
Apex graphs with embeddings of face-width threeBojan Mohar�Department of MathematicsUniversity of LjubljanaJadranska 19, 61111 LjubljanaSloveniabojan.mohar@uni-lj.siAbstractAa apex graph is a graph which has a vertex whose removal makesthe resulting graph planar. Embeddings of apex graphs having face-width three are characterized. Surprisingly, there are such embeddingsof arbitrarily large genus. This solves a problem of Robertson andVitray. We also give an elementary proof of a result of Robertson,Seymour, and Thomas [5] that any embedding of an apex graph in anonorientable surface has face-width at most two.1 IntroductionWe follow standard graph theory terminology as used, for example, in [1].Let � be a (2-cell) embedding of a graph G into a nonplanar surface S,i.e. a closed surface distinct from the 2-sphere. Then we de�ne the face-widthfw(�) (also called the representativity) of the embedding � as the smallestnumber of (closed) faces of G in S whose union contains a noncontractiblecurve. It is not di�cult to see (cf. [6, 7]) that a planar graph embeddedin a nonplanar surface has face-width at most two. Robertson and Vitrayasked [6] which apex graphs can be embedded in some surface with face-width three (or more). (A graph G is an apex graph if it contains a vertexv such that the vertex-deleted subgraph G � v is planar.) Vitray proved�Supported in part by the Ministry of Science and Technology of Slovenia, ResearchProject P1{0210{101{94. 1



[8] that this cannot happen on the projective plane (cf. also [2]) and theresults of Robertson, Seymour, and Thomas [5] on linkless embeddings ofgraphs in the 3-space imply that the same is true for every non-orientablesurface. Vitray conjectured that the Cartesian product C3 � C3 embeddedin the torus (see Figure 1(a)) is a \generic" example. For instance, let G bea graph embedded in the torus as shown in Figure 1(b) where the shadedparts contain any plane graph. If v is the central vertex, then G � v isplanar, and if the shaded parts are \dense" enough, then the face-width isequal to 3. Clearly, this example generalizes C3 � C3.
(a) (b)Figure 1: C3 �C3 and a generalizationIn this paper we obtain a simple description of the general structureof apex graphs embedded with face-width 3. It turns out that the genus ofsuch embeddings can be arbitrarily large. This disproves Vitray's conjecture.We also provide an elementary proof of the result of Robertson, Seymour,and Thomas [5] that every embedding of an apex graph in a nonorientablesurface has face-width at most two.2 Basic de�nitionsLet G be a connected graph. 2-cell embeddings of G in closed surfaces canbe described in a purely combinatorial way by specifying:(1) A rotation system � = (�v ; v 2 V (G)), where for each vertex v of G,�v is a cyclic permutation of edges incident with v. It represents thecircular order of edges around v on the surface. The cyclic sequencee; �v(e); �2v(e); �3v(e); : : : is called �-clockwise ordering around v.2



(2) A signature � : E(G) ! f�1; 1g whose meaning is as follows. Bytraversing an edge e = uv on the surface, we see if the local rotations�v and �u are chosen consistently or not. If yes, then we have �(e) = 1,otherwise we have �(e) = �1.The reader is referred to [3] for more details. We will use this descriptionas a de�nition: An embedding of a connected graph G is a pair � = (�; �)where � is a rotation system and � is a signature. Having an embedding� of G, we say that G is �-embedded . The embedding � is nonorientableif there is a cycle with an odd number of edges e having �(e) = �1. Wede�ne �-facial walks as closed walks in the graph that correspond to faceboundaries of the corresponding topological embedding. If W is a walk, anysubwalk of W is a segment of W .If � is an embedding of a graph G and H is a subgraph of G, then therestriction of � to H is the embedding of H that is obtained from that ofG by ignoring all edges in E(G)nE(H) and by restricting � to E(H). Moreprecisely, if e = uv 2 E(H), then the successor of e in the clockwise orderingaround v is the �rst edge of H in the sequence �v(e); �2v(e); : : :.
W

WFigure 2: Filling up common facesLet G be a 2-connected planar graph. Suppose that we have a �xedembedding � of G into a nonplanar surface S such that fw(�) � 2. Let�0 be an embedding of G in the 2-sphere. If W is a �-facial walk that isalso �0-facial, then we replace W by the graph ~W as shown in Figure 2.Similarly, if W is a maximal common segment of a �-facial walk and a �0-facial walk, then we replace W by ~W as shown in Figure 3. (As a specialcase, whenW is just a path consisting of a single edge e of G, this operationis just a subdivision of e obtained by inserting �ve vertices of degree 2 on e.)When we do such replacements for all possible common facial walks and all3



maximal common facial segments W , we obtain a graph ~G containing the(subdivided) graph G as a subgraph. Among all planar embeddings �0 ofG we choose one such that � and �0 are as close as possible. (This meansthat the number of common maximal segments of � and �0 is as small aspossible.) Then we say that ~G is a patch extension of the embedding � ofG.
W W

Figure 3: Filling up common facial segmentsIt is clear that embeddings �0 and � can be extended to embeddingsin the same surfaces, respectively, such that all triangles and quadranglesshown in Figures 2 and 3, respectively, are facial. In particular, ~G is aplanar graph. It is also easy to see that if G is 2-connected (3-connected,respectively), then so is ~G.Let ~G be the patch extension of a 2-connected �-embedded planar graphG. Denote by ~� = (~�; ~�) the corresponding embedding of ~G. The ~�-facialwalks that are not facial walks of the plane embedding of ~G are the patchfacial walks and the corresponding faces are called the patch faces. Verticesof ~G of degree di�erent from 2 that belong to two or more patch facial walksare patch vertices. Segments of patch facial walks joining patch vertices arealso segments of facial walks of ~G embedded in the plane. They are calledpatch edges. The patch degree of a patch vertex v is the number of patchfacial walks that contain v.Edges e and f of ~G are similar if they both lie on the same patch edgeor if they both lie on the same ~�-facial walk that is not a patch facial walk.The smallest equivalence relation on E( ~G) containing the similarity relationis called the patch equivalence. Patch equivalence determines a partition ofedges of ~G into subgraphs of ~G. They are called patches of G (with respectto the embedding �). It is convenient to view patches together with all4



~�-facial and non-patch facial walks that they contain. Then patches can beviewed as subsets of the surface S with pairwise disjoint interiors. For moreinformation on patches see [4].Suppose that � is an embedding of a graph G in a surface S such thatfw(�) = 2. Then there are faces F1; F2 whose union contains a noncon-tractible closed curve  in S that intersects the graph in exactly two points.Such a (noncontractible) curve is called a 2-curve. It is clear that no 2-curvepasses through a face of a patch. However, the following result was obtainedby Mohar and Robertson [4].Theorem 2.1 Let G be a 2-connected planar graph that is �-embedded ina nonplanar surface such that fw(�) = 2. Then for every patch face � andevery patch vertex � incident with � there is a 2-curve through � and �.3 Apex graphs with face-width threeSuppose that G0 is a 3-connected apex graph with an embedding �0 suchthat fw(�0) � 3. Let v be a vertex of G0 such that G = G0 � v is planar.Denote by � the restriction of �0 to G. Clearly, G is 2-connected and �is an embedding in the same surface as �0. Also, fw(�) � fw(�0)� 1, andsince G is planar, we have fw(�0) = 3 and fw(�) = 2. Consequently, every�-facial walk is a cycle of G. We shall denote by F0 the �-facial cycle thatis not �0-facial. F0 is uniquely determined, and it contains, in particular,all neighbors of v.Consider the patches of �. Denote by ~G the patch extension of G,and let ~� be the corresponding extension of the embedding �. Since G0 isnonplanar, there is a patch face �0 corresponding to F0. Since fw(�0) = 3,every 2-curve (with respect to �) passes through F0. Thus, every 2-curvewith respect to ~� passes through �0. Theorem 2.1 implies that every patchvertex lies on the boundary of the patch face �0. Moreover, for every patchface � 6= �0 and a patch vertex � on the boundary of �, there is a 2-curvethrough �; �, and �0.Lemma 3.1 Every patch of � is either just a path or a disk bounded by acycle of ~G.Proof. Every patch edge is a segment of a facial walk in a plane embeddingof ~G. Since ~G is 2-connected, each patch edge is a path. Let P be a patchthat is not just a path. It follows from the de�nition of patches that the5



interior (on the surface) of P is homeomorphic to an open connected subsetof the plane that is bounded by patch edges. Let C be the cycle bounding�0. Since every patch vertex is contained in C and since C does not enterthe interior of P , the boundary walk of P is connected. If the boundarywalk of P is not a cycle, it has a repeated patch vertex q. Since the patchvertices of P appear on C in the same order as in the planar embedding of~G, there is a patch edge " of P joining two appearances of q on the boundaryof P . Since G is 2-connected, " is a facial cycle in the plane embedding ofG. Since the angle at q between the two appearances of " is not �lled up bya patch, this implies that the face-width of ~� is at most 1, a contradiction.Patch faces are bounded by cycles since ~G is 2-connected and has face-width 2. If two patch faces distinct from �0 intersect in more than justa vertex, then their intersection is an edge since G0 is 3-connected andfw(�0) = 3.In the proof of Theorem 3.3 below, we will use the following lemma.Lemma 3.2 Let C be a circle in the plane. Suppose that in the inside of Cwe have closed curves �1; : : : ;�s (s � 2) each of which is composed of chordsof C. (A chord is a straight line segment joining two points on C.) Supposethat only consecutive chords of the same curve can have an endpoint on thecircle C in common. Let C1[C2 be a partition of chords in �1; : : : ;�s suchthat, for i = 1; : : : ; s, no two chords of �i from the same set C1 or C2 crossinside C. Then the number of pairs of chords from C1 that cross inside Chas the same parity as the number of intersecting pairs of chords from C2.Proof. If two consecutive chords ; 0 of some �i are in the same set, sayin C1, we split �i at the common point x of  and 0 and insert a newchord 00 joining the two copies of x. We can do this change so that 00 doesnot cross with any other chord and that other crossings remain the sameas before. By putting 00 in C2 and repeating the procedure for all othercases, we get a system of curves satisfying the same conditions and havingthe same number of self-intersections of C1 and of C2. Therefore we mayassume that, for i = 1; : : : ; s, no two consecutive chords of �i are in thesame set.The proof proceeds by induction on the number of chords. The basiccase is when s = 2 and each of �1;�2 is composed of four chords. This caseis easily veri�ed by considering all possibilities for the mutual placement of�1 and �2 (up to symmetries, there are 8 cases).6



If s > 2, we just apply induction on each pair �i;�j , 1 � i < j � s.Suppose now that s = 2 and that �2 is composed of consecutive chords1; : : : ; t, where t > 4. Suppose that 2 is the shortest chord of �2. Let �and � be the ends of 1 and 3, respectively, that are distinct from the endsof 2. Denote by  the chord joining � and �. Let �02 =  [ 1 [ 2 [ 3and let �002 be the closed curve composed of  and 4; : : : ; t. Suppose that1 2 C1. Since 2 is the shortest chord of �2, �02 has no self-intersectionsand no chord of �2 that is in C1 intersects the interior of  (such a chordwould either cross 1 2 C1, 3 2 C1, or 2; in the latter case we would geta shorter chord than 2). Therefore we can apply the induction to �1;�02(with  in C2) and to �1;�002 (with  in C1). Each intersection of  withchords of �1 is counted either in the �rst or in the second subproblem, butnot both. The lemma now follows easily since  intersects with an evennumber of chords from the closed curve �1.The patches of G are divided in two classes. Those that are embedded(in the plane embedding of ~G) in the interior of the facial cycle of �0 arethe interior patches. All others are the exterior patches. Now we presentan elementary proof of a result of Robertson, Seymour, and Thomas [5].Theorem 3.3 Let G0 be an apex graph embedded in a nonorientable sur-face. Then the face-width of the embedding is at most 2.Proof. Let G0 be a �0-embedded graph where fw(�0) � 3. By [6], every 3-connected component of G0, except one, is planar and �0 restricted to that3-connected component has the same face-width as �0. �0 restricted to anyother 3-connected component H is an embedding of genus 0. Thus we mayassume that G0 is 3-connected. Hence, the discussion from the beginning ofthis section can be applied.Suppose that �0 is a nonorientable embedding of G0 having face-width3. Then also the embedding ~� of ~G is nonorientable. We may assume thatthe signature ~� is trivial (i.e., equal to 1) on all edges of �0 and on all edgesthat are not incident with patch vertices. Since all patch vertices are on �0and the embedding is nonorientable, there is a patch facial walk �1 that hasa patch edge " joining patch vertices � and �, say, with negative signature.Let P be the patch containing " on its boundary. Since ~G is planar, anotherpatch edge � of P incident with one of � or �, say �, does not lie on �0. Let�2 be the patch face using �. See Figure 4. Since fw(�0) = 3, �1 6= �2.Moreover, �1 and �2 intersect at � (and at � if P = "), and they are disjointelsewhere. We will show that this leads to a contradiction.7
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Figure 4: Patch faces �1 and �2 meet at ��1 and �2 use patch edges of interior and exterior patches. They can beinterpreted as curves composed of chords of a circle in the plane (correspond-ing to �0) as used in Lemma 3.2 with a partition C1 [C2 corresponding tothe patch edges of the interior and exterior patches, respectively. The onlything that we need to change in order to apply the lemma is that we splitthe patch vertex � (and � if P = ") so that " and � give rise to disjointcrossing chords. Since ~G is planar, the only intersection of two chords fromC1 (or two chords from C2) is between the two chords corresponding to "and �. This contradicts Lemma 3.2, and we are done.
H G0Figure 5: An exampleOn the other hand, there are orientable embeddings of apex graphs with8



face-width three that have arbitrarily large genera. Very general class ofsuch embeddings is constructed as follows. Let H be a planar graph and F0a cycle of H such that vertices of C are of degree 3 and such that H�V (C)consists of isolated vertices. Consider the orientable embedding of H suchthat C is a facial cycle, and such that all vertices of H lying inside C havethe same rotation as in the plane and the vertices of H in the exterior ofC have opposite rotation as in the plane. Let G be the patch extension ofH, and let G0 be obtained from G by adding a vertex v and joining it tosome of the vertices on C. Let �0 be the corresponding embedding of G0extending the embedding of G such that the local rotation at v is determinedbe the sequence of its neighbors on C. If v is joined to at least one vertexin the interior of each of the segments of C shared with the patches, thenthis embedding has face-width three. More generally, we can replace everypatch of G by a (dense) planar graph. Then we get many other examples.It is clear that these examples can be of arbitrarily large genus. A similarexample is represented in Figure 5 where the pending outside edges all leadto the vertex v.The above examples are not surprising. Less obvious is the fact that theseexamples are \generic" in the sense that any other embedding of an apexgraph with face-width three can be described in the same way, except thatthe patches are not necessarily that \dense" as assumed above. In particular,some of the patches can be just edges or they may have just three patchvertices. Patches are not necessarily 2-connected. The arguments from thebeginning of this section show that this is indeed the case: If we replace everypatch P of the embedding of G by a vertex joined to all segments of �0 \P(possibly just patch vertices of P ), we get a planar graph H that is similarto the graph H used above, except that its vertices on the cycle C need notbe cubic. This determines the patch structure of (orientable) embeddingsof apex graphs having face-width 3. This description can be turned intoa characterization of such embeddings by adding appropriate conditions onthe structure of patches (in order to get face-width 3). Assuming that G0 is3-connected, these conditions can be formulated as follows:(a) All �-facial walks are cycles.(b) If �1;�2 are patch facial walks distinct from �0, the �0-facial walksof G0 corresponding to �1 and �2 are either disjoint, they intersect ina single vertex, or they have a single edge in common.(c) If F is a �0-facial walk corresponding to a patch facial walk distinct9



from �0 and x; y are nonconsecutive vertices on F , then each of thetwo open segments from x to y on F0 contains a neighbor of v.Theorem 3.4 There are orientable embeddings of apex graphs having face-width three and arbitrarily large genus. All such embeddings have the struc-ture described above.References[1] J. A. Bondy, U. S. R. Murty, Graph Theory with Applications, North-Holland, New York, 1981.[2] J. R. Fiedler, J. P. Huneke, R. B. Richter, N. Robertson, Computingthe orientable genus of projective graphs, J. Graph Theory 20 (1995)297{308.[3] J. L. Gross, T. W. Tucker, Topological graph theory, Wiley-Interscience, New York, 1987.[4] B. Mohar, N. Robertson, Planar graphs on nonplanar surfaces, J.Combin. Theory, Ser. B, in press.[5] N. Robertson, P. D. Seymour, R. Thomas, A survey of linkless embed-dings, in \Graph Structure Theory (Seattle, WA, 1991)", Contemp.Math. 147, Amer. Math. Soc., Providence, RI, 1993, pp. 125{136.[6] N. Robertson, R. P. Vitray, Representativity of surface embeddings,in: Paths, Flows, and VLSI-Layout (B. Korte, L. Lov�asz, H. J. Pr�omel,and A. Schrijver Eds.), Springer-Verlag, Berlin, 1990, pp. 293{328.[7] C. Thomassen, Embeddings of graphs with no short noncontractiblecycles, J. Combinatorial Theory, Ser. B 48 (1990) 155{177.[8] R. P. Vitray, Representativity and exibility of drawings of graphs onthe projective plane, Ph.D. Thesis, The Ohio State University, 1987.
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