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Lecture 10
Basics of Fixed Income Derivatives

 Futures, Forwards, Swaps and Options
 Interest Rate Futures and Option Contracts
 Modelling the Interest Rate Process
 Prices of CME Bond Options
 Different Bond Option Pricing Formulas
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Types of Pure Derivative 
Securities

Reading: RSD, Sec. 1.1

 What is are Derivative Securities?
 Various possible designs:

 Forward vs. Futures Contracts
 Types of Options
 Swaps and Other Variations
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Basics of Futures, Forward and Options Contracts
 Contract Features

 Standardization vs. Customized

 Daily Marking to Market
 Forwards vs. Futures
 Hedgers vs. Speculators
 Options vs. Futures

 How do Margins Work?
 Types of Margin Requirements
 Finding Margins on the CME site
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Chicago Mercantile Exchange Website:  The Important Trading 
Link is Highlighted, next slide has the link content
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The Various Categories of Derivatives are identified
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Clicking the Fixed Income link reveals the numerous types of Fixed 
Income Derivatives traded on the IMM division of the CME
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US Treasury Derivatives
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Pricing the 6% theoretical underlying for the 5 year Tnote 
future – there is a cheapest deliverable – the quoted price 
is for a theoretical bond, need to solve for the yield to 
maturity – see quoted price from previous slide
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SOFR and Eurodollars
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Clicking the FX link reveals the numerous types of FX Derivatives 
traded on the IMM division of the CME (FX is fixed income!)
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A range of major and emerging market currencies
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Basis Relationships
Generally, basis is the difference between two 

prices

 Study of basis relationships was important in 
analysis of derivative securities prior to the 
financial futures ‘revolution’ (see Lecture 1)

 Hieronymous, The Economics of Futures 
Trading (1977) is an excellent example of the 
traditional approach
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INTEREST RATE SWAP: Floating rate borrower (often a 
lower quality credit) exchanges cash flows with a fixed rate 
borrower (usually a higher quality credit).  The role of the 
intermediary is to absorb credit risk and reduce transactions 
costs over a party-to-party trade and capture part of the 
cash flows as compensation.
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Cross Currency Interest Rate Swap: Transactions in the 
cross currency interest rate swap market are facilitated 
by the contract standardization provided by the 
International Swap Dealers Association
https://www.isda.org
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Basis Definitions
 The Basis:  F(t,T) - S(t)
 The Futures Basis:  F(t,T) - F(t,N)

Notice that as t changes, then the carrying 
charges embedded in the basis will decline 
due to the reduction in (T-t) while the 
carrying charges in the futures basis will not 
decline because (T-N) does not change
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More on the Futures Basis
 Definitions Applicable to the Futures Basis

 Contango:  F(t,T) - F(t,N) > 0
Example: Gold
 Backwardation: F(t,T) - F(t,N) < 0
Example: Tbonds
Do not confuse this with the Normal 

Backwardation Hypothesis for the Yield curve
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Absence of Arbitrage
 What is an arbitrage?

An arbitrage opportunity is defined here as: a 
riskless trading strategy that generates a 
positive profit with no net investment of 
funds.

Key words: riskless and trading strategy. 
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No Arbitrage Condition
 A fundamental theoretical requirement of 

pricing in financial markets is that there is 

NO ARBITRAGE OPPORTUNITIES

In terms of the profit function, this condition is 
expressed as Barb < 0 (can also be a weak inequality)
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Some Possible Confusions
 Do not confuse the No Arbitrage Condition 

where Barb < 0 with the profit function for a 
speculative trade where B(1) > 0 is the 
desired result.

 The arbitrage profit function is time dated as B
Barb(0) to reflect all variables in the profit 
function being known at t=0 (needed for 
riskless trading)
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Types of Arbitrage
 The type of arbitrage that is most important in 

the analysis of derivative securities is the cash 
and carry arbitrage.

 Other types of arbitrage include:
Triangular Arbitrage  (RSD, p.237)
Geographical Arbitrage – price of goods in 

different locations differ only by the cost of 
purchasing and transporting, e.g., cement.
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History of Arbitrage
 On the history of the concept and definition of 

arbitrage see Poitras, Early History of 
Financial Economics 1478-1776, p.243-7.

 The word arbitrage has a Latin root, e.g., 
‘arbitrio’ in Italian and initially referred to 
trading strategies aimed at profiting from 
differences in exchange rates.

 Arbitrage was active in 16th C. Antwerp and 
has roots in antiquity.
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Cash and Carry Arbitrage
 Reading: RSD, p.213-220.

 The Cash and Carry Arbitrage is the 
fundamental arbitrage applicable to 
derivative securities traded on storable 
commodities.

 Key Point: there are two arbitrages for any 
derivative contract – the short arbitrage
and the long arbitrage.
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The Case of Gold 
 The short and long arbitrages are referenced to the 

position in the spot commodity

 The long gold arbitrage (RSD, p.216) involves 
borrowing money to buy gold and simultaneously 
selling the gold for forward delivery

 Solving the profit function for the long arbitrage gives:
F(0,T) < S(0) {1 + r(0,T)}. 



Jump to first page



Jump to first page

More on the Gold Arbitrage
 The long arbitrage provides an upper bound on 

gold forward prices while the short arbitrage 
provides a lower bound

 Solving the profit function for the short arbitrage:
F(0,T) > S(0) {1 + i(0,T)}

Notice that i(0,T) is an investing rate and r(0,T) is 
a borrowing rate
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Cash and Carry Arbitrage 
Condition for Gold

 Under perfect markets assumptions, lending 
and borrowing rates will be equal (i = r) and the 
short and long arbitrage restrictions reduce to 
the cash and carry arbitrage condition for gold:

F(0,T) = S(0) {1 + r(0,T)}

Gold forward/ futures prices will be in contango. 
Examine the NYMEX/COMEX prices on CME 
website (also RSD, Fig. 4.1, p.217)
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Solving for the Gold Futures-Futures 
Condition

 In the case of gold, if
F(t,T) = S(t) {1 + r(t,T)} and F(t,N) = S(t) {1 + r(t,N)}
Then dividing F(t,T) by F(t,N) gives:

F(t,T) = F(t,N) {1 + r(t,T-N)}
Where:
1 + r(t,T-N) = {1 + r(t,T)} / {1 + r(t,N)}
For example if 0 to T is 6 months and 0 to N is 3 
months, then 1 + r(t,T-N) is a 3 month interest 
rate that starts at N and matures at T
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Illustration of a Golden turtle trade
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The Basic Long Hedger Profit Function
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Extending the Basic Hedger Profit Function to a 1-
1 Calendar Spread
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Extending to the 1-1 Calendar Spread to the Case 
where the Position sizes are not equal
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Tailed Spread Profit Function

 The tailed spread profit function is:

π(1) = {F(0,N) - F(1,N)} QN + {F(1,T)-F(0,T)} QT

 In order to be dollar equivalent on the two legs of the 
spread the following condition has to be satisfied:  

 QN F(0,N) = QT F(0,T)

 To solve this let QT = 1 to get the result that 
 QN = {F(0,T) / F(0,N)} = {1 + ic(0)}



Jump to first page

Solving for the General Futures-Futures 
Condition with Implied carry (ic(t,T))
 Gold is unusual in having no carry return, either 

pecuniary or a non-pecuniary convenience yield 

 More generally, the relationship between spot and 
futures/forward prices has both carry cost (cc(t,T)) and 
a carry return (cr(t,T))   ic(t,T) = cc(t,T) - cr(t,T)

 This produces the general results:
F(t,T) = S(t) {1 + ic(t,T)}

F(t,T) = F(t,N) {1 + ic(t,T-N)}
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Solving the Profit Function
 Substituting the restriction on QN into the profit function and 

using the cash and carry arbitrage condition gives the final 
form of the profit function:

B(1) = F(1,N) Δ ic

Compare to the one-to-one case and observe that the impact of 
ΔF has been eliminated.

 Note:  Some tails are not dollar equivalent (e.g., RSD, p.268)
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Application to Tbond futures spreads
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Relation between Tbond term structure of futures 
prices and the yield curve
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For Tailed Tbond spread the level of the yield curve does 
not matter only the slope and shape (see RSD chap. 3)
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Covered Interest Arbitrage
 The cash and carry arbitrage for currencies is 

given a special name: covered interest 
arbitrage.

 Covered interest arbitrage is based on the 
notion that, in markets where arbitrage is 
active and unrestricted, securities that differ 
only by currency of denomination should 
exhibit fully hedged returns that are 
approximately equal
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History and Background

 Historically, forward trading of currencies was usually 
bundled together with a loan to form a bill of 
exchange – money is borrowed (lent) in one location, 
in a given currency, and repaid (redeemed) in another 
location using a different currency.  Reading: Poitras 
(2000, ch.7)

 Reading on covered interest arbitrage:
History, RSD, p.224-6; Arbitrage Trades, RSD, p.226-40.
(those unfamiliar with CIP go over example on p.227-8).
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Exchange Rates and the Domestic Country

 To implement the covered interest parity condition it 
is necessary to identify which country is the domestic 
and which is the foreign.  (See RSD, Fig. 4.2)

 Observe that FX rates can be quoted in ratio form either 
as $US/$C = .7497 or $C/US$ = 1.3339 – the currency 
on top in the FX ratio is the domestic currency

 Note: different methods are used to quote the FX rate 
(e.g., in East Asia the convention is reversed).
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The Short Arbitrage Condition

 The short condition refers to borrowing in the 
domestic currency and lending offshore, fully 
covering the currency exposure.

The arbitrage profit function for the short arbitrage:
Bs(0) = F(0,1){$Q/S(0)}(1+r*) - Q (1+r) < 0

Here, r is a borrowing rate and r* is a lending rate.
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The Long Arbitrage Condition

 The long arbitrage involves borrowing offshore 
and investing domestic, fully covering the 
currency exposure.

 The long arbitrage condition is:
BL(0) = Q (1+y) - F(0,1){$Q/S(0)}(1+y*)  < 0

Here y is an investing rate and y* is a borrowing 
rate.
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Foreign Exchange Swaps

 The discussion of covered interest arbitrage 
assumes that the trader will do a spot 
exchange transaction and (simultaneously) a 
forward exchange transaction to cover the 
future currency exposure

 As discussed in Lecture 2 (see RSD, Fig. 1.4) 
in practice, to reduce transactions costs, 
these two trades are done as one trade 
known as a foreign exchange swap.
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Covered Interest Parity

 Observing that the long (short) arbitrage condition 
bounds the forward rate above (below), imposing 
perfect market assumptions produces the covered 
interest parity condition:

F(0,T)  = 1 + r(0,T) S(0)    
1 + r*(0,T)

 Exercise: Solve this equation for r(0,T) on the lhs to 
provide a more revealing connection to the terminology 
‘covered interest parity’.
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Solving for the Covered Parity Condition
The solution demonstrates that the domestic interest rate 
(r(0,T)) is equal to the fully hedged foreign rate interest rate 
(r*(0,T)) where the second term on rhs is the cost of hedge
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Contango versus Backwardation in 
Currency Future and Forwards

For F(0,T) = (1 + 2) F(0,T)
If  r(0,T-N) > r*(0,T-N) then 2 > 0 and futures 

price term structure is in contango for CME 
futures prices (where US is the domestic)
Example:  US rates are above Yen rates

If  r(0,T-N) < r*(0,T-N) then 2 > 0 and futures 
price term structure is in backwardation
Example:  US rates are below Aussie rates
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Sample Final Question

 On March 1, 1990 the spot and 3 month forward rates 
for the  Canadian dollar (per US dollar) were $1.1922 
and $1.2072 respectively.  What "risk-free" discount
rate on U.S. dollar instruments would be consistent with 
the interest-rate-parity theorem if the 3 month 
(annualized) risk-free rate on Canadian dollar 
instruments was 13.10%?

 Use the CIP equation to solve.  Remember that US 
discount rates have to be converted from the true yield 
(this is BUS 315).  
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