Chapter 14
Oscillations
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Presenter
Presentation Notes
Chapter Opener. Caption: An object attached to a coil spring can exhibit oscillatory motion. Many kinds of oscillatory motion are sinusoidal in time, or nearly so, and are referred to as being simple harmonic motion. Real systems generally have at least some friction, causing the motion to be damped. The automobile spring shown here has a shock absorber (yellow) that purposefully dampens the oscillation to make for a smooth ride. When an external sinusoidal force is exerted on a system able to oscillate, resonance occurs if the driving force is at or near the natural frequency of oscillation.




Units of Chapter 14

» Oscillations of a Spring
« Simple Harmonic Motion
 Energy in the Simple Harmonic Oscillator

 Simple Harmonic Motion Related to Uniform
Circular Motion

* The Simple Pendulum

 The Physical Pendulum and the Torsion
Pendulum

« Damped Harmonic Motion

 Forced Oscillations; Resonance
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14-1 Oscillations of a Spring

N m If an object vibrates or
| | oscillates back and forth
x=0 over the same path,
~—F each cycle taking the
AN m same amount of time,
the motion is called
L.yﬁ‘ periodic. The mass and
spring system is a
useful model for a
periodic system.

(<0)


Presenter
Presentation Notes
Figure 14-1. Caption: A mass oscillating at the end of a uniform spring.




14-1 Oscillations of a Spring

We assume that the surface is frictionless.
There is a point where the spring is neither
stretched nor compressed; this is the
equilibrium position. We measure
displacement from that point (x = 0 on the
previous figure).

The force exerted by the spring depends on
the displacement:

F = —kx.



14-1 Oscillations of a Spring

 The minus sign on the force indicates that it
is a restoring force—it is directed to restore
the mass to its equilibrium position.

* k is the spring constant.

* The force is not constant, so the acceleration
IS not constant either.



14-1 Oscillations of a Spring

—- |
p=0 - u
= * Displacement is measured from
v=-A x=0 the equilibrium point.
F=0
= o Amplitude is the maximum
s displacement.
p—" * A cycle is a full to-and-fro
o motion.
x=0 x=A
F=0 * Period is the time required to

U= —Vmax

—esmeee complete one cycle.

* Frequency is the number of
M v=0 cycles completed per second.
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Presentation Notes
Figure 14-2. Caption: Force on, and velocity of, a mass at different positions of its oscillation cycle on a frictionless surface.




14-1 Oscillations of a Spring

If the spring is hung X0

vertically, the only change T Nnow
Is in the equilibrium v peasured
position, which is at the
point where the spring
force equals the
gravitational force.



Presenter
Presentation Notes
Figure 14-3. Caption: (a) Free spring, hung vertically. (b) Mass m attached to spring in new equilibrium position, which occurs when ΣF = 0 = mg – kx0.




14-1 Oscillations of a Spring

Example 14-1: Car springs.

When a family of four with a total
mass of 200 kg step into their
1200-kg car, the car’s springs
compress 3.0 cm. (a) What is the
spring constant of the car’s
springs, assuming they act as a
single spring? (b) How far will the
car lower if loaded with 300 kg
rather than 200 kg?
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Presentation Notes
Figure 14-4. Caption: Photo of a car’s spring. (Also visible is the shock absorber, in blue—see Section 14–7.)

Solution: a. k = F/x = 6.5 x 104 N/m.

b. x = F/k = 4.5 cm


14-2 Simple Harmonic Motion

Any vibrating system where the restoring force
is proportional to the negative of the
displacement is in simple harmonic motion
(SHM), and is often called a simple harmonic
oscillator (SHO).

Substituting F = kx into Newton’s second
law gives the equation of motion:
d’ k
f +—x = 0,
dt” m

with solutions of the form:

x = Acos(wt + ¢).



14-2 Simple Harmonic Motion

Substituting, we verify that this solution does
indeed satisfy the equation of motion, with:

The constants 4 and ¢
e b morion E will be determined by
: E initial conditions; 4 is

the amplitude, and ¢
gives the phase of the
motion at 7 = 0.

ke |
~

I
rT

=
~
1| —
~ T
= [
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Presentation Notes
Figure 14-5. Caption: Sinusoidal nature of SHM as a function of time. In this case, x = A cos (2πt/T).




14-2 Simple Harmonic Motion

The velocity can be found by differentiating the
displacement:

_ dx _ a [Acos(wt + ¢)] = —wAsin(wf + ¢).

YTar T

These figures illustrate the effect of ¢:

X
At = -

r/ x=A cos (0t + @)

SIR=2
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Presentation Notes
Figure 14-6. Caption: Special case of SHM where the mass m starts, at t = 0, at the equilibrium position x = 0 and has initial velocity toward positive values of x (v > 0 at t = 0).

Figure 14-7. Caption: A plot of x = A cos (ωt +φ) when φ < 0.




14-2 Simple Harmonic Motion

Because w = 27f = Vk/m, then

1 |k
=5 )

m

i
T = Qg [—.
"\ k




14-2 Simple Harmonic Motion

Example 14-2: Car springs again.

Determine the period and frequency of a
car whose mass is 1400 kg and whose
shock absorbers have a spring constant
of 6.5 x 104 N/m after hitting a bump.
Assume the shock absorbers are poor,
so the car really oscillates up and down.
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Presentation Notes
Solution: Substitution gives T = 0.92 s and f = 1.09 Hz.


Displacement x
dn | =

Acceleration a
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14-2 Simple Harmonic Motion

The velocity and
acceleration for simple
harmonic motion can
be found by
differentiating the
displacement:

v = — = —wAsin(wl + ¢)

2
% = % = —wAcos(wt + ).


Presenter
Presentation Notes
Figure 14-8. Caption: Displacement, x, velocity, dx/dt, and acceleration, d2x/dt2, of a simple harmonic oscillator when φ = 0.




14-2 Simple Harmonic Motion

Example 14-3: A vibrating floor.

A large motor in a factory causes the
floor to vibrate at a frequency of 10 Hz.
The amplitude of the floor’s motion
near the motor is about 3.0 mm.
Estimate the maximum acceleration of
the floor near the motor.


Presenter
Presentation Notes
Solution: Assuming the motion is simple harmonic, the maximum acceleration is ω2A, where ω = 2πf. This gives a = 12 m/s2.


14-2 Simple Harmonic Motion
Example 14-4: Loudspeaker.

The cone of a loudspeaker oscillates in SHM at a
frequency of 262 Hz (“middle C”). The amplitude
at the center of the cone is 4 =1.5 x 104 m, and at
t =0, x=A4.(a) What equation describes the
motion of the center of the cone? (b) What are the
velocity and acceleration as a function of time?
(c) What is the position of the cone at 7= 1.00 ms
(=1.00 x 103 s)?
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Presentation Notes
Figure 14-9. Caption: Example 14-4. A loudspeaker cone.

Solution: a. The angular frequency is 1650 rad/s, so x = (1.5 x 10-4m)cos(1650t).

b. The maximum velocity is 0.25 m/s, so v = -(0.25 m/s)sin(1650t). 

The maximum acceleration is 410 m/s2, so a = -(410 m/s2)cos(1650t).

c. At t = 1 ms, x = -1.2 x 10-5 m.


14-2 Simple Harmonic Motion

Example 14-5: Spring calculations.

A spring stretches 0.150 m when a 0.300-kg mass is
gently attached to it. The spring is then set up
horizontally with the 0.300-kg mass resting on a
frictionless table. The mass is pushed so that the spring
is compressed 0.100 m from the equilibrium point, and
released from rest. Determine: (a) the spring stiffness
constant k and angular frequency w; (b) the amplitude of
the horizontal oscillation 4; (c) the magnitude of the
maximum velocity v__ ; (d) the magnitude of the
maximum acceleration a__. of the mass; (e) the period T
and frequency f: (f) the displacement x as a function of
time; and (g) the velocity at 1= 0.150 s.

Copyright © 2009 Pearson Education, Inc.


Presenter
Presentation Notes
Solution. A. The spring constant is 19.6 N/m, so ω = 8.08/s−1.

b. Since the spring is released from rest, A = 0.100 m.

c. The maximum velocity is 0.808 m/s

d. The maximum acceleration occurs when the displacement is maximum, and equals 6.53 m/s2.

e. The period is 0.777 s, and the frequency is 1.29 Hz.

f. At t = 0, x = -A; this is a negative cosine. X = (0.100 m)cos (8.08t – π).

g. V = dx/dt; at 0.150 s it is 0.756 m/s.


14-2 Simple Harmonic Motion

Example 14-6: Spring is started with a
push.

Suppose the spring of Example 14-5
(where o = 8.08 s-1) is compressed 0.100 m
from equilibrium (x, = -0.100 m) but is given
a shove to create a velocity in the +x
direction of v, = 0.400 m/s. Determine (a) the
phase angle ¢, (b) the amplitude 4, and (c)
the displacement x as a function of time,
x(7).
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Presentation Notes
Solution: a. The tangent of the phase angle is –v0/ωx0 = 0.495, giving φ = 3.60 rad.

b. A = x0/cos φ = 0.112 m.

c. X = (0.112 m)cos(8.08t + 3.60)


14-3 Energy in the Simple Harmonic Oscillator

We already know that the potential energy of a
spring is given by:

=

7] = —JFdx = kx>
The total mechanical energy is then:
E = smv* + 3kx*.

The total mechanical energy will be
conserved, as we are assuming the system
is frictionless.



 E=jka’ .. 14-3 Energy in the Simple
B I Harmonic Oscillator
;_-;:'.[.?} 0 xts If the mass is at the

1 limits of its motion, the
" vx  energy is all potential.

Ef%mv
Iq s “ If the mass is at the
D equilibrium point, the
i gt energy is all kinetic.
e I We know what the

x=—A4 x=0 x=A

E=1rA2

(v=0) potential energy is at the
o Dl 1. turning points:
1 mn - Uk
1
x==A x=0|x=A

X
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Presentation Notes
Figure 14-10. Caption: Energy changes from potential energy to kinetic energy and back again as the spring oscillates. Energy bar graphs (on the right) are described in Section 8–4.




14-3 Energy in the Simple Harmonic Oscillator

The total energy is, therefore, 1kA>
And we can write:
smv> + skx?= kA

This can be solved for the velocity as a
function of position:

2
V = T Upax 1 — e ’

where  Viux= (k/m) A2
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'a-3 Energy in the Simple Harmonic Oscillator

This graph shows the potential energy
function of a spring. The total energy is
constant.

Energy

U(x) U(x)
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Presentation Notes
Figure 14-11. Caption: Graph of potential energy, U = ½ kx2. K + U = E = constant for any point x where –A ≤ x ≤ A. Values of K and U are indicated for an arbitrary position x.




'a-3 Energy in the Simple Harmonic Oscillator
Example 14-7: Energy calculations.

For the simple harmonic oscillation of
Example 14-5 (where £ =19.6 N/m, 4 = 0.100
m, x = -(0.100 m) cos 8.08¢, and v = (0.808 m/s)
sin 8.08¢), determine (a) the total energy, (b)
the kinetic and potential energies as a function
of time, (c) the velocity when the mass is 0.050
m from equilibrium, (d) the kinetic and
potential energies at half amplitude (x = £ 4/2).


Presenter
Presentation Notes
Solution: a. E = ½ kA2 = 9.80 x 10-2 J.

b. U = ½ kx2 = (9.80 x 10-2 J) cos2 8.08t, K = ½ mv2 = (9.80 x 10-2 J) sin2 8.08t.

c. v = 0.70 m/s

d. U = 2.5 x 10-2 J, K = E – U = 7.3 x 10-2 J.


'a-3 Energy in the Simple Harmonic Oscillator

E = kA2

‘ . Conceptual Example 14-8:
— I Doubling the amplitude.

x=—A x=0 x=A
iv=10)

Suppose this spring is
__ vk stretched twice as far (to
VECR H x = 24).What happens to
sl A, 54 (a) the energy of the
e-y2 - system, (b) the maximum
M| ™| I velocity of the oscillating
ot mass, (c) the maximum

(©=0) acceleration of the mass?

| 1 | 1
E=5mv=+skx<

| |jm'|  ul

r==A x=0

S Y
o —— Y-
E= 2 MY ax

r=A
X
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Presentation Notes
Figure 14-10, repeated.

Solution: a. The total energy is proportional to the square of the amplitude, so it goes up by a factor of 4.

b. The velocity is doubled.

c. The acceleration is doubled.


~ 14-4 Simple Harmonic Motion Related to
Uniform Circular Motion

If we look at the projection onto
the x axis of an object moving
in a circle of radius A at a
constant speed v, , we find that
the x component of its velocity
varies as:

x2
U:UM 1_;

. HJ This is identical to SHM.
A



Presenter
Presentation Notes
Figure 14-4. Caption: Analysis of simple harmonic motion as a side view (b) of circular motion (a).


14-5 The Simple Pendulum

A simple pendulum
consists of a mass at
the end of a
lightweight cord. We
assume that the cord
does not stretch, and
that its mass is
negligible.
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Presentation Notes
Figure 14-13. Caption: Strobe-light photo of an oscillating pendulum photographed at equal time intervals.




14-5 The Simple Pendulum

Copyright © 2009 P

earson Education, Inc.

In order to be in SHM, the
restoring force must be
proportional to the negative of
the displacement. Here we
have: F = —mgsin®,

which is proportional to sin 6
and not to 0 itself.

However, if the angle is small,
sin 0= 0.


Presenter
Presentation Notes
Figure 14-14. Caption: Simple pendulum.




14-5 The Simple Pendulum

Therefore, for small angles, we have:
mg

F = —TX.}

where x =160,

The period and frequency are:

T = 2 \/Za
8

1 /g
f_zw L’
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14-5 The Simple Pendulum

So, as long as the cord can
be considered massless
and the amplitude is small,
the period does not depend
on the mass.


Presenter
Presentation Notes
Figure 14-15. Caption: The swinging motion of this lamp, hanging by a very long cord from the ceiling of the cathedral at Pisa, is said to have been observed by Galileo and to have inspired him to the conclusion that the period of a pendulum does not depend on amplitude.




14-5 The Simple Pendulum

Example 14-9: Measuring g.

A geologist uses a simple pendulum
that has a length of 37.10 cm and a
frequency of 0.8190 Hz at a particular
location on the Earth. What is the
acceleration of gravity at this
location?


Presenter
Presentation Notes
Answer: Solving the pendulum frequency equation for g gives g = 9.824 m/s2.


14-6 The Physical Pendulum and the Torsional
Pendulum

A physical pendulum is any real
extended object that oscillates
back and forth.

I
O

D>

The torque about point O is:

|
|
|
|
|
| T = —mghsin§.
i

|

i Substituting into Newton’s

L. o

W nd law gives:
d | (= h sin 0) second la gives
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Presentation Notes
Figure 14-16. Caption: A physical pendulum suspended from point O.




14-6 The Physical Pendulum and the
Torsional Pendulum

For small angles, this becomes:

d*6 mgh )
— 4+ | — —
dr’ ( I ! 0,

which is the equation for SHM, with
0 = Opaxcos(wt + ),

I
T = 2a\|—
mgh
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“ 14-6 The Physical Pendulum and the

Torsional Pendulum

Example 14-10: Moment of inertia
measurement.

An easy way to measure the moment of
inertia of an object about any axis is to
measure the period of oscillation about
that axis. (a) Suppose a nonuniform 1.0-kg
stick can be balanced at a point 42 cm
from one end. If it is pivoted about that
end, it oscillates with a period of 1.6 s.
What is its moment of inertia about this
end? (b) What is its moment of inertia
about an axis perpendicular to the stick
through its center of mass?


Presenter
Presentation Notes
Figure 14-17. 

Solution: a. Solving for I gives 0.27 kg∙m2.

b. Using the parallel-axis theorem gives 0.09 kg∙m2.


14-6 The Physical Pendulum and the
Torsional Pendulum

A torsional pendulum is

one that twists rather than

swings. The motion is SHM
Wire as long as the wire obeys
Hooke’s law, with
| I +6mu W — V K/[

g -t—}ﬂ Equilibrium
_ il = Bmax

(K is a constant that
depends on the wire.)
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Presentation Notes
Figure 14-18. Caption: A torsion pendulum. The disc oscillates in SHM between θmax and –θmax .




14-7 Damped Harmonic Motion

Damped harmonic motion is harmonic
motion with a frictional or drag force. If the
damping is small, we can treat it as an
“envelope” that modifies the undamped
oscillation.

X\

If Fdamping = —bv,

then ma = —kx — bw.

Copyright © 2009 Pearson Education, Inc.


Presenter
Presentation Notes
Figure 14-19. Caption: Damped harmonic motion. The solid red curve represents a cosine times a decreasing exponential (the dashed curves).




14-7 Damped Harmonic Motion

d*x dx
This gives mos bE + kx = 0.
If b is small, a solution of the form
x = Ae "cosw't
will work, with
,_ b
2m
J, k b’
w — - — = 5



14-7 Damped Harmonic Motion

If b2 > dmk, ' becomes imaginary, and the
system is overdamped (C).

For b = 4mk, the system is critically damped (B)
—this is the case in which the system reaches
equilibrium in the shortest time.

X
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Figure 14-20. Caption: Underdamped (A), critically damped (B), and overdamped (C) motion.




14-7 Damped Harmonic Motion

There are systems in which
- ©- damping is unwanted, such as

/77 3T Attached t

SEIet [ENGN carfame . Clocks and watches.

N~ -%-_;; _
VAT } Then there are systems in
IS which it is wanted, and often
IR < Piston needs to be as close to critical

i:} - vicous ~ damping as possible, such as
NS automobile shock absorbers
-~ Atachedto - and earthquake protection for
. car axle I
buildings.
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Presentation Notes
Figure 14-21. Caption: Automobile spring and shock absorber provide damping so that a car won’t bounce up and down endlessly.




14-7 Damped Harmonic Motion

Example 14-11: Simple pendulum
with damping.

A simple pendulum has a length
of 1.0 m. It is set swinging with

. small-amplitude oscillations. After
\ 5.0 minutes, the amplitude is only
“‘*»\1,0 _ 50% of what it was initially. (a)

\ What is the value of y for the

\\ motion? (b) By what factor does

) the frequency, £, differ from f, the
undamped frequency?


Presenter
Presentation Notes
Figure 14-22.

Solution: a. Writing the equation of motion and comparing it with the underdamped solution gives γ = 2.3 x 10-3 s-1.

b. (f – f’)/f = 2.7 x 10-7 (a very small factor)


14-8 Forced Oscillations; Resonance

Forced vibrations occur when there is a periodic
driving force. This force may or may not have the
same period as the natural frequency of the

system.

If the frequency is the same as the natural
frequency, the amplitude can become quite large.
This is called resonance.

.....

Copyright © 2009 Pearson Education, Inc.


Presenter
Presentation Notes
Figure 14-25. Caption: (a) Large-amplitude oscillations of the Tacoma Narrows Bridge, due to gusty winds, led to its collapse (1940). (b) Collapse of a freeway in California, due to the 1989 earthquake.




®)
14-8 Forced Oscillations; Resonance

NS

The sharpness of the

A resonant peak depends
on the damping. If the
damping is small (A) it
can be quite sharp; if

/E\ the damping is larger

. ¢ (B) itis less sharp.

Amplitude of
oscillating system

External frequency f

Like damping, resonance can be wanted or
unwanted. Musical instruments and TV/radio
receivers depend on it.
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Presentation Notes
Figure 14-23. Caption: Resonance for lightly damped (A) and heavily damped (B) systems.




14-8 Forced Oscillations; Resonance

The equation of motion for a forced
oscillator is:

ma = —kx — bv + Fycos wf.

The solutionis: x = Agsin(wf + d¢),

EFy
m\/(w2 — w%)z + b*w?/m?

where A, =

and , ,

b, = tan! 2.
w(b/m)
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14-8 Forced Oscillations; Resonance

The width of the
resonant peak can be
characterized by the 0
factor:

mw[]

¢ =7
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Presenter
Presentation Notes
Figure 14-26. Caption: Amplitude of a forced harmonic oscillator as a function of ω. Curves A, B, and C correspond to light, heavy, and overdamped systems, respectively (Q = mω0/b = 6, 2, 0.71).




Summary of Chapter 14

 For SHM, the restoring force is proportional to
the displacement.

* The period is the time required for one cycle,
and the frequency is the number of cycles per
second.

* Period foramass onaspring: 7 = 27, /%-
« SHM is sinusoidal.

* During SHM, the total energy is continually
changing from kinetic to potential and back.



Summary of Chapter 14

* A simple pendulum approximates SHM if its
amplitude is not large. Its period in that case is:

* When friction is present, the motion is
damped.

o If an oscillating force is applied to a SHO, its
amplitude depends on how close to the natural
frequency the driving frequency is. If it is
close, the amplitude becomes quite large. This
is called resonance.
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