clique in G. Then {u:i€ CY is an orthonor-
mal set of vectors, and hence

> (cTu,-)2<c2= L

ieC
Hence the weights (¢u)? form a fractional vertex pack-
ing, and so

mal

n
HG)= 3 (cTu,-)z%éa*(G).
i=1
A very simple upper bound on O(G) is the dimension
of an orthonormal representation of .

Theorem 11: Assume that G admits
representation in dimension d. Then

HG) <d.

an orthonormal

Proof: Let (u,,- - +#,} be an orthonormai representa-
tion of G in d-dimensional space. Then (0 °u),u,0
" .4, °u,) is another orthonormaj representation of (.
Let {e),---,e,} be an orthonormal basis and

b=—1—(el°e,+ez°e,+--- t+e,0e,).
Vd i

1
(ul ° ui)rb= q\/‘? kgi (ek oek) r(ui Oui)
L Ed (efu) =L
CVd ST Vd

Therefore 3(G) <.

VI. APPLICATIONS

We can use our methods to calculate the Shannon
capacity of graphs other than the pentagen. We of course
deal only with graphs G such that a(G)<a*(G), since if
a(G)=a*(G), then O(G)=a(G) by Shannon’s theorem.

Theorem {2: 1f G has a vertex-transitiveautomorphism
group, then O(G-G)=|M(G)|. I, in addition, G is seif-
complementary, then (6= VI¥(G)] .

Proof: The “diagonal” in G.& is independent; hence
G- G)Y>a(G-G)> V(6.
On the other hand, we have by Theorems 1, 6, and 7 that

6(G-G) <a(G-5)=a(G)a(§)=1V(G)f.

IfGis sclf—complememary, then
8(G-G)=0(6)=0(G)

This proves the theorem. The proof also shows
these cases @=4,

Theorem 13: Let n>2r, and let the graph K
defined as the graph whose vertices are the r-subse
n-element set S, two subsets being adjacent iff {
disjoint. Then

O(knr)=(""1)
Corollary 6: The Petersen graph, which is ison

with K(5,2), has capacity four.

Corollary 7: (See Erdas, Ko, and Rado 21
—{n—- l)
a(K(n,r)) (r—-l .

Note that ”

a*(K(n,r)=( ':_)/[ ]

which is larger than ( n= ll) unless r is a divisor of
r—

Proof of Theorem 13: The » subsets contain’
specified element of § form an independent set of r
in K(n,r); hence

O(K(n,r)) > a(K(n,r)) > (’::11 )

On the other hand, we caiculate HK(n,7). Sinc:
automorphism group of K(n,r) is clearly transitive o
vertices and edges, we may use Theorem 9. So [.
calculate the eigenvalues of K{n,r). Clearly ; is an e:
vector with eigenvalye {7 ;r )

Let 1<¢<r. For each T'¢ § such that [Tj=y, et x
a real number such that for every UcC S with |U]=;

> xp=0.

There are { -—( rf 1) linearly independent vectors
of this type. For each such vector, define

for every 4, 14 [=r. It is not difficult to see, :
actually well-known, that the numbers x,. can be caj

lated  from the numbers ¥,, whence there
(’:) -—( tf | ) linearly independent vectors of type (X,

Claim: Every (%4) 1s an eigenvector of the ac
cency matrix of K(a,r) with eigenvalye (— 1)’("::;
In fact, for any Ao C S such that [4,|=r, we have

> x-= n—r—r)xrz(n—r—t)ﬁo'

ANAy=2 Tn.»fu=§§( r—t r—it

To determine this value we set

Bi= E Xp-

(Tndg=i
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ten summing (9) for every UCS such that |U]|=1~1
d [UﬂAol=i’ we get

(i+ I)Bf+|+(l—-i)ﬁi=

B=(-11"),

180:(_ l)lﬁf =
which proves the claim.
By this construction we have found

2 ((0)-(50)-()

nearly independent eigenvectors (there is no problem
ith the eigenvectors belonging to different values of ¢
ince they belong to different eigenvalues). Therefore, we
ave all eigenvectors, and it follows that the eigenvalues
of K(n.r}y are the numbers

_l‘(n—r-—{)s t=01]".'7

Sl VA R r

'So the largest and smallest eigenvalues are (n:r) and
9

?(n—r
: r—1

H(K(n,r))=

(=1)'%,,

et

t ) respectively, and Theorem 9 yields

e O
(n:r)+(rr—r—l) (r—l)'

r—1

VII. ConcLupiNG REMARKS

szhe purpose of introducing #(G) has been to estimate
(G). So the obvious question is as follows.

* Problem 1@ Is #=07 More modestly, find further
aphs with #(G)=8(G). In particular, do odd circuits
atisfy HG)=0(G)?

¢ This last question pinpoints a difficulty which seems to
)e crucial. In all cases known to the author where @(G) is
'rec:selv determined, there is some k& (k=1 or 2, in fact)
uch that a(G*)=0(G). But if O(G)=%G) for the
ven-circuit, for example, then no such k can exist, since
No power of ¢(C,) is an integer.

This may be considered as a recurrence relation for the §;

7

Various properties of #(G) established in this paper
suggest further problems which would be solved by an
affirmative answer to Problem 1.

Problem 2: 1s ©(G-H)=0(G)XH)? (Note that
O(G-H) > O(G)B(H) is obvious.)

Problem 3: Is it true that ©(G)-&(G) > |V(G)|?

Note that an affirmative answer to Problem 2 would
imply an affirmative answer to Problem 3:

8(G)8(G)=0(G-G ) >a(G-G ) > |V(G)|.

This, in turn, would imply an affirmative answer to the
last question of Problem I:

- n<8(C,)0(C,) <HC,)H(T,)=n;

hence O(C,)=%(C,) and O(C,)=#C,)).

Corollary 7 shows an example where the calculation of
HG) helps to determine a{G) in a nontrivial way. Are
there any further examples?
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