Limited Dependent Variables

What if the left-hand side variable is not a aanbus thing spread from minus infinity to
plus infinity? That is, given a mod¥ = f( X, 5,&) , where

a. Y is bounded below at zero, such as wages or height;

b. Or,Y is bounded above at 100,000 such as top-codechimao BLS data;

C. Or,Y is discrete, taking on just the values 0 or 1hsagin yes/no responses to
survey questions, or bankruptcy indicators for irm

d. Or,Y is discrete, but ordinal and many-valued, suctiaéa that have been

grouped into ranges (often the case for income) dataiesponses to survey
guestions about the depth of agreement (strongBeagomewhat agree, don’t
agree at all);

e. Or,Y is discrete and many-valued, but not ordinal, agtransit mode choices
(did you take the bus, drive a car, bicycle or Walk

Let us begin with the simplest ca¥as a zero-one binary variable, reflecting the agrsw

to a yes/no question, coded 1 for ‘yes’, O for :no’

a. Consider an OLS regressionYobn X. If greater values of are associated with
higher probabilities of ‘yes’, then the OLS regreascoefficient onX will reflect
this as a positive coefficient. Indeed, the coefit will have a mean value equal
to the marginal impact of on the probability thaY is a ‘yes’. Given that, we call
this thelinear probability model OLS regressions for a linear probability model
deliver consistent estimates of coefficients fouaderlying model where
i. P[Y =1] = X8+ £. To see this, think about a model where

P[Y=1]=0.50 for X=1 andP[Y=1]=0.60 for X=2. In this case, 50% of
cases will havé&y=1 and 50% will havey=0 atX=1, but 60% will have
Y=1 and 40% will havéy=0 at X=2. The regression wants to find the
conditional expectation of givenX, and given the 0/1 coding ¥f this
conditional expectation is the probability we agelang.

b. This linear probability model is unsatisfactatypugh, for at least two reasons:

I. The disturbances are not distributed ‘nicelyi. the example above, the
disturbances are evenly split between the valdésYyz] atX=1 and take
on the values [-0.60 0.40] 40% and 60% of the tiragpectively, aK=2.
Although they are everywhere mean-zero, theyhater oskedastic
because their distribution is different at differgalues ofX. (Different
distribution with same mean usually implies diffgrgariance.)

il. The model isaestheticalljunappealing because we are estimating a model
which we know could not generate the data. Irddia,Y are not linear in
X, but we are estimating a model in whi€is linear inX.

C. The solutions to both these problems come wsimgle strategy: write down a
model which could conceivably generate the datd,tanto estimate its
parameters. The cost of doing this is that wechlty have to write out an
explicit distribution for the disturbances (whiclewon’'t have to do when we use
OLS and asymptotic variances and tests).



Binary choice models: Logits and Probits.

a. Latent variableapproach. Assume that there is some latent (@neobd) variable
which determines the observed variabl@and which behaves nicely (usually,
linearly).

. Y =XBra. g 1)

Y, =1if YI >0
C. Here f is some nice distribution for the disturbance ®rperhaps normal,

perhaps not. The linear probability model wouleljknot satisfy any a priori
distribution, and since this distribution is thengafor each and everythe linear
probability model would certainly suffer from hedskedasticity.

Themethod of maximum likelihood says: "find the parameters which maximise the

probability of seeing the sample that you saw".

a. Forageneralmoddf = XB+¢&,& ~ f(g) ,the probability of seeing a
whole set oN observation is really just the probability of sepethat set of
disturbances. Consequently, maximum likelihooa method of moments

approach, because maximising likelihood impliesisgl a first-order condition,
and we solve the first order condition by pluggingesiduals for disturbances.

Vi.

Vii.

viil.

For anyi,

PIY=Y, X= X]= Pe=¢]= Pe= Y- = (¥ 8
and since we knody and the disturbances are independent, the pidiabi
of seeing the whole set of observations, knowrmaskelihoodis:

L= Pl Yy X X, ;8]:|j (Y- %5)

The method of maximum likelihood says, ‘chog8eby maximisingL’.
The likelihood above is expressed over distudeanbut once we choose a
[, we are working with residuals. So, implementati6 this

maximisation involves substituting residuals fastdrbances.
Products are a drag to work with, so it you tHieslog, it turns into a sum:

N
INL=INP[Y,...%, X,.. X, B1= > In f{ Y- XB)

i=1
If f were the normal density function, théife) = exp(—:s2 lo? 2) lo~ 2t

In f (&) = —Ina—%ln 2mm+(-¢*120°),

N

N 2
InL=-N Ina—zln 277 Z(Yu - Xﬁ) | 20° , and the first-order

i=1
condition for maximisation is



olnL _ I
:in (Y| - X,B) =0  aka,X'e=0
08 =
(1) this expression is a moment condition, becaosditst order
condition requires that a particular weighted ageraf
disturbances equals zero. We solve it by substguesiduals for
disturbances.
Xi. So, if you knowf, you can typically do ML. ML with normality onrlear
models yields the OLS estimator.

Consider the binary choice latent variable madeh maximum likelihood problem.

a.

Y =XB+g, & ~ f(e)
Y =1if Y =0

Vv

Define the cumulative density functi&ndual tof as F (V) = _[ f(u)du , so that

F(v) gives the probability of the disturbance being lg=nv.
What is the probability of seeing any particifaX pair?

PILX]=H XB+&20]1= Rg 2- XA =1- Pg <- Xf

=1-F (-X,5) , and
PO, X]= A XB+5<0]= B <- X8
— F(_Xilg) , Which sum to zero.

ASSUME thatf is symmetric, so that a lot of minuses disappd#airis

symmetric, then F (_xi’B) =1- F(XilB)s
- 1-F(=X8) =F(X5)

The likelihood is thus given by

L = ﬁ F (X, ,8)Yi (1-F(X ,8))H‘ . And the log-likelihood is

InL :iZ:“Y‘ In F(XB)+(1-Y)In(1- F( XB)).



oinL _ & dInF(XB) .\ . 0In(1-F(XA)
Y —;\M—a(xiﬁ) (1-Y) X (X7

=i Y oF (X,8)  1-Y oF (X, 8)

i TFE(XB) ' o(XB) 1-F(XB) " a(Xxp)
. Y, 1-Y _
:;XiL(F(Xiﬁ)_l—F(Xng)]f(XiIB)]_

I. This is the moment condition for the binary deterchoice maximum
likelihood problem. It is analogous ¥e=0 in OLS.

k. If the probabilities are linear i, then F (X, 8) = X B8, f(XB)=1. Inthis
case, the first-order condition on the likelihooddtion becomes

(s
=;xw—xm=

m. That is why we call the OLS approach to this nhdlgelinear probability model
I. It results in a linear optimisation problem whicas a linear solution.
PROBIT model.

a. Denote the standard normal density&s) = exp(—u2 /2) N 2t , and éenot

\)
cumulative density of the standard normal densitfp{V) = _[ @(uou .

b. So, the probability of seeing a particular pip is one or the other of these
PILX]=H XB+& 20]= Rg 2- XA =1- Pg < Xj
— 1_ q)( Xlﬁ]
g

c WQXJ=HXﬂ+&<W=R&<—Xﬂ=¢(égj

d. These sum to zero.
e. The likelihood is thus given by

N Y v
f. L= |‘J d:[Mj (1— cp(xi—'gjj ,And the log-likelihood is
- o g



g InL=ZN:YiIn<D(X+'Bj+(1—\i()( Inq)(XIBD

i=1 g g
h. Here,3,0 are not identified, because scaling thasanpeters by any scalar does

not affect the likelihood.
I. So, one must impose a restriction. Typically,either impose that one

element of § is 1, orthar =1 . They are equally valehtifying

restrictions, so it is up to convenience to chodset. us choose&r =1
I. First-order conditions are

nL NP (XB) . OIN([1-2(XH)
B .Z A Ta(%.B) ~m X o(X.B)
Y 9(XB)  1-Y 00 (X8)

] 2o(x5) "\ a(xB) T-e(xB) < a(Xp)

N
N

(s )

K. These first-order conditions are nonlinear inpheameters, and so the solution
must be found by iteration.

l. The difficult thing here in finding a solution tkat the parameters are inside the
normal pdf, which has an explicit analytic formgdanside the normal cdf, which
does not have a close analytic form.

m. The picture for this is that which maps y-habipt y-hat maps ontoraumber
line. For that reason, sometimes, these are callddximodels’. If the index y-
hat is less than zero, then y is zero. The pmlt# a pdf onto the density of

&, £ < =X, B corresponds to y-hat less than zero.

LOGIT model

a. The logit model is a simple alternative to probddel which has a similar
distribution for the disturbance terms, but is meekier to solve.

b. Consider the logistic cumulative distribution ¢tion, denoted with a capital

lambda, F (V) = A (V) = %}((F\;()V) . The associated probability density

=AV) (1-A(v)).

function is given by

oF(v) _ OA(V)
~9v

C. If we substitute these into the first-order coiodi for the likelihood function,



=iZ:,Xi [[Y (1-A( X.ﬁ))‘(l— Y)/\( Xﬁ)},\(xiﬁ)(l—/\(Xﬁ))J
((

d. You can see how this might be easier to solve aitomputer. No ratios.
Everything in there can be expressed analytically.
8. Interpretation of Parameters
a. The parametefS  tells you the marginal effec ohF. F gives the expectation

of Y givenX, but because it is nonlinear in its argumefit, dmgive the
derivative ofY onX. In particular,

E[Y]x-x]1= H X5)

b. aE[Y |x—x ] aF(X'IB)
XS =2 = BE(X
3 X BT (X.5)
C. So, the marginal effect depends>onin a probit, the marginal effect is given by

,B¢(Xi,3) , and in a logit, the marginal effect is given by
BN\(X.B) (1— /\(Xi,B)) = ,BFi’(l— I?) , whereP is the probability fof.

9. Multinomial choice with ordered choices
a. Consider a latent variable model withrdered choices given by

Y = XB+g, & ~ f(e)
Y, =1if 0<Y < 4
b Y =2if <Y <yp

Y, = 3if gy, <Y

C. This is extremely similar to the models aboveegt that there is an additional
unknown set of parameters.
d. Assume thattis thenormal probability density function. (You could assunmy a

pdf, as long as its form is known.)



10.

Then, the probabilities of the various outconresgasen by:
PY, =0y 1= ®(= X5)

PY, =1y 1= @ (14— XB) - @ (- X5)

PLY, =2 oy 1= @ (1, = X5) =@ (14—~ X )

P[Y| = J|x=xi] =1_CD(:UJ—1 - XIB)
Given that these are the probabilities, the nmaigeffects oiX are given by

differentiating these probabilities with respecito
These probabilities can be crammed into a loghhlood function, which can be

maximised with respect to the parametgtsts,, ..., 1, _,

Multinomial choice with unordered choices.

a.

Probabilities of doing various choices are madedlirectly. Here, we assume
thatY could take on the valugs0,...,J. Here, there are going to bel latent
variables which generafel probabilities forY being observed in thepossible
categories. Logit distributions are easy to woithvaere.

exp( X.p )

1+iexp(xi,6”)

logit. Given this structure, the probability théandX are observed together is
J

PIY = Y.x]= z ¢ B Y= Jx_x] Withdadummyequalto 1 ¥isj.
i=0
The log likelihood is given by
N J
InL = szij In P[Y = jL<=Xi:| And the first-order condition is
i=1 j=0

oinL

FYe] :Z::Xi(qj'_P[Y: jlx:xi}):gX(q— iP)’ =1..,J

PY = Jlxx 1= . If J=1, then this reverts to the binary

I. This simple derivative is a consequence of theeafghe logit function.
Chapters21 and 22 in Greene are very good on limited dependent variables.



