|. NOTES FORHEAT TRANSFER PORTION OF THERMAL PHYSICS PHYS 344-3

The next three lectures in this course are going to be abaitthensfer. Heat transfer is not the same
thing as thermodynamics (which is what you've been learr@ibgut in the course so far), but is closely
related to it.

Three lectures is enough to get an overview of heat transfiemot to cover the subject in depth. These
notes will summarise the most important points; | will indéureferences to textbooks which can provide
a more detailed treatment should you ever need it. You cantteknotes as defining the syllabus for this
portion of the course. The lectures will not necessarilyetall the material in the notes; the aim of the
lectures is to show how the methods of heat transfer can bieedpp practice.

There is a problem set which you should attempt to verify fltat have understood the material.
To introduce the subject of heat transfer, consider a thdymamics problem:

A solar pondis a technology for capturing solar energy as heat. We takedy bf salt water and put

1 m of fresh water on top of it. Absorbed solar radiation raifiee temperature of the water, just as it
does in a regular pond. In a regular pond, however, as sodmeasub-surface water gets hotter than the
water at the surface, its density falls below that of the amefwater and it rises to the surface, where it
is cooled by evaporation. In a solar pond, the salt water ygwamains denser than the surface water,
no matter how hot it gets. It can lose heat only by conductionugh the surface water, which isn’'t a

particularly good conductor.

After the solar pond reaches equilibrium, the top of the salter may be close to boiling: 92, say.
Now we can extract energy from the pond by running a heat enggtween the hot water and cold water
from the depths of the pond (or from a nearby non-solar pondver.) Assuming the cold water is at
19°C, and assuming the heat engine we use can achieve 50% oft@#fini@ncy, at what rate must we
extract heat energy from the hot water to deliver 1 MW of meate power?

(Write your answer here: ........... W)

That was a thermodynamics problem. To design a thermal-pasdd power station, we have to solve
several other problems: for example, how do we get ldatour heat engine at the rate you've calculated?
Thermodynamics is silent on this; it concerns only the foacbf heat that can be turned into work at

given source and sink temperatures, but says nothing abeutte at which the heat can be transferred,
or the mechanism via which it is transferred.

The solar pond provides examples of two major mechanismseaf transfer covered in these notes:
conduction and convection. It also includes a third impurfaeat transfer mechanism, radiation, which
we won't have time to study. (A full analysis would have tolide evaporative cooling, which is an
example of heat transfer with change of phase, and does notditany of the three mechanisms I've
mentioned; we won’t have time to study that either.)

Let me give another example of a problem which can only beesblising the methods of heat transfer:
consider a semi-conductor device on a circuit board. Thiscdeis approximately a square, 1 cm on a
side, and it dissipates 20 W of heat. What temperature isiitggto run at?
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Fig. 1. Board-mounted Semi-Conductor

By the end of this week, you should be able to calculate anceopiate solution to this problem.

A. Conduction

(This material will not be explicitly covered in the lectsrat is given here for your reference. In order
to solve some problems of practical interest in class, | méiéd to assume that you have read through it
at least once. You won’t be examined on it, though.)

Conductionis the transport of heat through a material medium indepathdef the macroscopic motion
of the medium. We won'’t be looking at what happens on the rsawpic scale in any detail; we can
note in passing that in fluids, the responsible mechanisrhdsekchange of energy in inter-molecular
collisions, whereas in solids, there are two possible mashss: transport of energy as vibrations in the
solid lattice; and, in conductors, transport of energy kg itiotion of electrons in the conduction band.

We can calculate everything we need to know about conduétion Fourier's Law of Heat Conduction:

T
Q= -kA @
on
in words, the rate of heat flow through an aréé& proportional to the gradient of the change in temperature
along the directiom) normal to that area. The constant of proportionalityjs the conductivityof the
material.

Some things to note about this equation: firstly, it can ordyapplied wherdoT /on has the same value
over the whole areal. Secondly, note the-’ sign in front of the differential; this tells us that heatwis
in the opposite direction to the positive temperature gnaidi

B. Fourier's Law Applied to a Simple Problem

Consider the circuit element discussed above. Assume épitbsent that its surroundings are as shown
in Figure 2.

The circuit element dissipat€g = 20W of heat. The thickness of the silicon oxideds = 0.5mm, and
that of the silicon nitride isl, = Imm. We will assume that heat losses to the air are negligitie.
lower surface of the silicon nitride substrate is held'at= 20°C, and the circuit has been on long enough
that it's reached steady state. The thermal conductivitgilafon nitride isk, = 20 W/m.K, and that of
the silicon oxide isk; = 1 W/m.K. We want to find7}, the temperature of the circuit element.
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Fig. 2. Circuit Element and its Surroundings

1) Solution: Since the device is in steady state, the heat flow through amngdntal cross-section of
the board must be the same, i.e., 20 W. The area of each @osrsis also constant. We can deduce
that the temperature gradiert]’/dx, is constant within each material, though it will be steejpeone
material than in the other.

To solve the problem, let us assign the temperaiyréo the interface between the materials. Then we
can write the following equation for the silicon nitride:

-1

Q= kA 2)
2
_ Qd
:>Tz—k2A+T2 (3)
=T, =30 (4)

We use the same reasoning to fifid which turns out to be 130C.

2) Heat Flow in a Hollow Cylinder: Using Fourier's Law of Heat Conduction, we can deduce an
expression for the temperature distribution and heat flawutph a hollow cylinder. This will be useful
for a number of practical problems.

Consider a hollow cylinder, or a pipe carrying a hot or colddfftas shown in Figure 3.
Inside surface temp. %

Outside surface templ5

Inner radius :ri

Outer radius =l

/

Fig. 3. Hollow Cylinder containing Hot Fluid

The cylinder isL. meters long. Its inner radius is meters, the outer radius,. Correspondingly, the
temperatures of the inner and outer surfacesia@nd T, respectively. Let us suppose that the system is
in a steady state. We can write down the FLHC:



dT
= ©)

Now, since the system is in a steady state, the heat flow thrang cylindrical shell must be the same
as that through any other. In particular, the flow throughghell atr must be the same as that through
the shell atr + J7:

Q= —kA,

Qr - QT’+57” (6)
But we can also write
d
Qr+5r == QT + d_Qér (7)
T
Hence,
d@
i 0 (8)

We substituted, = 27r L into the FLHC to get

—2nkd (rdT
o () =0 ®)
So the relevant differential equation is
d <rdT) —0 (10)
dr\ dr )

subject to the boundary conditions that= T; atr = r, andT = T, atr = r,. It is straightforward to
integrate this equation and obtain

T(r) =T, — (T, T)% (1)

Getting an expression for the heat flux through the cylindevien easier. We start from FLHC, substitute

A, = 2nrL and obtain
70 d’l“ To
0 / A / dT (12)
T T T;

%

which gives us

2wk L(T;, — T,)

In(r,/r;) (13)

an(:—j) — OkL(T, —T) = Q —

These formulae will come in useful in problems later on.



C. Conduction in Three Dimensions

We can use Fourier’'s Law of heat conduction to deduce an iequdescribing the temperature field in
three dimensions. Consider a region of space bounded byldmesx = z¢, v = xg + Az, y = yo,

y =1y + Ay, z = z, andz = 2y + Az. Heat is flowing into and out of this region, driven by local
variations in temperature. The heat flowing in through threnpk = z, is given by

or

Quin = —kAyAz— (14)
Oz T=x0
The heat flowing out through the plane= z(, + Ax is given by
Quout = —kAyAza—T (15)
Oz r=x0+AT
which, to first order, may be written as
Qoo = —kAyA 2] an (l{:AyAza—T) (16)
’ 0T |p=a, ox ox
So, subtracting what goes out from what comes in, we get
Quet = Aadytre 2L (17)
’ or Or

It's possible thatk could change with position in the material. This could hapger example, if the
chemical composition of the material varied, or if condutyi were a function of temperature. i may
be regarded as constant, we can write
0T
Qumet = ArAyAzk—— (18)
’ ox?

We can get two similar equations @}, ,... and Q. ... Adding them altogether, we get

o*’T  O*T 0°T
= AzAyA 1
Qnet € y Zk<0x2 ‘|’ 8y2 ‘|‘ 82’2> ( 9)
which we can write as
Quet = AVEV?T (20)

This influx of heat necessarily produces a change in the teatyre of the material within the volume
AV. In addition to the heat flowing in from outside, the temperatof the material might also be changed
by internal heat generation — this might happen, for exampla sub-critical mass of 445, or a slice of
pizza in a microwave oven. Suppose the internally generagad amounts tq Watts per unit volume.
Then the change in temperature over time produced by thewimigpheat and the internally generated
heat is0T'/0t, where o

Qnet + qAV = AVpca (21)



wherep is the material density andis its specific heat. Substituting from Equation 20, we get

T
AVEVAT + qAV = AVpcaa—t (22)

Hence, dividing byk AV,
q pcoT

2 = =
VT+I<; o0 (23)

This is the General Heat Conduction equation. The quahfipy is sometimes referred to as tH#fusivity
of the material and denoted by the symbolin the absence of internal heat generation, the GHC equatio
becomes Fourier's equation:

(24)

If we allow internal heat generation, but insist that the penature not change with time, we get Poisson’s
equation:

VT4 =0 (25)
Lastly, if there is neither internal heat generation norngfeawith time, we get Laplace’s equation:
V2T =0 (26)

Now that we have this impressive array of equations, whatveawlo with them? As it turns out, we can
only solve the equations analytically for rather simpleljpeons — generally, those characterised by a high
degree of symmetry. The best reference for analytic methbdslution is ‘Conduction of Heat in Solids’
by Carlslaw and Jaeger, Oxford University Press. If we havddal with a problem involving complex
geometry, or non-uniform boundary conditions, or matsrihose properties depend on temperature,
we must fall back on numerical methods of solution. Two of thest popular numerical methods are
finite differencesandfinite elementsCovering these methods is beyond the scope of this courgersvi
‘Numerical Methods in Heat Transfer’ is a good referencebimth methods; Ferziger, ‘Numerical Methods
for Engineering Application’, published by John Wiley, isagl for the finite difference method.

1. CONVECTION HEAT TRANSFER

Convectionis the transfer of heat by the macroscopic motion of a fluid. kdew the fundamental
equations describing the motion of fluids — the Navier-S¢okquations — and solving these equations
would allow us to calculate the rate of convective heat fiani;m any given situation. Unfortunately, the
equations are very difficult to solve. For a few cases wheeeggometry of the problem is simple — for
example, fluid flowing through a pipe or over a flat plate — sohg# can be found, but most problems
cannot be solved analytically at all. We cope with this byadticing semi-empirical relationships. These
are equations with a limited domain of validity, derivedheit from lengthy algebraic analysis or from
experiment. In the sections that follow, we will introduaeral such equations and illustrate their use.

We distinguish two forms of convectionatural convection andorced convection. If a body and a fluid
at different temperatures are brought into contact, thel flsimediately adjacent to the body exchanges
heat with it, and consequently changes in density. Beingdifferent density than the fluid around it, it
either rises or sinks, its place being taken by fresh fluidhla way, a flow establishes itself in the fluid,
the effect of which is to increase the rate of heat transfewéen the body and the fluid. This m&tural
convection.



Alternatively, some outside agency, such as a fan, feage the fluid to flow at a given rate, again
increasing the rate of heat transfer over what it would beafatationary fluid. This idorced convec-
tion. Typically, heat transfer rates associated with fdrcenvection are considerably higher than those
associated with natural convection. Most of our discussidhbe concerned with forced convection.

A. Newton’s Law of Cooling

The theory of forced convection is founded on Newton’s oketgon that the rate of cooling of a heated
body exposed to a moving fluid is proportional to the tempeeatifference between the body and the
fluid. We can represent this as

Q x AT (27)

where AT is the difference in temperature between the surface of tiuy land the bulk of the fluid. If
we add the observation that the rate of cooling is also ptapwl to the exposed surface ardaof the
body, we can write this in a more useful form as:

Q = hAAT (28)

whereh is a constant of proportionality known as the ‘convectivathneansfer coefficient’ or ‘film heat
transfer coefficient’ To solve any problem involving contien, then, the first thing we need to do is to
find h. Unfortunately, this is not straightforwaré.depends in a complicated way on the rate of flow, the
geometry of the problem and the physical properties of thd,fla particular, its conductivity, its specific
heat, its density and its viscosity. It r©ot a property of the heated body, or of the fluid. To understand
how we can get a value fdr, we need to introduce some facts about fluid flow:

B. Basic Facts about Fluid Flow

All you would ever want to know about fluid flow is contained hretNavier-Stokes equations, which, as
mentioned above, are insoluble for almost all real probldfos our present purposes, we can get by with
some simple observations. We start with an experiment pegd by Professor Reynolds of Manchester
University, UK, and shown in Figure 4.

/ Dye

Jet J Glass tubJ
Valve /

Fig. 4. Reynolds’ Apparatus



Fast Flow

Fig. 5. Reynolds’ Results

Having set up this apparatus, Reynolds opened the valveriougaextents, and observed the pattern of
flow through the pipe, as revealed by the dye. As he graduatiseased the flow rate, he saw the series
of transitions shown in Figure 5.

At the lowest flow rates, the dye would remain as a single thieathe water, no noticeable mixing
taking place. As the flow rate increased, a value was reachedhiah the thread began to waver some
distance down the tube. At higher flow rates, the fluctuatgnesv more intense, until at some point there
was a position in the tube at which the dye mixed, thoroughly quite suddenly, with the flowing water.
Further increases in velocity led to the dye becoming mixeehemore readily and closer to the tube
inlet.

On the basis of this and similar experiments, we distingtiahkinds of fluid flow:laminar andturbulent
flow. In the early stages of Reynolds’s experiment, the fl@bdves as though it is made up of many thin
films, or laminae formed into nested cylinders concentric with the tube dippig over each other. A
particle in one lamina never passes into an adjacent larthiong; the thread of dye never mixes with the
rest of the fluid. Not all laminae move at the same speed; atiflaxcept superfluid Hehaveviscosity
which may be thought of as the ‘stickiness’ of the laminaeudl'the lamina closest to the tube wall
is stuck to it, and doesn’t move at all; the next one in movettle fFaster, and the highest velocity is
attained in the centre of the tube.

At a certain, rather sharply defined critical velocity, thisture ceases to apply. Mixing occurs between
adjacent layers of the fluid; the fluid particles take on a camanotion, superimposed on the flow of the
fluid along the pipe. We say that the flow has become turbulent.



Which do you think would give a higher rate of heat transfaminhar flow or turbulent flow?

1) Dynamic Similarity and Dimensionless Numbevge might repeat Reynolds’s experiment many times,
using different diameters of tube, different flow veloati@nd fluids of different viscosity, and each time
noting where the transition from laminar to turbulent floncomed. We would like to find a law to
summarise and predict the results of these experimentsfufigamentaphysical laws governing what'’s
going on are captured by the Navier-Stokes equations, Huingothese to predict how the flow will
develop in each case is impossibly difficult. We can, newdeds, achieve some generality by applying
the principle ofdynamic similarity

Two situations aradynamically similarif the forces acting in each situation are in the same ratlee T
transition from laminar to turbulent flow in a liquid occurdi@n the pressure forces, which are responsible
for the fluid’s motion, come to predominate over the viscausds. For a given geometry, this transition
always occurs when the forces are in a fixed ratio, indepdtydehthe scale of the experiment.

The ratio of pressure forces to viscous forces is giverRbynold’s numberfor fluid flowing in a pipe,

this can be calculated to be

_ pdu
1!

where p is the fluid densityd is the tube diameter, is the fluid velocity andu is its viscosity (This

is derived in rather more detail in the AppendixBe is a dimensionlessiumber, since it is a ratio of
two forces. Thus it will take the same value in a given sitwatho matter what system of units is used
[as long as the system is consistent]. In a pipe, the tramsftiom laminar to turbulent flow occurs at
about Re = 2300. For other geometries, we may choose the characteristierdifan differently, and
the transition to turbulent flow may occur at another valudkef/nolds number. For example, if we are
considering flow over a flat plate, we take the charactergititension as the distance from the leading
edge of the plate. Using a Reynold’s number based on this rdiioe, we find that the transition to
turbulent flow occurs at a critical value of about 5)°.

Re (29)

At this stage, it is helpful to consider an example:
Example 2.1
Water is flowing through a pipe, inside diameter 2.3 mm. At iedocity does the flow become turbulent?

How does the answer change if we consider a pipe 30 mm in defhetow about if the pipe is carrying
glycerin rather than water?
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Solution: We assume everything is happening at room teryperaabout 20C. At this temperature the
viscosity of water isy = 0.00INsnT2 and its density is about 1000 kgth The corresponding figures
for glycerin are about 1.3 Nsm and 1260 kg.m? respectively. Thus Reynold’s number for water is
given by
1000 x 0.0023 x u
Re =
0.001

whereuw is the flow rate in ms!. Setting Re to the critical value of 2300 and solving far, we find the
transition occurs at a flow velocity of 1 ms For the wider-diameter pipe, the flow becomes turbulent at
a much lower velocity, 0.1 m3. For glycerin, the calculation tells us that flow in the narqeipe remains
laminar up to a flow velocity of about 1000 mis (Although if we actually tried to pump glycerin through
a pipe at such a high velocity, fluid friction would rapidlyiga its temperature, reducing the viscosity
and invalidating our calculations.)

(30)

2) Fluid Flow and Heat TransferBefore we can represent the relationship between flow andtaeefer,
we have to find a suitable dimensionless expression for n@asfer rate. We usBusselt's number

_ hd
ok

which represents the ratio between convective heat traasi@ heat transfer by conduction through the
fluid. We will also need one more dimensionless number,Rtendtl number

Pr— (%)% (32)

which is the ratio of the kinematic viscosity of the fluid/p, to its diffusivity, « = k/pc. The Prandtl
number is a property of the fluid. It may be thought of as a meastihow rapidly the fluid dissipates
momentum compared with how rapidly heat diffuses throughfthid. A high value of Pr, such as oll
(Pr = 10,000), favours heat transfer by convection, whereas a low vageis found in liquid metals
(Pr =~ 0.01), favours heat transfer by conductioRr for gases is typically about 1. Now all we need is
some means of calculating the Nusselt number in any giveiatsin.

Nu (31)

For simple geometries, we can solve the governing equatidstermine heat transfer rates. This involves
lengthy calculation. For more complicated geometries, e only determine heat transfer rates by
experiment. Considerable effort is involved in either cdbee express our results as correlations between
non-dimensional groups, we can use these correlationslte stasses of dynamically similar problems
with minimal additional effort.

In this course, we will not derive any correlations oursel&uch derivations can be found in, for example,
Engineering Heat Transfeby Karlekar and Desmond, West Publishing Company, 1977,38p-342.
Instead, we will give examples of the correlations that Haeen derived for a few simple problems, and
show how they are used.

Let us begin by considering flow through a pipe. For heat toraesferred from the pipe to the fluid,

there must be a temperature difference between them. We oaaiintain such a temperature difference
by several methods: for example, we could put the pipe atdbasf of a single-axis solar concentrator.
This would give us a constant heat flux into the pipe. Altauedy, we could heat the pipe by allowing

steam to condense on it; this would keep the pipe surface anstant temperature. The method we
use makes a difference; the heat transfer equations havéeeedt solution for a constant flux boundary
condition than for a constant temperature boundary caditiVorking through the derivation shows that,
for laminar flow in a pipe, the Nusselt number is constantngpet.364 for constant flux and 3.658 for
constant wall temperature.
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If the Nusselt number is constant, this means that the haasfer rate is the same for any fluid velocity,
up to the critical value ofRe. In particular, it's the same when the fluid is moving as whénsitationary.
But when the fluid is stationary, the only available mechanier heat transfer is conduction. Hence we
can say that, for laminar flow in a tube, heat is transferreg by conduction.

This seems a little confusing. We've said thét, is constant, and that this shows that heat is being trans-
ferred only by conduction. YelNu is non-zero, and thereforg the convective heat transfer coefficient,
is also non-zero. But | introducell as a measure afonvection not conduction. So is convective heat
transfer taking place or not?

In fact, heat transfer from a solid body to a fluid madivays be at least partially due to conduction,

because the layer of fluid immediately adjacent to the bodywisys stationary with respect to the body.

(A convincing demonstration of this is the dust on the blaofes fan. If you examine the blades of a fan,

you will find a thin layer of dust particles resting on the siwd. These particles remain in place even
when the fan is rotating, because they lie within the statiprboundary layer.)

The parameteh includesboth the heat transferred by conduction and the heat transfégredotion of
the fluid, if any. As we shall shortly see, in turbulent flow ttage of heat transfer can be many times
greater than that due to conduction alone. (Neverthelefisidawith zero conductivity could transfer no
heat, however turbulent the flow; so in this sense, it is ndiredy accurate to think of convection and
conduction as independent heat transfer mechanisms.)

For turbulent flow in a pipe, the Nusselt number becomes atifumaof the flow rate. There are a
variety of alternatives for the exact form of this corredati some based on experiment, some based on
approximate analytical solutions. For illustrative pusps, we shall just consider one correlation, suggested
by Colburn[1]

Nu = 0.023Re8 Pr0-33 (33)

Qualitatively, this tells us that in turbulent flow the rateheat transfer goes up in almost direct proportion
to the flow rate.

We can now illustrate the use of these correlations with twangles:

In the example of the solar pond we considered above, yowleséd that we needed to gei MW of
heat into our heat engine to put out 1 MW of work. Now, our hesiee uses freon as a working fluid,
and the freon flows through a plastic pipe suspended in thedibwater. The pipe is 20n long, 20 mm
internal diameter, 21 mm external diameter, and the frediovging at 1 m/s. If we want heat to flow
from the water into the freon, the freon must be cooler thawhter. How big a temperature difference
is required if we are to get0 MW flowing into the freon? (Obviously, we want this differento be as
small as possible, since it’s the freon temperature thaksponds to the hot reservoir temperature in our
calculation of Carnot efficiency.)
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Suppose the bulk temperature of the freorf’jsand the temperature on the inside of the plastic pipe is
T;. Then, since we have a steady state,
ok L(T; — T),)
In(r,/r;)
We will use these two equations to calculate the two unknoWpsind7Z;. First, we use the formula for
conduction of heat through a tube to fifi noting that the conductivity of the plastic tube is 0.15 W/m
Qn(ry/r;) 10 x 10° x In(21/20)
=T, — —F—+—=92—
2k L 9 21 x 0.15 x 105
Now we go on to find the bulk temperature of the freon. Beforeceue do that, though, we must calculate
h... and in order to calculate, we must calculatéVw...for which we needze. We will also need to know
the relevant physical properties of freon. They are as fialdk = 0.073 W/mK; p = 1364 kg.m3;

= 0.273 x 1073 Nsm2; and Pr = 3.5. Now, the mass flow rate7, is just the flow velocity multiplied
by the density:

Q = hA(T; - Ty) = (34)

~ 02 — 5 = 87 (35)

G =up=1x 1364 = 1364kg/m’s~" (36)
Hence, Gd 1364 x 0.02
h X U.
Re=— = = 0ara x 103 ~ 100,000 37
So the flow is turbulent and we can use Colburn’s correlation:
Nu = 0.023Re®®Pr®% = 0.023 x 100,000%® x 3.5°% ~ 350 (38)

From which we can gek:

ENwu  0.073 x 350

_ ~ 2
h = = 003 ~ 1280W/m K (39)
Now at last we get to the answer:
107
Tf:Ti—%:éS? ~87—1=286°C (40)

"~ 1280 x 105 x 7 x 0.02

So the bulk temperature of the freon is°86 We could now go back and recalculate the Carnot efficiency,
and hence recalculatg and repeat the calculation we've just completed to get dtijidpetter estimate
of Ty, in this case, the improvement would not justify the effe, we won't bother.

C. Log Mean Temperature Difference

In the preceding example, we assumed that the freon was atgée demperature], all through the
pipe. This can't be quite right — after all, the reason we hleefreon flowing through the pipe in the
first place is in order t@hangeits temperature. So in fact it will go in at one temperatufg, say, and
come out at another temperatufg,. Now, the question is, what temperature do we substitute time
convective heat transfer equation in order to get the riglatt flow rate? If we usé,.; we’ll overestimate
the heat flow, while if we usé., we’ll underestimate it. Obviously some kind of average isdes. Call
this averagel,, where by definition

Q = hA(T, - T,) (41)

Let's sketch the temperature profiles through the pipe,ragguthe inner wall temperature is constant.
The temperature rise of the freon isn't linear (in fact itsgative exponential), so a simple arithmetic
average isn't going to be right.

Consider a small increment of tube lenghx.



Fig. 6. Temperature Profile of Flow in Tube

Flow of

mkgls ~

at T

Fig. 7. Small Segment of Tube

Taking an energy balance ovérz, we have
hpAz(Ty, — T,) = mc,AT,

dT.,
= mc— = hp(T), — T.)
dx

d(Th — TC) _ —hpdx
Th — Tc ﬂ'wp

T,—T., hLp hA

= 1In = — -
T, — T mec,  Mcy

If we take an energy balance for the freon, we have
Q = mc;D(Tci - Tco)

13

(42)

(43)

(44)

(45)

(46)
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Using this to substitute foric,, we get

T, — T,
— hA co ct 47
O M T~ T /(T = 1) “n
Comparing this with the definition df, gives us
Th B Ta _ Tco - Tci (48)

In((Th —Tei) /(Th — Tto))

This expression is known as tlheg mean temperature differencand should be used for calculating heat
transfer to a fluid flowing inside a duct of constant wall tenapere. (If the wall temperature is also
changing along the length of the duct, as it might in some leeahangers, we can extend the above
analysis to take a varyingj, into account too. The details of this extension are left as)anrcise for the
reader.)

D. Second Example: Cooling of Circuit Element

Reconsider the microcircuit element we examined whilewdisig conduction. The element is a square,
surface aread = 0.0001m?, dissipatingQ = 20 Watts of heat. Let us now suppose that the element is
mounted on a circuit board, 40 cm from the edge, and that asfairgulating air at/; = 15°C over the
board at 50 m/s. We can recalculate the temperature of timealeT}, taking convective cooling into
account.

Reynolds number for a flat plate geometry is calculated imseof the distancey, from the leading edge
of the board. (We will add the subscriptto Re to remind us of this fact.) Under laminar flow conditions,
the Nusselt number a distangefrom the leading edge is given by
h

Nu = == = 0.331Re},* P (49)
The transition from laminar to turbulent flow occursat, ~ 5 x 10°. For turbulent flow conditions, the
appropriate correlation is

Nu = 0.029Re2® pro-4? (50)

(It's worth noting that these arempirical relationships, obtained through curve-fitting to expentaé
measurements or by approximate solution of the governingatemns; thus there may exist several
alternative correlations for a given geometry, varyinglsiiy in conditions of applicability. Where several
alternatives exist, | have chosen the simplest.)

1) Solution:: We first calculate the value of Reynolds number for the air flow

1 i
Rex:pxu: x 0 ><50:106 (51)
L 2 x 10-°
So the flow is turbulent, and we can use the latter correlatoind N« and h:
Nu = 0.029 x (10%)°® x 0.7 = 1570 (52)

and hence
_ Nuxk 1570 x 0.03

r 0.4
To find T3, the temperature of the element, we can now consider thewwlf equivalent circuit:

h =117 W/m’K (53)
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1/h
Fig. 8. Equivalent Circuit
This gives us a set of simultaneous equations,
Ty —T; T, — T,
Q1 = —ky A= = kA ! (54)
do dy
Q2 = hA(T, — Ty) (55)
Q1+ Q2 =Q =20 Watts (56)
After some algebra, this gives us
]{31]{32T2 kldQ + del
T = ( A+ Ty + )( ) 57
1=/ 5T kids + kody ) \kiks + hkids + hkad; ®7)

Substituting in values and evaluating gives us that 122°C. Note that this is only 8cooler than we
achieved by pure conduction. We could cool more efficiending a circulating liquid coolant in place
of the cooling air; the Cray 2, for example, has its circuitsriersed in circulating freon.

E. Problem Set : Conduction and Convection

1) Figure 9 shows a frustum, that is, a truncated cone, magarefcopper. The smaller end, A, is held
at a temperaturé’,, while the larger end, B, is held at a lower temperatlise The curved surfaces
of the frustum are insulated. Which of the three sketcheg(i{j)and (iii) shows the approximate
temperature distribution in the frustum?

2) Figure 10 shows a cylindrical rod of cavorite. One end, Aheld at a temperatufg,, while the
other end, B, is held at a lower temperatdrg. The curved surfaces of the rod are insulated. If
the thermal conductivity of cavorite increases with tenapare, which of the three sketches (i), (ii)
and (iii) shows the approximate temperature distributiothie rod?

3) Figure 11 shows a cylindrical rod of plutonium. The snraéled, A, is held at a temperatufe,,
while the larger end, B, is held at a lower temperatiife The curved surfaces of the rod are
insulated.q watts of heat are generated per cubic meter of plutonium assatrof radioactive
decay. Which of the three sketches (i), (ii) and (iiinst a possible temperature distribution in the
rod?
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(i) (i) (iii)

Fig. 9. Problem 1

k increases with temperature

() (ii) (iii)

Fig. 10. Problem 2

4) An insulating wall is composed of 10 cm of a material havaimgthermal conductivity of 5 W/m.K,
and an unknown thickness of cork, which has a thermal condiycof 0.045 W/m.K. How thick
must the cork be if the heat losses through the wall are to $® tlean 10W/rh when the inside
temperature is 2@ and it's -20C outside?

5) Water flows through a tube of 5 mm diameter. Determine the fde corresponding to a Reynolds
number of 100. Is this flow turbulent or laminar? If the tubénesated at a rate of 10 W/m length,
what is the appropriate correlation between Reynolds nurabhd Nusselt number? What is the
value of the Nusselt number, and what is the valué,ahe convective heat transfer coefficient? If
the water enters the tube & how long must the tube be if the water is to exit at a tempeeatf
25°C? What is the average temperature difference between tleewalls and the water? (Density
of water = 1000 kg/rfy viscosity of water = 0.001 Nsm, specific heat of water = 4,200 J/kg.K;
conductivity of water = 0.628 W/m.K)

6) Water is flowing through a copper pipe. The flow is turbulamid the inner wall of the copper pipe
is maintained at 9%. The water enters the pipe at aboutG and leaves at about®. If the flow
rate of the water is doubled, will the exit temperature of Weer increase, decrease or stay the
same?

7) Water is flowing through a brass pipe. The flow is turbulamtl the inner wall of the brass pipe
is maintained at 9%C. The water enters the pipe at about@ and leaves at about®. If we put
the same number of kg/s of water through a different brass, pigving half the inner diameter but
being in all other respects identical, will the exit tempera of the water increase, decrease or stay
the same?
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g watts of heat generated per cubic meter

() (i (i)

Fig. 11. Problem 3

8) Water is flowing through an iron pipe. The flow is turbulesmd the inner wall of the iron pipe is
maintained at 98C. The water enters the pipe at about® and leaves at about®. Suppose we
now replace the water with oil, flowing at the same number dékbut having a density of 800
kg/m?, thermal conductivity of 0.132 W/m.K, viscosity of 0.00452, and specific heat of 300
J/kg.K. Assume that the oil is also in the turbulent flow regif@ompared with the exit temperature
of the water, will the exit temperature of the oil be lowemimer, or exactly the same?

9) Air flows through a tube of 20-mm internal diameter at anrage velocity of 1 m/s. The bulk
temperature of the air is 1@ at the entrance to the tube. The tube wall is maintained @t €5
Estimate the length of tube necessary to heat the air to atboiperature of 5@. (Density of air
= 1 kg/n?; viscosity of air =2 x 105 Nsm2; conductivity of air = 0.03 W/m.K; specific heat of
air = 1000 J/kg.K).

10) Heat exchangers are devices for transferring heat froenstream of fluid to another. They can, for
example, take the form of concentric pipes, with one fluid flmyin the outer pipe, the other in
the inner pipe.

In a counter-flowheat exchanger, the hot fluid enters on the left and exits erright, while the
cool fluid enters on the right and leaves on the left. Ipamallel-flow heat exchanger, both fluids
enter at the left and exit on the right.

For fixed flow rates and fixed entry temperatures, in which eSéhtwo designs will the initially
cool fluid have the higher exit temperature?

I1l. APPENDIX: DERIVING REYNOLD'S NUMBER

The explanation given in the main body of these notes glosses several points. The following
account is more rigorous.

Any body acted upon by forces can be represented by a force polygon with1 sides. The firsk
sides of the polygon represent the magnitude and direcfi@ach of then imposed forces; the + 1-th
side represents thresultantof these forces. By a slight abuse of terminology, we carr tef¢éhe resultant
as theinertia force if the body accelerates as a result of the forces acting,dtsiacceleration is given
by

F=ma (58)

where F' is the resultant of the forces, is the acceleration of the body amd is its mass, or inertia.
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The pressure forces may be of various kinds — for examplg, itteey be imposed by gravity, or by a
pump, or, in magnetohydrodynamics, by an imposed field — sdbnvenient to instead concentrate on
the ratio between thaertia force and the viscous force. The inertia force, from Equation 58given
by the particle’s mass multiplied by its acceleration. Wd Wy to express this in terms of units taken
from the problem, using the pipe diametér,as the unit of length, the fluid velocity, as the unit of
velocity, and their ratiof = d/u, as the unit of time. The particle’s mass may be taken as ptiopal
to the fluid densityp, multiplied by the characteristic volumé?. Its acceleration is the rate at which its
velocity changes with time,

a=u/t =u?/d (59)

Thus the inertia force is
F =ma = (pd*)(v?/d) = pd*u® (60)

The shear stress resulting from viscosity is given by thelpcoof viscosity and the rate of shear; this is
proportional touu/d. This stress acts over an area proportional?ogiving a viscous force proportional
to pud. The ratio of forces is therefore
d*u? d
Re=P4"% _ P (61)
pud Jz

(If this explanation isstill not sufficiently rigorous, or too confusing, | recommend theynman
Lectures in Physics, Vol I, pp. 41-5 to 41-6.)
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