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Lecture 7  
Tradeoff Between Time Value and Convexity

 Decomposition of multivariate Taylor series 
expansion for the bond price function

 Understanding Time Value
 Time Value, Convexity and Yield Curve Shape
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Fixed Income Portfolio Management
 Possible strategies for fixed income portfolio management:

 classical immunization, where the interest rate sensitivity 
of the cash flows from the fixed income assets and liabilities 
is duration matched with higher asset convexity

 dedication or cash flow matching, where the cash flow 
from the fixed income assets is structured to match the 
requirements of a portfolio of predetermined liabilities; 
difficult to implement in large applications

 “dollar duration matching”, which extends immunization to 
positive surplus situations; classical immunization is zero 
surplus methodology

 horizon matching, a hybrid method which combines 
dedication and immunization methods by dividing the assets 
and liabilities being managed into two parts, one part being 
managed with dedication (when possible) and the other with 
classical immunization
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The Investment Horizon

 A key parameter governing the immunization problem is 
the date at which an obligation is to be discharged, i.e., 
the planning or investment horizon.
 Examples of investment horizon:

 Retirement date for an individual in a pension plan
 Expected payout by a life insurance company in a given 

future year based on the life table
 The maturity date for a GIC

 Most funds have multiple planning periods that are difficult to 
administer using techniques that treat each individual liability  
separately by creating dedicated asset portfolios for each 
liability, i.e., using cash-flow matching.

 The immunization approach handles the different funds associated 
with the different possible planning periods by managing these 
funds as a single investment fund with a single investment horizon.
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Classical Immunization Rules
 Frank Redington (1952), the British actuary that first proposed 

classical immunization, posed the following problem:  What 
allocation of assets and liabilities would minimize a life 
insurance company's possibility of losses from an unexpected 
(instantaneous!) change in market rates of interest?

 Using a Taylor series expansion, Redington derived 
Redington's rules, known as the classical immunization 
conditions, are derived as:
 Duration matching:  Duration of cash inflows equals 

the duration of the outflows.  
 Higher Convexity of Assets: When there is more 

than one planning period for the fund to satisfy, the 
value of the cash inflows should be more "dispersed" 
around the duration than the value of the cash 
outlfows.
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Using Taylor Series Expansions
 Classical Immunization theory employs a Taylor series 

methodology  limitations of immunization theory associated with 
the use of Taylor series

 Taylor series are one of the most important analytical tools in 
applied mathematics

 Simplifications required to use the basic formulas to determine 
the bond price/yield:
 Bond is valued on the issue date or coupon payment date 

 No need to take account of accrued interest.
 It is possible to specify more complicated, exact formulas for price 

between payment dates.
 The bond has no embedded options.
 ‘Straight bonds’ with a bullet maturity are used.
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Taylor Series Expansions
 The basic idea is a specific solution to the more general 

problem of approximation of functions, a topic that has 
occupied mathematicians for centuries.
 The basic idea is solve a more complicated function by using 

an approximation based on a sequence of simpler functions
 In the case of the bond price function, these simpler 

functions are Duration and Convexity
 Taylor series expansion: for a function of one variable, 

f[x], the expansion takes the general form:
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Evaluating the Taylor Series
 The Taylor series expands the univariate function f[x] about 

the point fixed point a, where b # a # c. Each of the 
derivatives in the expansion are evaluated by setting x = a.  
For this expansion to be valid, the function f[x] must have 
derivatives of all orders over [b,c] (some of which can be 
zero).
 There are restrictions on a requiring the fixed point to be in the 

‘radius of convergence’ of the Taylor series

 Term by term inspection of the Taylor reveals how the 
function f[x] is approximated.  
 The first term f[a] is a point, the value of the function 

evaluated at the point x=a.  
 The sum of the first term and the second term is the 

linear approximation to the function about the point a.
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Zero order, First order, Second order and Third order approximations
 Zero order approximation is simply the fixed point around which the 

function is expanded.  In this case, the derivative of the function f[x] is 
evaluated at the point x = a .  The first order approximation is a line 
with slope equal to the first derivative evaluated at the point a (this 
results in a number); the second order expansion is a quadratic, etc. 
see the ‘Taylor series approximation example’ file on class webpage 
for application to the ‘closed form’ of the geometric series
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More on Taylor Series
 The quadratic approximation is achieved by adding the 

squared term in the Taylor series to the linear 
approximation.  (Will this necessarily improve the 
approximation?  Raises the problem of monotonic versus 
uniform convergence for a series) 

 See Figures 5.1 and 5.2  the tangent line would be the 
duration (DUR) approximation while the convexity (CON) 
component is represented by the shaded area

 Application to fixed income valuation: For default and 
option free bonds, the price function is convex in the yield 
to maturity, a condition that easily satisfies the conditions 
required for a Taylor series  to be used. 
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Figures 5.1 and 5.2  (5.a + 5.b)
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Application to Fixed Income Valuation
 It is possible to define the bond price as a multivariate 

function in terms of yield and time, i.e., PB[y,t]. However, 
this is not the case with the classical immunization 
(textbook) results
 For a par bond y0  can be most conveniently chosen as the coupon 

rate, the facilitates interpretation of the results as % changes.

 The textbook explanation for the relationship between 
duration and convexity is to treat the bond price as a 
univariate function of yield, P[y].  Applying a Taylor series 
expansion to this function at some initial yield y0 gives:
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A Tabular Example of the Duration + Convexity approximation to 
the instantaneous % change in the price of the par bond with C = 
10% as interest rates change

 In the next slide, actual % change in the price of a 20 
year par bond as interest rates change by 1 bp, 10bp, 
50 bp, 100 bp (1%), 200 bp, 300 bp is calculated
 These values are then compared with the 

approximation provided by modified duration 
(calculated to be 8.58)  (ΔP / P) = -(D)(Δy), e.g.,  
when r increases by 200 bp then –(8.58)(2%) = 
17.16% is the change estimated by duration (actual 
change computed directly with bond price formula is 
15.05%

 The line below modified duration gives the convexity 
term added
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Calculating the modified Duration for the Example

 Recall that the formula for the annual coupon  
Macaulay duration was derived as: 

 Divide this value by (1 + y) and solve using 
Mathematica to get the modified duration:
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Calculating the Convexity for the example

 Deriving the convexity of an annual coupon par bond gives:

Solving for a value using Mathematica

Evaluating the convexity term gives: 
(½ CON (Δy)2) = ½ 116 (.01) 2  = 0.58%
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The Role of Convexity
 Consider two bond portfolios (A and B), with values PA

and PB .  These portfolios are constructed to have equal 
duration (DA =  DURA = DURB = DB), equal initial yield to 
maturity (y0) and CONA > CONB .

 The impact of an instantaneous interest rate change on 
these two portfolios would be approximately (ignoring 
H.O.T., i.e., higher order terms in the expansion):

 EXERCISE:  Derive this result from the Taylor series 
expansion of P involving DUR and CON
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More on Convexity
 Observing that CON > 0 because, in the simple case, the 

bond pricing function(s) are convex, it follows that 
whether yields go up or down, the portfolio with the 
higher convexity will have a better percentage change in 
price.  
 Application to fixed income portfolios is that the duration 

of the portfolio is the value weighted sum of the 
individual fixed income asset durations

 The same result holds for the convexity
 When the conditions for the simple case are relaxed, e.g., 

for bonds with contingencies, then the classical 
immunization conditions need to be adjusted, if possible.
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Figure 5.4 (5-c)
A graphical 
illustration that 
a bond (or 
simple fixed 
income 
portfolio) with 
higher 
convexity will 
outperform 
whether yields 
increase or 
decrease.
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Bond Trader Example Illustrating Convexity
 SAIS, p.277-78 (p.26 in ‘Supplementary Material for 

Lecture 5’) (see worked example on class webpage in 
Cost or convexity .zip file/ Convexity example).

 The bond trader example: the net investment in the 
position at t = 0 is zero. 

 Comparison of a (barbell) cash + twenty year zero 
coupon assets with five year zero liability.

 The example demonstrates that whether interest rates 
go up or down, the higher convexity position does 
better.
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Description of the Bond Trader Example
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Whether Interest rates go up or down, the net worth in the 
higher convexity asset portfolio increases  is this a 
‘free lunch’?
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Observe what happens if interest rates do not change but 
time is allowed to change.  In this case, the net worth of the 
portfolio falls!

This illustrates the importance of Time Value this point 
will be developed to explain the role of time value/convexity 
tradeoff in the shape of the term structure of interest rates
This result also illustrates the limitations of Taylor series 
interest rate changes are instantaneous, the introduction 
of time into the bond price function P[ y,t ] is necessary to 
theoretically incorporate the role of time.
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The Role of Time Value
 The example demonstrates that when interest rates do not 

change then the time value ( referred to as the theta) will 
favor the lower convexity portfolio.

 Time value is the return earned on portfolio as time passes 
and interest rates don’t change  this would be the price 
increase for a zero coupon bond or the coupon income for 
a par bond
 The use of theta corresponds to the theta of an option 

fundamental PDE for an option relates delta, gamma and 
theta

 The upshot is that the bond price function is multivariate, P[y,t]
instead of univariate P[y]. Need multivariate Taylor series to 
investigate approximation of this type of function.
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Multivariate Taylor Series
 When evaluating derivatives of multivariate functions a 

change in the notation for derivative from d in the 
univariate case to ∂ in the multivariate case
 ∂ refers to the ‘partial derivative’ of the function P with respect 

to y holding t constant or t holding y constant.
 The multivariate Taylor series expansion of the bond price 

function PB[y,t] can be manipulated to produce the result:
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Evaluating the Expansion
 Tables 5.5, 5.6 and 5.7 (SAIS p.281-2; Convexity and Time 

Value link on webpage)
 This is an example illustrating the relative contributions of the terms 

in the Taylor series to the %Δ in P

 Compare Table 5.5 with 5.4; See 16-1 Midterm Convexity-
Time Value Solution on webpage

 The upshot of the information contained in Table 5-7 and the 
Midterm Solution is that the shape of the yield curve imbeds a 
cost of convexity that appears as a time value.  
 Setting duration for two portfolios to be equal will have a 

time value (lower yield) cost that will be traded off against 
the convexity value.
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These results are for semi-annual coupon par bonds with 
annual coupon of 8%  this requires adjusting the
simplified annual coupon par bonds formulas
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Calculating the Macaulay duration for a semi-annual coupon bond 
produces for the 30 year case:
(Observe that the formulas are slightly different than for the annual 
coupon modified duration and convexity given previously!) 
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Interpreting the table:
-- Theta gives the ‘time value’, the coupon return adjusted for the semi-annual coupon 
paying half of the coupon before the end of period (would be .04 for annual)
-- The “New Price” is calculated directly from the bond price formula (as before)
-- The values given below %ΔV give the % contribution to the predicted change in the 
value of the bond from the different components in the multivariate Taylor series 
expansion
-- Notice that the cross product terms and the second derivative for time are, for 
practical purposes equal to zero!
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Calculating the Cost of Convexity

 The cost of convexity is the loss of time value associated 
with the gains associated with higher convexity when 
interest rates changes
 The basic example concerns a fixed income tportfolio with 

a ‘bullet’ liability – a cash flow occurring on a single date –
combined with a ‘barbell’ asset combination combining 
assets with a shorter and longer term to maturity than the 
liability

 Given the asset maturities the value weights (fraction of 
portfolio invested in each asset) are calculated to ensure 
the  that the duration of assets equals the duration of 
the liabilities (see midterm question!)
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Calculating the convexity cost for the 2/2/2010 yield curve 
for a 5 + 30 asset mix against a 15 year liability  need to 
calculate the value weights to ensure that the portfolio 
duration is equal to zero  compare time values
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The first lines calculate the time value of the assets 
using the correct value weights  can be compared 
with the time of the 15 year reading off the yield curve 
of approximate 4%  cost of convexity is about 40 
basis points
The next group of the lines calculate the durations for 
the liabilities and assets and the final lines demonstrate 
that the weights chosen result in a zero duration 
portfolio
Notice that the interest rate level affects the duration 
calculations, if the values from the previous table are 
used incorrectly, the value weights are different and the 
time value of the assets is calculated incorrectly as 
3.75% 
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The Shape of the Yield Curve provides an 
Estimation of the Market’s Expectation of Interest 
rate Volatility

See ‘Time Value-Convexity Tradeoff: Derivation of 
the Formula” and 16-1 Midterm Solution on Class 
Webpage for method of deriving the volatility 
estimate
Observe that the CON and θ values are determined 
from the type of portfolio selected (giving CON) and 
the shape of the yield curve (giving θ), leaving the 
ratio as the market prediction for future (short rate) 
interest rate volatility
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