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Convexity, Time Value
and Immunization

5.1 FIXED INCOME PORTFOLIO MANAGEMENT

titutional considerations

The conventional starting point for an examination of fixed income portfolio manage-
ment is the classical immunization rules. The development of immunization rules
an be traced to Redington (1952) which provides theoretical conditions to address the
eneral problem of ensuring that funds accumulating in a fixed income portfolio are
ufficient to discharge a portfolio of future liabilities. Though Redington considered the
ase of a life insurance company, the rules apply to a wide range of situations. In most
pplications, the liabilities are well defined and the primary source of risk is the impact
f future changes in interest rates on the return from a portfolio of fixed income
ecurities. Tt is possible to generalize the asset portfolio to include other securities than
ust fixed income. More generally, immunization rules can be viewed as strategies for
managing the balance sheet to control the impact of changes in interest rates.

A discussion of immunization strategies typically begins with the properties of fixed
ncome securities, e.g., Bierwag (1987). To motivate the discussion, it is convenient to
onsider the potential interactions between the underlying business and the selection of
ecurities required to address the immunization problem. There are numerous important
pplications of this problem, including management of pension fund portfolios, life
nsurance funds and financial institution portfolios. The structure of the portfolio

management decision will differ depending on the specifics of the underlying business.
or example, a property and casualty company may face the possibility of a large
 Stochastic liability payout that can occur at the single date in the future due to, say,
large hurricane hitting the Florida coast. In contrast, a life insurance company will
typically have a more predictable liability structure due to the connection with the more
. redictable payouts associated with the life table for the pool of policy holders.
Immunization is not the only possible portfolio management strategy that could be
 Used to manage fixed income portfolios or, more generally, the balance sheets of
financial institutions. Four of the most important strategies that can be used are:
dedication or cash flow matching, where the cash flow from the fixed income assets is
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structured to match the requirements of a portfolio of predetermined liabilities; immun-
ization, where the interest rate sensitivity of the cash flows from the fixed income assets
and liabilities is matched (contingent immunization permits the fund manager to incor-
porate expectations into the immunization decision); dollar duration matching, which
extends immunization to positive surplus situations; and, horizon matching, which
combines dedication and immunization methods by dividing the assets and liabilities
being managed into two parts, one part being managed with dedication and the other
with immunization. The selection of a particular method of portfolio management will
depend on the specifics of the situation. For example, if it is not possible to precisely
specify the cash flow requirements associated with the liabilities, then it is not possible
to use cash flow matching.

What is the appropriate strategy to use for, say, a life insurance company? In theory,
the liability structure of a life company will depend on the age and health characteristics
of the pool of policy holders. However, life companies offer a range of products including
whole life, guaranteed insurance contracts (GIC’s) and various of types of bundled and
unbundled fixed income and life contingent securities.! These products may contain
various types of embedded options such as floors, caps and collars. In addition, insur-
ance companies operate in a competitive business environment for the products being
sold requiring premiums and rates of return to be offered that are competitive with
other types of financial intermediaries. Insurance companies are subject to a range of
specific and general regulations, e.g., state insurance laws that impose actuarial restric-
tions on the composition and rate of return of the asset portfolio. Though it may be
possible for insurance companies to employ some cash flow matching, immunization
strategies provide greater potential for achieving competitive advantages from asset
management.

In the US, insurance companies are subject to state regulation though there have been
recent efforts to develop a federal presence. The National Association of Insurance
Commissioners (NAIC) serves the role of bringing state regulators and regulations into
collective agreement facilitating, for example, the reduction in the regulatory burden on
insurance companies operating in multiple state jurisdictions and acting as a vehicle for
the implementation of a collective accreditation program, e.g., Vaughan (2002). An
important element of the NAIC initiatives is the introduction of a risk based capital
system aimed to establish uniform minimum capitalization standards across states, €.g
Barth (2001). Introduced in 1993, the risk based capital (RBC) requirement met consider-
able resistance from the industry due to concerns about onerous capital requirements
being imposed. The evolution of the implementation of RBC requirements reveals that
these concerns were largely unfounded.

A number of useful points can be gleaned from the RBC implementation by insurance
companies. For example, the asset portfolios of most insurance companies, both life and
property/casualty contain a significant amount of non-fixed income securities, such as
equities. By implication this would tend to reduce the applicability of a pure immuniza-
tion model. Yet, despite some qualifications, Barth (2001, p. 240) is able to conclude:

One of the most important outcomes of the RBC system is that the insurance industry itself
now has a better understanding of financial risk. Insurers have long been recognized
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experts on insurable risk, but the new emphasis on financial risk and capitalization have
impfoved not only the safety but also the efficiency of the insurance industry. New private
initiatives into risk measurement and modeling such as dynamic financial analysis and
walue-at-risk are becoming more prevalent throughout the industry.

cognizing the duration and convexity can be interpreted as value-at-risk measures
¢ interest rate changes, e.g., Jorion {2001), the relevance of immunization theory for
o management of insurance companies is apparent.

portfolio management for an insurance company is considerably more complicated
an, say, for a private company pension fund where investment decisions can be more
cused on the sole objective of maximizing the benefits accruing to fund beneficiaries,
bject to the actuarial and legal requirements imposed on pension fund managers, e.g.,
s 87 governing the reporting of changes in pension surplus (deficit) in the firm’s
ancial statements. Following Jorion (2001, ch. 17), value-at-risk modeling can be of
me value in pension fund management, particularly for large funds that are involved
active trading. As such, classical immunization theory has value for the management
interest rate risk. However, much like insurance companies, the asset portfolios of
st pension funds are invested in a range of interest sensitive and interest insensitive
yssets. As such, the connection may not be as clean as desired. Arguably, it is institutions
uch as commercial banks that provide the most important application for immuniza-

n strategies.

. Many banking institutions fall within the scope of the risk based capital requirements
that evolved from the 1988 Basle Accord and the subsequent revisions of 1996 and
999. These accords institutionalize the use of risk management techniques such as
value-at-risk for the assessment of capital requirements. This development lends consid-
rable support to the importance of immunization methods when it is recognized that
anking institutions in the US are subject to a range of regulations that restrict the
alance sheet to largely interest sensitive securities. For example, there are restrictions
n the ability of commercial banks to invest directly in equity securities. In addition,
the large number of stochastic inflows and outflows make it impractical, if not imposs-
ble, for banking institutions to use cash flow matching.

ssical immunization

or pedagogical purposes, it is convenient to develop theoretical conditions for immun-
zation under the assumptions of perfect markets. Particular assumptions can then be
elaxed to allow the immunization conditions to be adapted to a specific situation. A
Y parameter governing the immunization problem is the date at which an obligation
S to be discharged, i.e., the planning or investment horizon. The selection of the
nvestment: horizon is a problem for funds that have multiple planning periods
making it difficult to administer using techniques that treat each individual liability
Cparately by creating dedicated portfolios for each liability, i.e., using cash flow matching.
The advantage of the immunization approach to portfolio management is that it is
ossible to treat all the different funds associated with the different possible planning
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periods and manage these funds as a single investment fund with a single investment
horizon.

The initial statement and solution of the classical immunization problem is due tg
F.M. Redington (1952), a British actuary. Redington posed the following problem: What
allocation of assets and liabilities would minimize a life insurance company’s possibility
of losses from unexpected changes in market rates of interest? If the initial difference
between the market value of assets and liabilities is greater than or equal to zero,
Redington proposed that if fund managers adhere to two rules there would be sufficient
assets in the portfolio to discharge the liabilities. Redington’s rules, known as the classical
immunization conditions, are:

1 Duration matching: duration of cash inflows equals the duration of the outflows:;
2 Higher convexity of assets: when there is more than one planning period for the fund
to satisfy, the value of the cash inflows should be more “dispersed” around the
duration than the value of the cash outflows.?

Together, (1) and (2) form the basis of the classical immunization approach to fixed
income portfolio analysis.

Redington (1952, p. 290} derived these rules by specifying the “present value of the
liability outgo” (V;) and the “present value of the asset-proceeds” (V,), both discounted
at the same rate of interest. These two present values are then assumed to be equal with
“any excess being ‘free’ funds to be separately invested.” This means that Redington
was not assuming a zero surplus fund, per se, but was modeling the immunization
problem by creating a segmented problem with the surplus considered separately.
Redington then evaluates the impact of a change in the interest rate using a Taylor
series expansion (see section 5.2). Using the & form of the expansion (see endnote 4),
Redington states the expansion as:

d(VA - VL) + E_z_ dz(VA - VL) +
dy 2! dy?

Vi-Vi=(V,-Vi)+e

Redington then observes that the first term will be zero by assumption and: “In practice
the first derivative is the most important for small changes of the rate of interest and
I shall define a fund as immunized if the assets are invested so that {d(V, — V,)/dy]
is zero.”

Redington deals with the convexity term by observing that if [d*(V, — V;)/dy’] > O
then any change in interest “will result in a profit to the fund so long as the change is
not so large that the higher terms in the expansion begin to take effect.” Redington felt
that higher convexity for assets relative to liabilities was “desirable” but used illustrations
that showed “the point is not of great importance.” Redington then states the theoretical
conditions for “a satisfactory immunization policy” by specifying that the first derivative
in the Taylor series be zero, i.e., equate the duration of assets and liabilities, and that
the second derivative be positive, i.e., the convexity of assets be greater than the
convexity of the liabilities. Given this result, the bulk of Redington (1952) is concerned
with developing the implications of these immunization rules. For example, Redington
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991] recognizes that the perpetuity represents a limit to the possible asset duration,
_ the possibﬂity of a duration gap is identified. There are so many insights contained
Redington (1952) that the contribution can still be considered required reading for
ose secking to understand the application of immunization theory.

Introductory presentations of the classical immunization conditions assume there is
e planning period and a liability with a single payout at a specific date in the future.
this case only the duration matching condition need be considered as the convexity
ondition is automatically satisfied. This leads to the result: when the initial market
alue of assets and liabilities is zero (there is no fund surplus or the surplus is treated
narately) then immunization occurs when the Macaulay duration of assets equals the
Macaulay duration of liabilities. The basic idea behind duration matching in this case
equires assuming one planning period and that the liability is in the form of a single
sh flow that has to be paid at T, the end of the investment horizon, and that there are
nly coupon bonds available for investment. If only one bond is purchased to fund the
iability, duration matching requires that the liability be covered by buying a coupon
ond with a longer term to maturity than the investment horizon. Term to maturity
matching of the liability and the asset will fail.

_ Redington summaries the logic of the immunization rule for a life insurance company as:

A sceptical reader may ask how it is possible to immunize existing business when, even if
no new business is written, the funds will continue to grow for some years, and require the
. investment of that growth at unknown rates of interest. The verbal answer to this question
__is that, if the rate of interest falls, there will be a shortfall in the yield on the future
_ investments which have to be made, but there will be an exactly balancing excess in the
appreciation of existing investments which have been invested for longer terms than the
liabilities they have to meet.

n other words, there are two risks from holding the bond: (1) coupon reinvestment
isk; and; (2) risk of capital gain or loss on the bond when it is sold at the end of the
vestment horizon. Duration matching implies that the time required for investment
ccumulation associated with coupon reinvestment to offset any capital gain or loss
om changing yields is exactly equal to the initial duration. Taking T to be the length
f the investment horizon (the payout date on the single liability in the simple case),
f D, > T then the capital gain or loss will dominate the coupon reinvestment return.
f D, < T the coupon reinvestment return will exceed the capital gain or loss.

As Redington explicitly recognized, immunization requires that the portfolio be
ebalanced as time goes on, e.g., after each coupon payment date, in order to ensure
1at the durations of assets and liabilities are equal. “The equations define the position
t a moment of time. Their solutions change continuously.” In the case of a life
fiSurance company, these changes could be due to “changes in the constitution of the
usiness” or, “for a fixed block of business,” due to the diminishing term to maturity of
I€ assets and liabilities with the passage of time. Redington recognizes that cash flow
atching (“‘absolute’ matching”) is a specific case of immunization where all the terms
the Taylor series are zero and changes in the rate of interest will have no impact
however violent.” In addition, Redington recognizes: “The theory would be difficult to
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interpret in practice because of the existence of such assets as equity shares, properties,
mortgages on an open basis, and so on. Either the income, or the term, or both, of many
assets are indeterminate.”

Classical immunization theory is, at heart, a hedging theory. As Redington observes
“It has to be remembered that apart from the minor second derivative profits  the
immunization is against profit as well as loss.” Duration measures the %AP, when
yields change instantaneously, it is not a measure of the return on a bond. For example,
consider the case of a zero coupon bond. If the change in yields is zero the return is
obtained as the price of the bond increases over time. Similarly, if yields do not change,
then the price of par bonds will not change but the return will be obtained by the
receipt of coupon income. Duration does not provide any guidance about return in
these situations. However, it is possible to use immunization methods to design profit-
able strategies such as those aimed at “riding the yield curve.” Similarly, contingent
immunization theory can be used to model key problems in the fund management, such
as surplus immunization, and in the management of financial institutions seeking

duration gap management.

Portfolio management of international bond portfolios

Classical immunization proposes rules involving the duration and convexity of assets
and liabilities. In this approach to fixed income portfolio management, duration is
interpreted as the elasticity of the bond price with respect to (1 + y). Even if the problem

of currency translation is ignored, the extension of domestic duration to foreign bond

prices still poses a problem:

1+y dPy  1+y 1+ 3y dPy  dl + yy)
Py dll+ ) 1+y, Py dit + y,) dit +y)

14y APy l+yd(1+yf)_D*
- - vr ‘anu)’
Py dl+ yp) 1+ yy da + y)

where Py is the price of the foreign bond denominated in foreign currency terms, ¥y is
the yield on the foreign bond, and D/ is the Macaulay duration {foreign duration)
measured as the elasticity of the foreign bond price with respect to the foreign yield.
This result shows that the elasticity of the foreign bond price with respect to a change
in domestic interest rates is the product of two elasticities: the foreign duration, i.e., the
elasticity of the foreign bond price with respect to (1 + y;); and, the elasticity of the
foreign interest rate with respect to the domestic interest rate.

Given this, it follows that unless changes in foreign and domestic interest rates are
highly correlated, then domestic duration will not be a useful measure of interest rate
risk for a foreign bond. To get some idea of the size of the relationship between foreign
and domestic interest rates, consider the correlation coefficients for changes in monthly
10 year government bond interest rates across major industrialized countries observed
from 2/84 to 09/90 given in table 5.1. (By construction, these bond interest rates are
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calculated in terms of the currency of issue.) Though there is a high correlatio
8339 between the US/Canada, correlations are typically much lower with Italy

the UK, two members of the European Monetary System (EMS), even exhibiting

negative correlations. (The EMS was a precursor of the European Monetary Un
As indicated by the bracketed correlation coefficients in table 5.1, empirical evid

from other sources for different sample periods indicates that there is some variation

when different samples are used. On balance, these empirical results confirm
duration for foreign bonds (measured in terms of domestic interest rate changes)
tend to be inaccurate indicators of the price elasticity with respect to domestic int
rate changes.

Following Dym (1992) and Thomas and Willner {1997), it is possible to extend the
duration measure to produce a risk measure for the change in a bond price, measured
in terms of the issue currency. Recalling that the total derivative of In[r], d{In[x]}

(1/x) dx = dx/x, manipulation of the duration formula gives:

AP,

Bf

d{In[Pyl} = = —D* - d{In[1 + v/}

This form directly illustrates the role played by duration in translating yield changes
into bond price changes. A risk measure associated with domestic returns now follows

from evaluating the standard deviation of dP/P:
RM = Risk = std[dPy/Pg] = (D*) std[d{In[1 + y)]}]

where std [ - ] is the standard deviation operator. The resulting decomposition o

right hand side of the equation, together with the calculated risk measure, is provided

in table 5.2. The large difference in the local yield volatility is apparent. Contrary t

Table 5.2 Government bond interest rate risk measures, February 1984~0ctober 1990°

n of
and

ion).
ence

that

will
erest

f the

o the

Macaulay Yield volatility Average RM (risk
Country duration (x100) yield (%) measure) B (beta)
Canada 6.34 0.3867 10.55 0.0222 1.0838
France 6.48 0.3695 10.29 0.0217 0.6871
Ttaly 6.07 0.7696 12.19 0.0416 0.6052
Japan 7.33 0.3286 5.52 0.0228 0.8226
Netherlands 6.84 0.2366 7.16 0.0151 0.4767
Switzerland 7.35 0.1876 7.87 0.0128 0.2514
UK 6.22 0.4439 10.49 0.0250 0.7528
W. Germany 6.86 0.2503 7.01 0.0160 0.6018
us 6.92 0.3878 9.25 0.0246 1.1874

* B measures the change in the foreign government bond yield relative to changes in the Merrill Lynch

Global Bond index measure of global interest rates.
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rediction of the simple duration model, the riskiest bonds do not have the highest
stions. Quite the opposite, the highest duration bond (Switzerland) has the lowest
and the lowest duration bond (Italy) has the highest risk.
Ultimately, the domestic (US) currency return on a foreign bond requires incorporat-
exchange risk. In addition, it is useful to decompose a given bond interest volatility
nta the influence of local and global interest rate movements, where the global com-
onent is measured by a market size weighted average of long-term bond rates of
1dustrialized countries as measured by the Merrill-Lynch global bond market index.
1 this case, a CAPM-type model for bond pricing can be introduced:

Al + ) = Ay =BAIl+ Au

here [ is the global interest rate and u is the random error term representing the
ountry specific (local) component. Estimates for B are provided in table 5.2. Assuming
ndependence of u and I gives:

var[A(1 + y)] = B* var[A(1 + I)] + var[A(1 + W]

here var[ - | is the variance operator. This result can be used to decompose the
omestic currency denominated interest rate risk of a foreign bond into local and global

The results for bond returns denominated in the currency of issue confirm, to a certain
tent, the importance of the composition of the global portfolio. This is reflected in the
ze of the global component in the individual country measures for interest rate risk.
iven this, correlations among changes in the local factors (not reported) are typically
mall for the non-EMS currencies. Correlations between EMS currencies and the curren-
es that compose the bulk of the global market portfolio, i.e., Japan and the US, are
typically negative. Given this information on the risk structure of the domestic currency
enominated bond returns, it is now possible to extend the analysis to permit the return
{ each bond to be valued in US dollars. In this case the bond’s US dollar value at time
Wit), will equal Pg(t)/S(¢), where S(t) is measured in foreign (not US) direct terms.
aking logs and first differences gives:

AlnV=-D* - Aln[1 +y] - Alne

here e = dS/S. Given this it is now possible to determine a domestic currency denomin-
ed risk measure that accounts for the risks of local and global interest rates and the
exchange rate.
_ The procedure for developing the measure extends the method used for table 5.2.
Consider first:

std [Am[V]] = \/(D*)Z var[Aln[1 + y,]1 + var[AInle]] + 2D* cov[AIn[1 + y,], Aln[e]]

Where coy[ - ] is the covariance operator. Following Dym (1992, pp. 87-8), it is now
Dossible to substitute the CAPM-type model of interest rates for A(1 + ¥s) to provide
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Table 5.3 Components of the risk of the domestic currency return for foreign government

bonds divided by total foreign bond risk, February 1984-October 1990°
Global interest/ Local interest/

Global Local Exchange  exchange rate exchange rate
Country interest rate interest rate rate covariance covariance
Canada 0.4226 0.2485 0.1834 0.0780 0.0672
France 0.0860 0.2255 0.6304 0.1005 -0.0425
Italy 0.0313 0.6013 0.3210 0.0501 ~0.0039
Japan 0.1254 0.1233 0.5285 0.1533 0.0692
Netherlands 0.0469 0.0967 0.6951 0.0845 0.0766
Switzerland 0.0154 0.0908 0.7623 0.0516 0.0797
UK 0.0575 0.1914 0.4639 0.0518 0.2352
W. Germany 0.0746 0.0858 0.6561 0.1111 0.0722
Us 0.7421 0.2579 — - -
* All values are expressed in terms of shares of std[A In[V]] where std is the standard deviation and V is

the domestic (US) currency value of the foreign government bond. Values may not sum to one due to
rounding error.
Source: Adapted from Dym (1992)

a decomposition of foreign bond risk into the relevant components associated with
global interest rate risk, local interest rate risk and exchange rate risk. Recognizing
that the local and global interest rate components have no covariance by construction;
there will also be covariance terms for the exchange rate with the global and local
interest rate components. Dividing these risk components by std[A In[V']] reexpresses
the values in terms of percentage contribution to the total risk. These results are given
in table 5.3.

Examination of table 5.3 reveals that, for a US investor, the addition that currency
risk makes to total risk is similar to the results reported in table 1.14. More pre-
cisely, though there is significant variation in the exchange rate component across
countries, the general result is that the bulk of the risk associated with unhedged
holding of foreign government bonds is associated with the exchange rate. Excluding
Canada and Italy, the impact of global and local interest rate changes is not much
different from the covariance parts. In the Canadian case, the relatively stable
US$/C$ exchange rate results in the contribution of currency risk to total risk for
Canadian bonds being well below 20%. Another exception is Italy where more than
60% of the total risk was due to the local interest rate component. A number of
countries exhibited high positive covariance terms, either with the global or local
interest rate component. The variation in the local interest rate/exchange rate covariance
shares could be partially due to the use of domestic interest rate policy to control the
spot exchange rate.
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5 MATHEMATICS FOR ADVANCED FIXED INCOME ANALYSIS*

or SEries solutions*

e Taylor series expansion is one of the most practical and widely used tools of real
alysis, ¢.8- Rudin (1964}. The technique is a special type of power series expansion
4t applies to analytic functions. The basic idea is a specific solution to the more
neral problem of approximation of functions, a topic that has occupied mathemati-
ns for centuries. Functions appear in a wide range of situations. Real analysis is
ncerned with functions defined using real variables, i.e., defined over a subset of the
4l line (RY) for functions of one variable and R' x R' x...for functions of n
riables. The restriction that the function be “analytic” imposes further conditions on
e funiction: For a function of one variable, these conditions are that the function be
atinuous and differentiable in the interval of convergence of the power series. In
ed income security analysis, the main function of interest is the value or price
ction. For default and option free bonds, the price function is convex in the yield to
maturity, a property that easily satisfies the conditions required for a Taylor series to be
used. With appropriate restrictions, Taylor series expansions can be used to extend the
: alysis to bonds with option features or the possibility of default.

The Taylor series technique can be illustrated by making a comparison between the
discrete and continuous forms of discounting operators (where #* is the fraction of the
sear remaining to maturity). Observe that for #* < 1 with the continuous discounting
perator In[exp{—rt*}] = —rt*, the corresponding In[(1 + r¢*)7"] for the discrete com-
ounding case does not provide a similar simple solution but can be evaluated by
aking a Taylor series expansion. For a function of one variable, this expansion takes
the general form:*

——(xr —a) + }—ﬁlfﬂﬂ(x —a) + 1 4flal
dx 20 dx? 3! dx?

(x—af +...

n other words, any function f[x] that has continuous derivatives over some interval
b, ] can be equivalently expressed as the converging infinite sum provided by the
laylor series. This expression expands the univariate function f[x] about the fixed point
» Where b < a < c. Each of the derivatives in the expansion are evaluated by setting x
a. For this expansion to be valid, the function f[x] must have derivatives of all orders
ver [b, c] (some of which can be zero).
Term by term inspection of the Taylor series reveals how the function flx] is appro-
Ximated. The first term fla] is a point, the value of the function evaluated at the point
= a. The sum of the first term and the second term is the linear approximation to the
function about the point a. Assuming that f[x] is the price function for a default and
plion free bond, the linear approximation is illustrated in figure 5.1. Taking into
tcount the third term in the Taylor series involves using a quadratic approximation.
The implications of this are illustrated in figure 5.2. As illustrated, even though the
Ssumed function is convex, it does not follow that a quadratic approximation will
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y
Figure 5.1 Linear approximation to a convex function
Ply]
Quadratic _—____—__,__.,;
component
y

Figure 5.2 Quadratic approximation to a convex function
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vide an exact fit to the function. In addition, because a Taylor series only possesses
¢ property of uniform convergence, it does not follow that taking an additional term
+o account will necessarily produce a closer approximation. All that the Cauchy criterion
 uniform convergence ensures is that if enough terms are taken into account then the

roximation will be within € of the true function, for all € > 0.

: A Taylor series is a specific form of the more general mathematical concept of a
ower series. Other types of power series can also be used to represent an admissible
nction as an expansion expressed as an infinite converging sum. Examples of such
pansions occur frequently, particularly in mathematical statistics. Some of the more
portant are the Edgeworth expansion, Cornish-Fisher expansion and the Gram-Charlier
pansion. The various types of power series are distinguished primarily in the method
ed for determining the coefficients for each of the terms in the expansion. The selection
r one method of expansion over another depends on the specifics of the function being
amined and the use required for the expansion. The Taylor series uses derivatives of
¢ function flx] in order to determine the coefficients. An important special case of the
aylor series occurs where zero is used as the fixed point in the expansion. This form of
e Taylor series is sometimes referred to as a Maclaurin series.

Applied to the function fTr} = In[(1 + rt*)'] evaluated around the origin (a = 0) gives:

—Inll + rt¥ = {ln[l +(0)] + 1+ O -0

(r—OF +—

(2] 1 t B
(0) 42 321+ (0

—{0 4 rt* — rF 4 PO -

or small 1, say r is .1, the terms involving squares, cubes and so on will be relatively

mall and the expansion reduces to In[1/(1 + rt*)] being approximately equal to —rt*,
which is the same as the exact value given when the log of the continuous discounting
operator was evaluated. Using this approach, the difference between the continuous and

screte interest rates can be represented by the higher order terms which are being

nored in the Taylor series expansion. Application of the Taylor series to the geometric
discounting operator produces: In[(1 + N = =t* In[(1 + r)] which is also approx-
imately ~rt*. However, unlike the linear form where the approximation to the log was
taken for (1 + r#*), this approximation is —#* times In[1 + r] which will, generally,
produce a different error of approximation.

This discussion can also be used to clarify an approximation that is commonly used
in financial calculation: In[1 + x] is approximately equal to x when x is small. The
question this operation raises is: how small can x be in order to ensure that substitution
of r for In[1 + x] does not produce sizeable errors of approximation? Examining the
Taylor series for In[1 + x] reveals that the square of x must be small relative to x. For
&ample, if x is .1 then x* = .01 which, for many applications, is sufficiently small to
?ermit the approximation. Similarly, if x = .05 then x* = .0025, and the approximation
15 again admissible in many situations. However, for x = .5, x* = .25, a value which is
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not small relative to x. In practice, the admissibility of the approximation will depend on
the specific type of problem in which the approximation is used. It is always possible to
improve the approximation by taking account of higher order terms in the expansion.

For present purposes, the application involves applying the Taylor series expansion to
the bond price function. P[y]. This application goes back at least to Redington (1952).
While it is possible to define the bond price function in terms of yield and time, ie,;
P[y, t], the conventional textbook explanation for the relationship between duration
and convexity, e.g., Fabozzi (1993, ch. 4), is to treat the bond price as a univariate
function of yield. Applying a Taylor series expansion to this function gives:

(y — v +... HOT.

dP 1 d*P

Pyly] = Pylyol + —Ey—(y ~ Yol + 7

Polyl = Bslyo] _ _pyp(y - y,) + - CON(y = 30
PB[yO] 2

where DUR = D and CON are the modified duration and convexity of the bond. This
result can be used to show that for two different fixed income portfolios, with equal
initial yield and duration, that the higher convexity portfolio will have a more favorable
percentage change in price, whether yields go up or down (see section 5.3 below).

As demonstrated by Christensen and Sorensen (1994) and others, this analysis is incom-~
plete because the bond price function can be modeled as a function of two variables,
yield and time. This expansion involves the application of a multivariate Taylor series:

L C M
Pgly, 1= + :
LSRR Mo TR
oP oP
= PB[yO! to] + 5;;(3) - yo) + E:(t - to)
1]0%P 0*P o0*P
+—2"{_a—y_2—(y—yo)2+—a—;‘£‘(t—t0)2}+5;5;(y—"yo)(t-"to)'i‘...H.O.T.

Dividing through by P [y, £,]will produce the familiar expansion in terms of modified
duration, convexity, theta and the cross product terms, e.g., Jordan and Chance (1995),
Kang and Chen (2002). Though this expansion does clarify certain points, there are also
some limitations in arriving at conclusions based on this form of the expansion (see

section 5.3 below).

Stochastic processes and Ito’s lemma*

BAsIC BACKGROUND

As discussed in section 1.3, the theory of stochastic processes describes the behavior of
random variables, the X(t)’s, over time, t € %. A random variable is a function which
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< from a prespecified domain, or sample space, to some portion of the real line, R'.
certainl financial applications, e.g., where X refers to a security price, X takes values
on the positive, half line. In this case as well as when the X values are allowed to
ume any value along the real line, it is conventional to assume that there is a zero
hability of X being equal to plus or minus infinity. When ¢ is fixed at a given point,
) has the conventional interpretation of a random variable, with associated (one-
ensional) probability density function. Specification of the stochastic process for X
uires further specification of the joint density functions that relate X's at different
ats in time: the joint densities provide a probabilistic specification of how X evolves
or time. This potentially complicated mapping can involve various combinations
discrete or continuous observations on X and ¢. While in financial applications X
usually continuous, time can be either. The terms discrete stochastic process and
atinuous stochastic process are used to refer to the time intervals at which X(t) is
bserved. Applications of stochastic processes have contributed significantly in numerous
1ds, e.g., engineering, physics, biology and statistics.
A number of important notions from stochastic processes have received considerable
ention in modern Finance. While martingales and random walks are possibly the
st familiar,®> most of the literature on option pricing is developed using diffusion
ocesses. These concepts are all closely related. Diffusions are (strong) Markov processes,
atinuous in both X and # In turn, diffusions are constructed from Weiner processes
vhich are the continuous time representation of a discrete time random walk. Both types
f processes obey the martingale property. The essential concept of a Markov process is
most readily illustrated in discrete time. Using the conditional probability distribution
Pr[], the Markov property can be stated:

PriX(t+ 1) =j|X(0)=a, X(1) = b, X(2) =c...
= Pr[X(t + 1) = j| X(t) = 5]

n effect, the Markov process is “memoryless,” the past and future are statistically
independent when the present is known.
 While there are a number of subtle technical issues associated with the precise
definition of Markov process, Markov families and diffusions (e.g., Rogers and Williams
1987), for current purposes it is sufficient to define a diffusion process as a Markov
ocess in which both time and the state variable X are continuous. When expressed in
the form of a stochastic differential equation (SDE), diffusions can be used to concisely
specify the joint density functions for the stochastic process. To adequately motivate
stochastic differential equations, it is necessary to develop the basic concept of a Weiner
process as the limit of a discrete “normal” random walk, defined by a stochastic difference
equation. The discrete random walk, without drift, has the form:

X(t+1) = X(t) + Z(t + 1) where X(0) =0, and t € {1, 2,3...}

where Z(1), Z(2), Z(3) . . . form a stochastic process of independent random variables with
ﬂle standard normal probability distribution: Z(t) ~ N[0, 1]. In other words, over the unit
time interval (At = 1) Z(¢) is a normal random variable with mean 0 and variance of one.
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TYPES OF DIFFUSIONS

Consider what happens to a normal random walk as the time interval At shrinks. In this
case, Z(t + At} is no longer N(0, 1], but rather N[0, At] (e.g., Poitras 2002, pp. 545-6)
where the random walk now has the form (see section 10.4):

X+ At) = X(t) + Z(t + At) = X(1) + Z(t) At

Reexpressing in difference form and using:

lim At = dt

At—>0

Gives the stochastic differential equation for the standard Weiner process:

dX(t) = Z()Ndt = dX(t) = dW(t)

W(t) is usually referred to as a standard Weiner process with a unit variance para-
meter. The terminology “Gaussian process” or “Brownian motion” is also used. As discussed
in section 1.3, the ensemble of sample paths for W(t) conform to the evolution of a
random variable that is standard normal on the unit time interval.

Geometrically, the behavior of the standard Weiner process can be illustrated in two
dimensions by taking X(t) on the vertical axis and time on the horizontal axis. Starting
from X(0), which is a predetermined point, the Weiner process specifies an infinite
number of possible paths originating from X(0). The pattern of these paths conform to
N[0, At]. To see this, select any time f, > 0, take a “slice” across the X paths and plot
the distribution of the paths. The distribution of the paths will be a normal distribution,
centered at X(0), with variance f,. Similarly, doing the same “slicing” operation for
another time ¢, > ¢, and evaluating the density associated with the ensemble of X time
paths will again produce a normal distribution, centered at X(0), but with a larger
dispersion. In this fashion, it is possible to make a connection with the distribution
theory, familiar from traditional statistics, which is concerned with variables at a given
point in time. The SDE technique is a method of describing the evolution over time of
random variables that are functions of the class of normal random variables.

The Weiner process can be immediately generalized to allow for non-zero drift and
variance that differs from A¢. When a trend or “drift” term p and standard deviation
o (# 1) are admitted then the arithmetic Gaussian stochastic process (with constant
coefficients | and o) is defined:

dX(t) = ndt + cdWit)

This constant coefficient process is also referred to as an arithmetic or absolute Brownian
motion, e.g., Poitras (1998). The ensemble of time paths for this process are also normal
but differ from the standard Weiner process by allowing for a different amount of
variation around a constant trend. The standard Weiner process can be used to con-
struct a wide range of SDE’s, each of which is associated with a different specification
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the joint density of the stochastic process. The construction of the Weiner process
uires these densities to be functionally connected to the normal.

n general, the drift and standard deviation can be functions of both the state
~ble and time, such that alx, t] is the drift and Blx, ¢] is the volatility. Consider, a
ple form of state dependence, where alx, t] = uX and B[x, t] = oX, with u and &

g constants:
AX(t) = pXdt + cXdW(t) = dX(t)/X = pdi + odW(t)

this case, the instantaneous rate of change (dX/X) follows a Gaussian process. For
reason, the terms geometric Gaussian process or geometric Brownian motion are
etimes used to identify this process. It can be shown that for the geometric Gaussian

ocess the paths of X(¢) correspond to a process that is lognormally distributed at each
int in time. This is important for cases where X(t) refers to prices which, like
snormal variables, cannot be negative (for X(0) > 0).5

The geometric Brownian motion has an important position in option pricing theory.
lack and Scholes (1973) use this process to describe the behavior of the stock price in
eriving their European option pricing formula. The process is often encountered in a
ariety of option pricing situations because geometric Brownian motion usually leads to
relatively simple closed form solution. While the empirical validity of this assumption
in be questioned, the process is sufficiently close to real world processes that in many
ses a reasonable approximation is provided.” However, in the case of fixed income
curities and’ interest rates, geometric Brownian motion has definite limitations. For
xample, the price of fixed income securities such as Thills or Thonds will converge to
e par value on the maturity date, which is inconsistent with unrestricted geometric
rownian motion. Even where the interest rate instead of the price is used as the
ochastic variable, there is considerable evidence that the empirical process exhibits
ean reversion, a property that is not consistent with geometric Brownian motion.
Despite the empirical limitations, it is still possible to use geometric Brownian motion

the process for stochastic modeling of interest rate behavior. For various reasons, it
_useful to know the mean and variance of an assumed diffusion process. For example,
key step in the risk neutral valuation of the European option requires this result. For
cometric Brownian motion:

[X(O)zezm[eolr - 1]

ese results are derived by directly evaluating the expectations. Applications of these
sults appear, for example, in the risk-neutral derivation of the Black-Scholes option
ticing formula, e.g., Poitras (2002, ch. 8).

An important class of processes that is exploited in some pricing of options and

ochastic modeling of interest rates are the variations of the regular Ornstein-Uhlenbeck
UJ process:®

dX(t) = oXdt + cdW(z)
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Observe that an OU process has a positive probability of having negative values. In
financial applications, the OU process is often presented as a mean reverting process:

dX(t) = alp — X1dt + odW(t)

where o can be interpreted as the speed of adjustment of X(t) to the steady state mean
u. Different variations of the OU process have appeared. For example, Brennan and
Schwartz (1979) and many others use the process:

ax(t) = afp - Xldt + oXdWit)

In this case, dX/X reduces to a mean-reverting OU.

Unlike the geometric and arithmetic Brownian motions, the X(t) distribution associ-
ated with the OU process changes over time. At any time f, X(¢) is governed by a
non-steady state distribution which is normal but with conditional means and variances
that are time dependent, e.g., Cox and Miller (1965, pp. 225-7). For the regular OU:

ol — )
20

Asymptotically, as ¢ — oo then the OU converges to a normal steady state distribution
with mean zero and variance 6%/20.. This damping behavior of the OU is different from
the geometric Brownian motion which increases indefinitely as t — eo. Similarly, the
mean-reverting OU has conditional parameters:

E[X(#)] = u + (X(0) — we™ var[ X(t)] = %;— {1 - e

As t — oo then the mean-reverting OU converges to a steady state normal distribution
with mean p and variance G?%/20.

Cox, Ingersoll and Ross {1985) and others use a diffusion process, the square root
process, in which volatility depends on the square root of X. In mean-reverting form,
the SDE for this process is represented:

dX(t) = alp — X]dt + o~ X dW(r)

This process can be shown to be the continuous limit of a noncentral chi-squared distri-
bution. In turn, the square root process is a special case of the more general constant
elasticity of variance (CEV) process:

dX(t) = oXdt + cXP2dW(z)

where B € [0, 2). Unlike the other diffusions examined to this point, the CEV model
describes a class of processes defined over the range of B. For § = 1, the CEV process is
equivalent to a square root process. For § = 2, the process is lognormal.
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e Brownian bridge process is a development on the Brownian motion process that
rates a drift term which forces the process to a fixed endpoint. For a Brownian

0
o hat starts at zero and ends at zero, the unit variance process takes the

dge process t

4x(t) = —X(0)/(T — r)dt + dW(t)

é Brownian bridge process has been used in a number of papers, e.g., Ball and Torous
g3), Chiang and Okunev (1993), to model the bond price process. For this purpose,
. Brownian bridge is attractive because the bond price converges to par value as the
rm to maturity endpoint is approached. Cheng (1991) explores problems that assum-
4 Brownian bridge has for arbitrage free pricing.
Unfortunately, the number of diffusion processes for which readily interpretable
aditional probability densities can be derived is limited. While the density function
the general CEV process has been derived, the formula is complicated. In addition to
processes already described and immediate extensions, such as the Brownian bridge,
e only other class of processes that have manageable density functions are Bessel
ocesses which, in squared form, have the representation: dX(t) = odt + 24X dW(i).
< form of the Bessel process is typically used because the associated densities are
ble under convolutions, a useful property not shared by geometric Brownian motion.
'or example, Geman and Yor (1993) use this process to model the pricing of perpetu-
s and Asian options. In general, while not always the best empirical fit to the
{ribution. for financial random variables, the analytical advantages of diffusion pro-
ses have played important roles in the application of stochastic processes to prob-
ems in finance and economics.’
_ With relatively little analytical complication, the general SDE model can be extended
o include jump processes. One of the properties of the diffusion is the continuity of its
mple paths. This property can be generalized to permit certain types of jumps in the
tate variable to take place, usually modeled as a Poisson event process. In other words,
he sample paths of the diffusion are continuous except at a countable number of
iscontinuity points, where the jumps are generated by a Poisson process. In this case,
e SDE can be written:

ax{t) = alx, tldt + olx, t]dW(z) + vlx, t1d0(t)

:here vlx, t} obeys the same technical conditions imposed on o and &, and dQ(¢) is a
0isson process assumed to be distributed independently of W(t)."° For this type of SDE,
aere is a generalized form of lto’s lemma, e.g., Malliaris and Brock (1982, p. 122). The
sefulness of this result in applications is that it, theoretically, permits the valuation of
umps in the underlying process, e.g., Merton (1976), Cox and Ross (1976).

MPIRICAL EVIDENCE ON STOCHASTIC PROCESSES FOR INTEREST RATES

iven all the possible diffusion processes that could be selected, it is natural to ask the
uestion: what is the appropriate SDE to use for modelling an interest rate process?"’
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The answer to this question depends on the problem that the SDE is being used to
analyse. In many applications, e.g., where the problem involves a one-factor model of
the term structure, the objective is to select the SDE that has the best empirical fit to the
short term interest rate that, in turn, may be used to determine the term structure of
interest rates. Such applications arise in pricing interest rate contingent claims, includ-
ing interest rate derivatives, bonds with embedded options and swaptions. The importance
of determining the appropriate SDE (or non-linear discrete process) for the interest rate
process has not escaped the proponents of modern Finance. Since the early 1990s, an
impressive number of articles have been dedicated to this topic. Yet, Chapman and
Pearson (2001, p. 91) conclude: “After all this research, we know a few important facts
about the evolution of interest rates. Unfortunately, the list of things we do not know
is as long as the list of things we do know.”

The connection of this statement with the philosophical discussion in part I is diffi-
cult to ignore. However, it is still instructive to consider what “few important facts”
have been identified. Chapman and Pearson {2001, p. 78) start with three “stylized
facts” about short term interest rates:

Short rate fact #1: The short-rate series is a “persistent” time series; that is, it spends long
consecutive periods above or below the (sample estimate of the) unconditional, or long-run,
mean.

Short rate fact #2: In the 1979-82 period, the average level and volatility of the short rate
was substantially higher than for other years in the 1971-2000 period.

Short rate fact #3: The volatility of the short rate level appears to be both time varying and
persistent.

Chapman and Pearson also observe that although the 5 year constant maturity Treasury
yields (1962-2000) have “lower mean and volatility” than the short rate measured using
the one-month Eurodollar yield, “the overall movements in levels and volatility are
qualitatively similar.” Hence, short term interest rate processes can be characterized by
“persistence in level,” structural breaks and “time-varying and persistent” volatility.
“Strong contemporaneous correlations between rates of different maturities” is also
observed leading Chapman and Pearson to conclude that “a limited number of common
factors” determine “virtually all of the variability in weekly yield changes for bonds of
maturities from six months to 18 years.” Principal components analysis is used to
“confirm” the results of Litterman and Scheinkman (1991} that there are three factors
that determine the wvariation in yield changes. The first factor, which explains
“88 percent of the variation,” is the “level.” The other two factors being “slope” and
“curvature” explain a further 11 percent of the variation.

In addition to these “facts” Chapman and Pearson also present other “facts” such as:
“the volatility of yields was decreasing for increasing terms to maturity.” However, this
empirical result does not hold over all sub-periods. There does appear to be high
contemporaneous correlations between yield volatilities for all adjacent maturities “even
for 1-month versus 10-year yields.” In addition to these, “facts,” Chapman and Pearson
also present potentially illuminating results from working papers and forthcoming
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dies that are “very preliminary and, consequently, must be interpreted with caution.”
.ems this preliminary evidence indicates “patterns in term premiums do not permit
ﬁnguishing among competing models. It may be necessary to examine data on the
1amics of interest options to narrow the field of acceptable dynamic models” (p. 91).
naps the inability of techniques such as “two-factor regime switching models” to
ture the ex ante behavior of interest rates and the term structure is due more to the
ure of the assumptions of logical positivism?

In the end, Chapman and Pearson (2001) stands as an example of the extent to which
ical positivism dominates the methodology of modern Finance. The discussion is
dicated on the assumption that by examining more data with “better” statistical
hniques the “true” model generating interest rates and the term structure can be
atified. Some indication of the validity of this approach can be gained by consider-
the various models of the interest rate process that have been suggested in numerous
dies over the last three decades. Almost a decade prior to Chapman and Pearson,
an et al. (1992) provide a description and empirical evaluation of eight different

ffusion specifications. In contrast to one of the “facts” provided by Chapman and
rson, Chan et al. (1992, pp. 1224-5) find “no evidence of a structural shift in the
erest rate process in October 1979 for the models which capture the conditional
atility of the interest rate process”. In addition, Chan et al. stress the failures of
ailable models to explain “the dependence of volatility on the level of the interest rate”.

Despite the “progress” identified by Chapman and Pearson, Chan et al. (1992) still
rovides a useful taxonomy of the SDE models that are used to model the short term
riskless) interest rate. Eight such models are identified. These first of these specifica-
ons is the absolute Brownian motion used in Merton (1973) to model discount bond
rices: dr = pdt + odW. This SDE suffers from a number of defects. One obvious
mitation is:the possibility of paths with negative interest rates. Another limitation is
mpirical, Chan et al. (p. 1210) find that the “the most important feature differentiating
terest models” is the ability to capture the volatility of interest rates which is sensitive
o the level of r. By modelling volatility as a constant, absolute Brownian motion does
ot recognize this empirical result. As such, this SDE is of interest primarily for the
mplicity of the process in solving pricing problems.

A more plausible SDE is geometric Brownian motion: dr = urdt + ordW. This process

as been used in a number of studies including Rendleman and Bartter (1980). The

terest rate increases to levels that are not practical. The process does have desirable
atures such as sample paths that are only positive and, for option pricing purposes,
€ ability to access pricing results that have been derived for other cases, e.g., the
lack-Scholes European option on a non-dividend paying stock. To value an option
itten on an interest rate, the Black (1976) version of the Black-Scholes formula is
sed where the implied forward rate is substituted for the forward price, the strike rate
used for the exercise price and the volatility is for the implied forward rate, e.g.,
hance (1998, pp. 590-1).

Though there is considerable debate in economics about whether interest rate
focesses are unit root or mean reverting, e.g., Wu and Zhang (1996), at least since




268 \ Fixed Income Valuatica

Vasicek (1977) modern Finance has favored modelling interest rates as mean revert-
ing processes. The Vasicek mean-reverting model of the short term interest rate has
the OU form:

dr = x(u — rdt + cdW

In this model, 1 is the long run mean, x is the speed of adjustment to the long run
mean, and ¢ is the volatility of the short rate. Vasicek used this model to solve for
discount bond prices and for a one factor model of the term structure (see end
of chapter questions). Included among a large number of studies that have used the
“Vasicek model,” Jamshidian (1989) used this process to solve for options on zero
coupon and coupon bearing bonds, e.g., Hull (2003, pp. 540-1). Gibson and Schwartz
(1990) used this process to value the convenience yield for oil futures and forwards
contracts.

While the Vasicek model accounts for the possibility of mean reversion in interest
rates, this process suffers from the possibility that some sample paths may contain
negative interest rates, though the presence of a mean reverting drift does mitigate this
possibility. Another limitation is the assumption of constancy in the volatility. Both
of these problems are at least partly addressed in the square root diffusion model
employed by Cox, Ingersoll and Ross (1985), often referred to as the CIR model:

dr = k(g — nNdt + oArdw

CIR used this process to solve for an equilibrium model of the term structure (see end
of chapter questions). The empirical properties of the model have been investigated in
numerous studies including Gibbons and Ramaswamy (1993), Pearson and Sun (1994)
and Lamoureux and Witte (2002). While Pearson and Sun find the CIR model fits
poorly, Lamoureux and Witte are able to extend the model to allow for additional
“factors” that permit the CIR model to do “a very good job of fitting the time-series
properties of short rates.”

UNIVARIATE IT0’S LEMMA

Calculus is an important mathematical technique with numerous useful applications. As
conventionally presented, calculus is applied to functions that are deterministic. In
effect, the familiar rules associated with dy/dx, such as y = x* — dy/dx = 2x, only apply
when x is known. When x is a random variable the usual rules of calculus no longer
apply. The importance of Ito’s lemma is that it specifies the procedures for applying
calculus to functions which contain random variables. More precisely, Ito’s lemma
provides a method for evaluating the total derivative of a function of a stochastic
variable which follows a Markov diffusion process. As discussed above, the diffusion
class includes a wide range of stochastic processes. Given this, the univariate form of
Ito’s lemma can be stated:"
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u[X, t] be a continuous random function mapping from R' x [0, T] — KR!
continuous partial derivatives:

o,
or T ox?

U,

i‘(t) is a random process with a stochastic differential equation obeying a
on of the form:

dX(1) = alt)dt + v(t)dW(z)

te WIt) is a standard Wiener process ‘and a(t) and wu{t) are the drift and
tility of the diffusion, then the function u(t) = u[X(¢), f] also has a differential

0, 71 given by:

dult) = {u, + walt) + 1/2u,v(t)}dt + uy(t)dW(t)

is form of Ito’s lemma generalizes in a natural fashion to the case where X is
yultidimensional, e.g., Malliaris and Brock (1982, pp. 85-6)."

 While Ito’s lemma has had numerous applications in financial economics, perhaps the
jost well known is the Black-Scholes application to call option valuation, where the
on-dividend paying stock price S(#) is assumed to follow a log-normal diffusion:

ds = aSdt + oSdW

1 this case, alt) = oS and v(t) = 6S where oo and ¢ are constants. The functional
lationship between the call option price (C) and the stock takes the form: C = C[S(t), t].
pplication of Ito’s lemma gives:

dC = {C, + C4uS + 1/2C550°S}dt + {CsoS}AW

iis solution plays a central role in the derivation of the Black-Scholes price of a
uropean call. In particular, Black-Scholes are able to use the riskless hedge portfolio
Onstruction to provide an additional condition that permits elimination of the dW
tm. In this fashion, the call option pricing problem is transformed from an SDE
toblem which is not solvable in closed form with standard techniques, into a determin-
tic partial differential equation (PDE) problem that can be solved. However, complications
Ssociated with solving PDE’s are such that closed form solutions are not always
ossible. This has at least two implications. First, there is an emphasis on problem
ecifications that can be solved in closed form, e.g., Black-Scholes, even though such
lutions may not be fully realistic. And, secondly, there is the need to apply numerical
ethods to “solve” problems in which a precise specification of the problem is required.
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Ito’s lemma can also be used to transform one type of SDE into another. One usefyl
example involves the function G[S] = In[ST where the SDE for S is geometric Brownian
motion. Application of Ito’s lemma provides the SDE for G[S], specified using the drift
and volatility parameters for S. More precisely, G, =0, G5 = 1/S and G = —(1/S)*. Using
Ito’s lemma it follows that:

dG = {0 + o — 1/26°}dt + 6dW = (o0 — 1/26%}dt + cdW

The result that the log of a lognormally distributed random variable follows an arith-
metic Brownian process is not surprising, but the specification of the drift is not obvious.

A straightforward extension of the univariate approach to the case of functions of
two variables {and time) is provided by Fischer {1975) that examines the stochastic
behavior of the real bond price ¢ = B/P where, using Fischer's notation, B is the
nominal price of a riskless bond and P is the aggregate price level. In this case, the rate
of change in the aggregate price level (dP/P} and the return on a zero-coupon continu-
ously compounded nominal bond (dB/B) can be specified:

dP/P = wdt + cdW dB/B = Rdt
Observing that when g = u[B, P] = B/P:
U =0 g =-{1/P} up=0 ug=1/P up=—{B/P’} up=2{B/P’}

It is now possible to apply the multivariate form of Ito’s lemma to get:™*
1 -B B -
dq = {—RB + — P + — P*c*;dt + —EcPdW
P p? pP? P?

Factoring out B/P gives the desired result:
dq/q = {R — m + o*}dt — cdW

More developed applications of the multivariate form of Ito’s lemma can be found in
various sources, e.g., Gibson and Schwartz (1990), Schwartz {1982}.

MULTIVARIATE ITO’S LEMMA

It is useful to proceed by example to illustrate the multivariate form of Ito’s lemma.
Briys and Solnik (1992} provide an interesting application to the case where the random
process is multidimensional, involving two random variables (and time). This requires a
more involved form of Ito’s lemma. The Briys and Solnik example involves the domestic
currency value of a foreign security, V* = VS, where V is the random foreign currency
value of the foreign security and S is the random spot exchange rate, producing V*
which is the random domestic currency value of the foreign security. In this case,
processes are given for dV and dS with dV* to be calculated using Ito’s lemma.
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evaluate Ito’s lemma for this case requires application of the associated multi-
iate total derivative. The resulting solution for the two random variable case, y(t) =
{x(ﬂ}] = ult, {x(t), x,(t)}], takes the form:

1
dy = urdt + uxdx + ‘Z“tT [z uﬁ]dt

ere T is the variance-covariance matrix of the state variables and tr[-] is the trace
rator. Because there are 7 state variables in the general form, u, is a n X 1 column
tor containing the first partial derivatives, dr is a row vector containing the diffu-
1 Processes and u,, is a symmetric n X # matrix of the second partial derivatives.

1 the Briys and Solnik example, dy = dV* and V and S are assumed to follow the

_normal diffusions:

as
.‘?‘_/K = wdt + 0y Wy T = pgdi + osd s

covariance between dWs and dW,, per unit time is cov(dWs, dW,) = p.dt. It follows
t Gys = PysOvOs Recognizing that y = ulx, t] in this case is V¥ = VS, it follows that:

V= Ve EVe
= =5 u,= =V u = =0
v Y Y
PV AV

PV
Tosr ' Gvas T

aZV>]<
- T 9SovV

=0 1

Uy Uy,

ecause there are now two state variables, V and S, the variance-covariance matrix X

X 2 with variances on the diagonal and covariances on the off-diagonal. Remem-

ing from the univariate lognormal example that v(t)> = 6>S? evaluating 1/2 tr[-] for
his case gives:

61,2
622

uy, U, 1
_{011u11 + OyU;y + Oyl + Gzz“zz}
Uy Uy 2

01,2 —_ GvsVS
sing the result that 1/2 tr[-] = 6,VS. The solution to the total derivative is found to be:

AV =0 + S(uyV dt + 6,V dW,) + V(1S dt + 65S dW) + GysVS dt

av

e (Ly + Ws + Oysldt + oy dW, + o dW

iven dV and dS, this is dV*, the SDE for the domestic currency value of the foreign
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Binomial models and other discrete processes*

Continuous time methods have a number of appealing properties in dealing with proh-
lems involving functions of random variables. For example, Ito’s lemma provides a
method for the intuition and analytical insight of deterministic calculus to be extended
to functions of random variables. However, these appealing properties are obtained by
making relatively strong restrictions on the structure of the valuation problem. In many
cases, the complications associated with the continuous time approach are unnecessary
to achieve a solution to the problem at hand. In other cases, the problem at hand is not
fully solvable using continuous time methods. In these cases, solutions can be obtained
using discrete time processes and the associated techniques of numerical methods.
These techniques are particularly useful in valuing securities where the payout is path
dependent, a property that is applicable to many of the important fixed income securities
with embedded options, such as callable bonds and mortgage pass throughs. Path
dependence occurs because the realized value of such securities depend on the specific
stochastic path taken by, say, interest rates.

The simplest form of a discrete time process is the binomial process, sometimes called
a two state process. As depicted in figure 5.3, given an initial starting point, the
binomial process proceeds by specifying the probability of an up {(down} move. Because
there are only two possible states of the world, the probability of a down (up) move is
determined by observing that the sum of the probabilities equals one. The binomial
process is characterized by the number of periods or steps that are evaluated and by
whether the process is recombining or non-recombining. A recombining process has the
property that an up move followed by a down move will end up at the same outcome
as a down move followed by an up move. For a two period recombining binomial
process there will be three possible outcomes while for a two period non-recombining
process there will be four possible outcomes. The computational advantages of a recom-
bining process are considerable if the number of periods is large. In addition, there are
absence of arbitrage restrictions that need to be considered in determining the prob-
abilities of the binomial process.

In figure 5.3, the state variable used is the bond price. Specifying the appropriate
state variable for modeling fixed income securities is not as obvious as for equity
securities. Consider the case of bond valuation. It is possible to use the bond price as the
state variable but, unlike equities, a bond has a fixed maturity date. As the maturity
date is approached, the price will converge to the maturity value. This convergence
property will affect the volatility along the binomial paths. This difficulty is avoided if
the short term interest rate is used as the state variable. In a one factor model of the
term structure, if enough periods are evaluated then the prices of zero coupon bonds
can be determined from the short term interest rate paths. Following the discussion in
section 4.3, this is typically done by assuming the unbiased expectations hypothesis and
treating the future short term interest rates as implied forward rates. This procedure is
complicated by the need to ensure that the interest rate paths do not admit arbitrage
opportunities. This can happen, for example, if the future interest rates are not restricted
from attaining negative values.
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gure 5.3 Binomial process of the one-period zero and associated bond prices

Following Sundaresan (2002, pp. 599-604), the upper tree in figure 5.3 illustrates a
year evolution of a recombining binomial process for one year zero coupon interest
tes. At =0, the one period interest rate is 10% and it is assumed that the probability
rates increasing or decreasing is 50%. If rates increase then the new rate will be 1.25
mes the initial rate and if rates go down the factor is 0.8. As indicated in figure 5.3,
is implies that an up move will produce a rate of 12.5% in one year and a down move
ill produce a rate of 8%. The probabilities and change factors are selected to produce
Iecombining tree. More complicated discrete processes, such as the self-calibrating
ocesses, use - more complicated methods of determining the size of the changes and,
ossibly, the probabilities. For example, if the process is restricted to be mean reverting
€ probabilities of up (down) moves will be reduced as the process moves farther above
elow) the long run mean, ie., the probabilities will also evolve over time (e.g.,
undaresan 2002, p. 607). Another example occurs in the Black, Derman and Toy model
here the size of the changes are set using observed interest rate volatility and further
bjected to an ahsence of arbitrage condition.
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Even though figure 5.3 does not incorporate all the various possible complications,
it does capture essential elements of the procedure for modelling the term structure
using discrete time models. Given the binomial interest rate process, the lower tree ip
figure 5.3 provides the evolution of the price of a 4 year zero coupon bond. Determin.
ing bond prices involves starting from the last nodes of the interest rate tree angd
working backward to determine the various bond prices. Observing that the fifth node
(not given)} is the t = 4 maturity value of $1, the four nodes at r = 3 are determined
by evaluating P(3, 4) = 1/{1 + r(3, 4)). For example, .8366 = 1/(1.19531) and .9513 =
1/{(1.0512). The t = 2 values can now be calculated by observing that the two con-
nected ¢ = 3 nodes are equally likely and that the expected value can be discounted back
at the rate applicable at that node, i.e., P(2, 4) = (.5P(3, 4)* + .5P(3, 49/(1 + r(2, 3)),
where u and d represent up and down moves. This condition is required for absence of
arbitrage. For example, .746162 = (.5(.8366) + .5(.8889))/(1.15625) gives the upper value
on the bond price tree. This process is repeated to determine all the nodes on the zerg
coupon bond price tree.

Given the zero coupon bond price process, it is possible to calculate the zero coupon
yield curve that, in turn, can be used to construct the price of coupon bonds and other
types of fixed income securities. To see this let P{0, T ) represent the zero coupon bond
price observed at t = 0 and maturing at ¢ = T. For the binomial spot rate process
it follows that P(0, 4) = .6766 = 1/(1 + z,)* which can be solved to get z, = .1026. Using
the same process that was used to construct the 4 year bond price of .6766, a
three period tree can be constructed to get P(0, 3) = .7475 which can be solved to get
z, = .10187 and again for a two period tree to get P(0, 2) = .8249 and z, = .101.
Together with the initial starting value of z, = .10 the term structure from 1 to 4 years
has been constructed. Following the discussion in section 4.3 observe that .6766 = 1/
{(1.D((1.101)*/(1.1))((1.10187)*/(1.101)*)((1.1026)*/(1.10187)°)} = 1/{(1 + z)(1 + f))
(1 + f£,.)(1 + f£;,)}, ie, the implied forward rates can be determined from the zero
coupon interest rates. This absence of arbitrage condition is ensured by the method used
to construct the binomial process. Sundaresan (2002, p. 604) demonstrates that the limit
of the binomial process in figure 5.3 is lognormal, a process that does not have the most
desirable properties for modelling the term structure.

The observation that the binomial process can be taken to the limit to derive the
continuous time representation of the discrete process is significant. It recognizes
the connection between the continuous and discrete approaches to modeling interest
rate processes. The discrete and continuous models are complementary, not contradic-
tory. Continuous time processes can lead to powerful analytical results but are difficult
to apply in some situations. Binomial processes are useful in constructing solutions
where continuous time methods are intractable. It is possible to extend the basic
binomial model captured in figure 5.3 in a number of ways. In addition to the self-
calibrating models, the binomial process can be used as the basis for Monte Carlo
simulations {see section 6.3). In these models, a large number of binomial paths
are generated using, say, a particular volatility assumption to generate the size of the
steps. These various paths can be used to identify exercise decisions associated
with embedded options. The specification of exercise decisions is explored further in
chapter 6.
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THE TIME VALUE-CONVEXITY TRADEOFF*

ontribution from convexity

introduction of the convexity concept generated considerable initial enthusiasm
mong practitioners, e.g., Grantier (1988}, Bierwag (1987, p. 306). The basis for this

usiasm can be illustrated by examining the Taylor series expansion for the univariate

d price function Pgyl:

P, - P 1
AP, = M = -DUR(y - y,) + ECON(J/ = Yof

Ply,]

ven this, consider a comparison of two bond portfolios (A and B), with values P, and
_These portfolios are constructed to have equal duration (D, = DUR, = DUR, = Dy},
ual initial yield to maturity (y,) and CON, > CON. The initial durations and yields are
t equal by appropriate selection of the bonds included in the two portfolios. The impact
an instantaneous interest rate change on these two portfolios would be approximately:

AP, — %AP, = —(CON, — CONg)(y — ¥,)*

bserving that CON > 0 because the bond pricing function(s) are convex, it follows that
hether yields go up or down, the portfolio with the higher convexity will have a better
reentage change in price. This effect is further illustrated in figure 5.4.

To illustrate how the Taylor series expansion works to construct a function, consider
ble 5.4 which evaluates the impact of interest rate changes varying from 1 to 300
sis points on the price of a 20 year, 10% coupon par bond. Both increases and
creases in yield are considered. Because there is only one bond involved, it is
aightforward to calculate the actual percentage price changes. Consistent with the
nvexity of the price function for a straight bond, the percentage change in price for
given change in yield is greater for a decrease in yield than for an increase in yield,
g, =21.22% for a 300 bp increase versus +32.03 for a 300 bp decrease. Consistent
ith duration involving the derivative of the bond price function at a point, the price
pact of small changes in yield are accurately estimated by duration. However, for
anges as small as 10 bp there is some convexity impact. Consistent with convexity
volving the second derivative, the impact of convexity on the (convex) default and
tion free bond price function is always positive.

Table 5.4 provides useful information about the properties of the Taylor series expan-
on of a convex function such as P,[y]. In particular, for a given change in yield, the
solute value of the predicted change due to duration is the same for up moves as
Wi moves. As a consequence, duration over-predicts the price impact of yield in-
€ases and under-predicts for yield decreases. Addition of the convexity term more
an compensates for the yield increase case and does not sufficiently compensate for
eld decrease. The result is that the first two terms of the Taylor series expansion do
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P,[¥] has higher convexity than P,[y]:
Pyl - Plyl>0
P\[y - P,lyd >0

Figure 5.4 Higher convexity provides superior return

not completely explain all of the percentage change in price. Actual evaluation of the
expansion follows from observing that D = 8.5795 and CON = 117.478. It follows that
for, say, a 100 bp increase:

%AP, = —D(.01) + LCON(.01)* = -8.58(.01) + § 117.478(.01)°
= —8.58% + .5873% = 7.99%

This value compares to the actual price change of 8.023%.
To provide an illustration of the impact of convexity, consider the gains associated

with the following self-financing portfolio:

1 Purchase one pure discount (zero coupon) bond with a 20 year maturity, with par

value of $1 million.
2 Sell short 1.92 pure discount bonds with a 5 year maturity and par value of $1
million per unit. The full value of the short sale proceeds is immediately available.
3 Invest $1,127,490 in bonds with zero duration (cash has D = 0).

Without loss of generality, assume that the yield to maturity on all bonds is 5%
initially. What is the initial investment in the portfolio? From an inspection of the
balance sheet, it is apparent that no investment is required in the portfolio:
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¢ 5.4 Example of the % price change using modified duration and convexity for a
ear 109 coupon bond selling at par to yield 10%

Increase in required yield

10.01% 10.10% 10.50% 11.00% 12.00% 13.00%

1 10 50 100 200 300

-0.09 -0.86
0.00 0.01
-0.09 -0.85

—0.09 -0.85

Decrease in required yield

9.99% 9.90% 9.50% 9.00% 8.00% 7.00%

-1 —10 =50 —100 -200 -300

Assets Liabilities plus net worth

20 year bond $376,890 = 1 million/(1.05)* Short sale $1,504,370 = 1.92 million/(1.05)°
Cash $1,127,480 Net worth = $0 (Self Financing)
Total: $1,504,370

’ Computing the Macaulay duration of the assets and of the liability reveals that
D, = (376,890/1,504,370)(20) + 0 = 5 = D,. Treating the liabilities as one portfolio and
the assets as another, the position conforms to the requirement of equal duration and
eld. Caleculation of the convexity reveals that the convexity of the assets is {21/6)
es larger than the convexity of the liabilities. The portfolio is immunized according
0 the classical Redington conditions.
~ Consider what happens if the yield to maturity for all assets and liabilities immedi-
ely rises to 6%. In this case, the net value of the portfolio (value of assets less value
f liabilities) changes to:
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Assets Liabilities plus net worth

20 year bond $311,800 = 1 million/(1.06)*° Short sale $1,434,740 = 1.92 million/(1.06)*
Cash $1,127,480 Net worth 4,540
Total: $1,439,280 $1,439,280

Now consider what happens if the yield to maturity of all assets and liabilities
immediately falls to 49%:

Assets Liabilities plus net worth

20 year bond $456,390 = 1 million/(1.04)® Short sale $1,573,100 = 1.92 million/(1.04)
Cash $1,127,480 Net worth 10,770
Total: $1,583,870 $1,583,870

This example illustrates that basic point: starting from a position of equal duration
and yield for the assets and liabilities of the portfolio, whether yields increased or
decreased the net worth of the portfolio increased.

Given this background, the initial enthusiasm for convexity is understandable. It
appears as though there is a free lunch gain to be achieved from portfolios with higher
convexity. In the context of portfolio immunization, this translates into a recommendation
for using barbell asset positions to immunize single cash flow liabilities. The resolution
of this apparent free lunch can be found in the time value-convexity tradeoff. This
tradeoff can be illustrated by considering what happens to the portfolio in the example
if yields remain unchanged. Consider the value of the portfolio in 1 year if yields are
the same as on the initial portfolio creation date:

Assets Liabilities plus net worth

20 year bond $395,734 = 1 million/{1.05)" Short sale $1,579,590 =1.92 million/(1.05)*
Cash $1,127,480 Net Worth ($55,276)
Total: $1,524,214 $1,524,214

This illustrates the role of convexity. Setting the durations of the portfolios equal,
higher convexity portfolios outperform low convexity portfolios whether interest rates
go up or down. However, if rates do not change then higher convexity portfolios will
underperform lower convexity portfolios. The large time value impact arises because
this example does not adequately impose the condition that the initial yields of the two
portfolios be equal (see end of chapter questions).
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aylor series representation of the time value-converity tradeoff*

multivariate Taylor series expansion of the function Py[y, ] can be manipulated to

= PB[yo; to] _ L+ o
PB[yo, to]

— — )t ~t,) + ...
+P8yat(y Vollt =) +

%AP = —DUR(y - y,) + 6(t — ;)

+ —[CON (y — y,)* + O,(t — 1,)'] + CROSS(y — y)(t — t,)

ve DUR = D, 0 is the theta of the bond, ©, relates to the second derivative with
ect to time and CROSS relates to the cross product terms. In this presentation, the
of 8 requires interpretation. Much like an option, time counts backwards for a
d. Yet, as time increases, the time to maturity goes down and the value of the bond
osition increases, i.e., the time derivative is positive. Unlike options where the premium
alue falls as time increases, for © to be taken as a positive value it is not necessary to
e 8 by multiplying by minus one."
valuation: of the relevant coefficients in the expansion is simplified considerably
y using par bonds. This assumption permits the appropriate derivative to be used
ithout having to deal with the valuation of the bond. For example, consider a semi-
annual coupon par bond with C = $8 (C/2 = $4), M = $100, y = .08 (y/2=.04), T=5

~811.09 (in half vyears)

8.1109
= D= 5 =4.055 — D*=D(1.04) = 4.218

valuation: of convexity follows appropriately:
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1 d*P ~ 8075.43

8,075.43
(in half years?) — CON = 807543

= 20.1886 (in years
P yY 100 4(100) (i years)
a1+ 5

Division of the convexity value by four (instead of 2 as in the case of the calculation of
duration for semi-annual coupon bonds} is because the derivative is expressed in units
of half years squared.

Evaluation of theta is somewhat different. Duration and convexity deal with the
change in price for an instantaneous change in yield. Theta deals with the change in
value as time passes. Instead of the price impact, theta is concerned with the return
earned from holding the bond over a given time period:

—p =2, CP2 M +C2
Y= e T
oV _ IV _ ¥ :

AT -1 ot In |:1 + 2:|(M + C[2) (in half years)

This result applies to all bonds, independent of the term to maturity. Evaluating 6 for
the par bond example given previously y/2 = .04, (/2 = $4 gives a half year value of

= 0.04079. In effect, the time value for a par bond is approximately equal to the
coupon payment that is earned from holding the bond. For a non-par bond there will
be an additional term associated with the capital gain (loss) due to the price change
associated with the impact of time change on a discount (premium) bond, holding
interest rates constant.

Adapting an exercise conducted in Chance and Jordan (1995), it is possible to
compare the relative contributions for each component of the Taylor series to changes
in price for various assumptions about changes in yield and time. Table 5.5 provides a
benchmark table that can be used to compare with the results of table 5.4. Table 5.5
provides the values calculated above for D, CON and 6 for the four par bond maturities
being considered. The initial yield to maturity is 8% for all bonds. The percentage
changes in price result from an instantaneous change in yield at all maturities; terms
involving changes in time have no impact. The yield change considered is a 10 basis
point increase. In table 5.4 it was demonstrated that, for such a small yield change, the
D and CON terms in the Taylor series explain virtually all of the price change. Table 5.4
also illustrates that duration will over predict the fall in price due to the increase in
yields and the positive impact of CON will offset this over prediction.

These results from table 5.4 are also indicated in table 5.5 where the prediction
from D is more than the actual price change, ie., values of (DAy/%AP) > 100%]).
For example, consider the 5 year bond, D = 4.2177/1.04 = 4.05548. The predicted
9%AP = 4.05548(.001) = .00405548. The actual 9%AP is = 99.5955 — 100/100 =—.004045.
Evaluating the absolute value of the predicted change divided by the actual change
gives: .00405548/.004045 = 1.00259 = 100.259%. Similarly, for the convexity adjust-
ment: +CON(Ay*) = 1(20.819)(.00001). Evaluating the convexity component divided
by the actual price change gives: —0.0000104095/.00405548 = —.2573%. The sum of
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¢ 55 Decomposition of the Taylor series expansion: default free par bonds from 1 year to

15 30

0.9808 4.2177 8.9919 11.7642

1.3512 20.819 104.978 214.24

0.04079 0.04079 0.04079 0.04079
99.9058 99.5955 99.1406 98.8795

—0.0009 —0.0041 —-0.0086 -0.0112
100.0717 100.259 100.608 100.9486
-0.0717 -0.2573 ~0.6108 ~-0.956

15 30

0.9808 4.2177 8.9919 11.7642

1.3512 20.819 104.978 214.24

0.04079 0.04079 0.04079 0.04079
99.9275 99.6174 99.1622 98.901

—0.0007 —0.0038 -0.0084 -0.011

130.0734 106.006 103.1982 102.9245

~29.642 —5.646 -2.5651 ~1.9554

CrossAyAD) [ AV ~0.3354 ~0.040 —0.0093 -0.0019
ONAY?) |9 AV ~0.0932 ~0.2637 -0.625 ~0.9747
@,A)[%AV —0.0032 ~0.0006 —0.0003 —0.0002

= 10 basis points, At = 1 day

duration and the convexity terms in the Taylor series reproduces the actual price
ange almost exactly. Such calculations depend on the size of the assumed change in
eld. Increasing the change to, say, 100 basis points will reduce the accuracy of the
proximation.
Extending table 5.5 to incorporate a one-day change in time produces the results in

€ 5.6. Converting 0 to an annual basis and evaluating the change in value for one
Y gives .08/365 = .000219. Observing the par value is $100 gives the difference in the

W prices” between tables 5.5 and 5.6. For example, for the five year par bond the
tual price change in table 5.5 was —.4045. Taking into account the time value in
ble 5.6 gives an actual price change of —.4045 + (.000219)(100) = —.3826. This gives
e price of 100 — .3826 = 99.6174. The various contributions follow appropriately:
0405548)/(.003826) = 106.006%. Recognizing the convention that theta has been defined
2 Dositive value, the time value component can be calculated as .000216/.003826 =
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Table 5.7 Decomposition of the Taylor series expansion: default free par bonds from 1 year ¢4
30 years to maturity™®

Bond maturity (years) 1 5 15 30

Duration (D*) 0.9809 4.2177 8.9919 11.7642

Convexity 1.3512 20.819 104.978 214.24

Theta () 0.04079 0.04079 0.04079 0.04079
Ay (%) 0.6500 0.4700 0.3875 0.3500
New price 100.084 98.7873 97.3825 96.8174

%AV 0.0008 -0.0121 ~0.0262 ~0.0318
Z(DAY)/%AV 2729.3730 157.1763 127.9986 1243981

(6A)[%AV 767.1437 -53.1648 —-24.6315 -20.2577
~(CrossAyAD[%AY 56.4215 —2.0496 -0.3448 -0.0671
(4 CONAy*) oAV 3.3966 -1.8388 -3.0111 -4.1231
($0,A1%) %AV 2473 -0.1714 -0.0794 -0.0653

*Ay = one standard deviation (historical), At = 30 days

5.646%. Table 5.6 illustrates the importance of the time value component relative to the
convexity component. Even for a 30 year bond, the one day impact of interest income
exceeds the contribution of convexity. For the type of scenario considered in table 5.6,
the contributions from CROSS and @, are insignificant.

Though interesting, table 5.6 poses the difficulty that the values used for the time and
yield change were arbitrary. For example, yield changes for short term bonds were
assumed to be the same as for long term bonds when, in practice, short term yields are
typically more variable than long term yields. In addition, bond trading horizons are
often longer than one day. Table 5.7 extends the analysis to incorporate a longer period
of time, 30 days, and yield changes that are one standard deviation in size for that time
interval, i.e., are typical yield changes. One interesting feature of table 5.7 is the
implication of the offsetting effects for time and yield on the results for the 1 year
bond. The percentage change in the value of the position is so small, due to the
offsetting impacts, that the individual duration and theta components are over seven
times larger. Comparing the relative sizes of these two components reveals that for a
1 year bond the impact of a 30-day theta move exceeds the impact from a one-standard
deviation duration move. In addition, the CROSS term is much larger than the convex-
ity component, a result that extends to the 5 year bond. Even ©, rivals convexity in size
for the 1 year bond.

Another interesting result in table 5.7 is that, for a 30 year bond, the theta component
of the change in value is about five times larger than the convexity value. For the 15 year
bond theta is about eight times larger. Even when a two standard deviation change is
considered (not reported), the theta term for the 30 year bond is still larger (9.55 to 7.75)
than the convexity impact. This confirms results presented in Kang and Chen (2002) for
Treasury bonds and other government bonds that demonstrated a greater role for theta
than convexity in the changing value of bond positions. Table 5.7 also illustrates that
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e longer term bonds, ©, and CROSS are insignificant for both one or two standard
tion change scenarios. The upshot of the information contained in table 5.7 is that
hape of the yield curve imbeds a cost of convexity that appears as a time value.
o duration and yield for two portfolios to be equal will have a time value cost that
be traded off against the convexity value. This point is discussed further below.

finuous time solution of the time value-convexity tradeoff*

emonstrated by Ingersoll (1987, pp. 348-9) and others, Ito’s lemma can be derived
pplymg a Taylor series expansion to an appropriately specified function of a
om variable. Given this, it is not surprising that the continuous time solution has a
se resemblance to the multivariate Taylor series result. In a one-factor model, this
ach starts with an assumption about the SDE driving the spot rate. In general, the

dr(t) = wlr, tldt + o [r, t]1dW(r)

lowing the discussion in section 4.3, this one factor interest rate model can be used
generate a set of current spot interest rates. It follows that P, = P[r, t] and application
Ito’s lemma leads to:

= wplr, tldt + oulr, t1dW(z)

wlr 1l = %0,2 CON - wir, 4D+ 6 oI, ] = ofr, {ID

words, Ito’s lemma has been used to derive the SDE for the bond price from the SDE
the interest rate process.

The next step in the derivation of the continuous time solution to the tradeoff

tween time value and convexity involves a result that is often used in deriving option
cing models, e.g., Christensen and Sorensen (1994). For example, Garman and
hlhagen (1983) use this result in deriving the pricing formula for a European cur-
Cy option: The result can be stated:

Hln 1 - rl0)

olr. 1] = Alr, ]

nere Alr, t] is the risk premium, measured per unit of standard deviation, that applies
0 all assets. Using absence of arbitrage arguments, it is possible to demonstrate that
A is the same for all assets, e.g., Ingersoll (1987). Given the specification of A, it is
sible to substitute in the coefficients from the SDE for the bond price to produce a
artial differential equation (PDE) that may be solvable.
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Substituting the SDE coefficients into the definition for A gives the PDE:

1, oP P oP
R TR P, L S
2 " dr? [k, o] or - ot "’

2
N -(5—2’—CON~ [, ~AcID+ 0 =7

This PDE specification is sufficient to define a tradeoff between convexity and time value.
To do this, recognize that P can be specified to refer not only to individual bonds. More
generally, P can also refer to portfolios of fixed income securities. With appropriate
adjustments, it is possible for these portfolios to contain bonds with embedded options
or that are subject to default risk, but this extension will not be considered here. Rather,
consider the exercise of comparing two portfolios that are specified to have the same
duration. It is possible for each of these portfolios to contain a single bond.
Examining the PDE it is apparent that the coefficients involving + will be the same
for different P because the stochastic process for interest rates is the same for fixed
income securities. Consider the relationship between the PDE’s for two distinct port-
folios. Because the PDE’s for both portfolios are equal to 7, it follows:

2 2
%L-CON1 — [, ~AGID + 0, =7= %’—CONZ ~ [w, — Ac,1D, + 8,

For two portfolios with equal durations, D, = D,, it follows that:

2
Gzr [CON, — CON,] = 8, — 6,

This is the continuous time version of the tradeoff between convexity and time value.

A number of different interpretations can be made of the tradeoff. One interpretation
is straight forward: given two portfolios with equal durations, it does not follow that
the portfolio with the higher convexity will be necessarily outperform the lower con-
vexity portfolio. Higher convexity comes at the cost of lower time value. The higher
convexity portfolio will outperform if the interest rate changes are sufficiently large. If
interest rates do not change sufficiently then the lower time value will cause the higher
convexity portfolio to underperform. The level, slope and shape of the yield curve at a
given point in time reflect the prevailing tradeoff between time value and convexity:
Yet, the different possible scenarios for the future term structure make it difficult to
infer from a given yield curve shape precise predictions about future yield curve shape
and, as a consequence, the relative performance of high and low convexity portfolios.

To see this, compare a barbell portfolio that combines a 1 year and 15 year bond with
a portfolio that holds only a 5 year bond. If the yield curve is upward sloping, equating
the durations of these two portfolios will involve holding a larger fraction of the
portfolio value in the 1 year bond than in the 15 year bond. It follows that the barbell
portfolio, which has a higher convexity, will have a lower time value than the portfolio
with the 5 year bond. Hence, the shape of the yield curve at a given point in time
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ents the time value cost of convexity. By introducing fixed income derivative
ties such as call options (for convexity adjustment) and futures (for duration
ﬁmenﬂ, it may be possible to achieve both duration and convexity matching.
uming that the one factor model of the term structure is valid, then such duration
convexity matching strategies will also be time value matching.
other interpretation of the tradeoff can be made by observing that setting the
ons of two portfolios equal will produce a given difference in convexity. Though
possible to construct a large number of possible portfolios that will match the
on of a given portfolio, once a specific matching portfolio is selected the differ-
¢ in convexities is given. As such, there will then be a tradeoff between the volatility
nterest rates and the time value. In effect, the tradeoff involves not just convexity
me value but also interest rate volatility. At higher levels of interest rate volatility,
cost of convexity will be higher in terms of the time value that has to be paid.
owing Phoa (1997}, it is possible to invert this relationship to seek an explanation
the commonly observed hump-shaped yield curve where the yield on 30 year
suries is below the yield on, say, 20 year Treasuries. Because the 30 year Treasury
a higher convexity, the degree of hump in the yield curve could be due to the costs
onvexity and used as a measure of the market’s expectations of future interest rate
tlity.

IMMUNIZATION WITH NON-PARALLFEL YIELD CURVE SHIFTS*
?“l durations and convexities*

dington (1952) recognized that classical immunization theory may fail when shifts in
e term structure are not parallel.'® At least since Bierwag (1977), this failure has led to
e development of alternative concepts of fixed income portfolio management such
_the maxmin portfolio, e.g., Bierwag and Khang (1979}, Prisman (1986), and the
cognition of a connection between immunization strategy specification and the type
_assumed shocks, e.g., Fong and Vasicek (1984}, Chambers et al. (1988)."” Risk meas-
es associated with convexity, such as M?, were developed to select the best duration
atching portfolio from the set of potential portfolios. Being derived using a specific
sumption about the stochastic process generating the term structure, these theoretic-
y attractive models encountered difficulties in practice. In particular, “minimum M?
rtfolios fail to hedge as effectively as portfolios including a bond maturing on the

rizon date” (Bierwag et al. 1993, p. 1165)."® This empirical research led to the
lowing result:

Using different data bodies, different term structure estimation procedures, different dura-
tion measures, and different time periods - the duration-matching portfolio containing a
bond having a maturity matching the planning period length has a smaller portfolio-
Promised return deviation than portfolios not containing a maturity-matching bond. This
empirical regularity is so pervasive that we may view it as an appropriate risk-minimizing
duration-matching portfolio strategy. (Bierwag et al. 1993, p. 1148)
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This empirical result is referred to as the “duration puzzle.” Is this puzzle due to failings
of the stochastic process assumption underlying the theoretically derived immunization
measures or is there some deeper properties of the immunization process which are not
being accurately modelled?

Instead of assuming a specific stochastic process and deriving the optimal immuniza-
tion conditions, it is possible to leave the process unspecified and work directly with the
properties of the expansion of the spot rate pricing function, ie., employ directional
derivatives. The use of directional derivatives to derive worst possible shocks and the
associated upper bound on the loss of an “immunized” portfolio is found in Reitano
(1991b, 1992), Bowden (1997) and Balbas and Ibanez (1998). This line of development has
the attractive feature of allowing the introduction of partial durations and convexities
associated with the relevant spot interest rates. In Reitano (1991b, 1992), the bounds are
derived from Cauchy-Schwarz and quadratic form restrictions inherited from the normed
vector space. A closely related problem is adequately solved by Bowden (1997) through
the use of the Gateaux differential.

Reitano (1991a,b, 1992, 1996) provides a seminal, if not widely recognized, analysis
of duration and bond portfolio immunization. Reitano evaluates a multivariate Taylor
series for the asset and liability price functions specified using spot interest rates. Defining
a norm applicable to a parallel yield curve shift, Reitano is able to identify bounds on
the possible deviations from classical immunization conditions. In other words, even
though classical immunization conditions are violated for non-parallel yield curve shifts,
it is still possible to put theoretical bounds on the deviations from classical conditions.
In addition, it is also possible to identify the specific types of shifts that represent the
greatest loss or gain. Developing the Gateaux differential approach introduced by
Bowden (1997), Balbas and Ibanez (1998) rediscover the possibility of defining such
bounds, albeit in a more sophisticated mathematical framework. Balbas and Ibanez also
introduce a novel innovation: a linear dispersion measure that, when minimized, per-
mits identification of the “best” portfolio within the class of immunizing portfolios.
More precisely, a strategy of matching duration and minimizing the dispersion measure
identifies the portfolio that will minimize immunization risk and, as a consequence,
provides an optimal upper bound for possible loss on the portfolio.

The multivariate Taylor series expansion can be applied to motivate the directional
derivative approach to fixed income portfolio immunization. Recognizing that Py is a
function of the T spot interest rates contained in z = {z, z, ...z}, it is possible to
apply a multivariate Taylor series expansion to this bond price formula, that leads to
the concepts of partial duration and partial convexity:'

L 0P(z,) 1 s ox 9*P()
P(z) = P 2 A E E - .- Z; HO.IT.
(Z) (Z()) + - aZ[ ( ZtO 2' o aZ aZ 1 10){ZJ ZJ,O) +

P(z) - Pl(z,) L l v «
% = N Dz, - z) + — CON, (z; — z;,)(z; — z; (1)
) 2D = zi0) + 5 3 3, CON (21 = 20)(z; = 230
where z, = (2,0, Z50, - - - » Z1)’ is the Tx1 vector of initial spot interest rates, D, is partial

duration associated w1th z,, the spot interest rate for time t, and CON,; is the partial




1y, Time Value and Immmunization / 287

vexity associated with the spot interest rates z; and z; for i,j defined over (1, 2,...
o This formulation is useful for examining the impact of non-parallel yield curve
< on fixed income portfolio strategies.

bserving that the partial durations can be identified with a Tx1 vector Dy = (D,, D,,
_D,) and the partial convexities with a TxT matrix C; with elements C,;, the model
bceedS by applying results from the theory of normed linear vector spaces to identify
.oretical bounds on Dy and Cy. In the case of Dy, the Cauchy-Schwarz inequality is
ed 2! For Cy the bounds are based on restrictions on the eigenvalues of C; derived
om the theory of quadratic forms. To access these results, it is necessary to specify a
rm and the norm selected, often referred to as a direction vector, is intuitively
pealing. More precisely, taken as a group, the {z, — z,,) changes in the individual spot
terest rates represent shifts in yield curve shape. These individual changes can be
expressed as the product of a direction shift N and a magnitude Ai:

(z, — z:p) = n,Ai where: N = (ny, nyy ..., 0y)

om this, the spot rate curve is shocked and the immunization bounds can be derived.
is approach differs slightly from shocking the yield curve and deriving the associated
ange in the spot rate curve. Using the spot rate approach, it follows that N, = (1, 1,
., 1) represents a parallel shift in the spot rate curve, with the size of the shift deter-
ined by Ai. Using this substitution (1} becomes:

P(Z)—P(ZO) ~ _Ai ’ :2 ’
- e Ai[N’D;] + Ai*[N’C,N]

cause the unit shift has been applied to spot rate rates, it is only for a parallel shift
a flat term structure that the partial duration and convexity measures, Ny'D; and
N, reduce to the classical definitions of duration and convexity, e.g., Reitano

ation and convexity bounds

arting with the bond price function is instructive because it establishes a direct
nhection to the basic building blocks of the portfolio, the cash flows associated with
dividual assets and liabilities. Using the objective of fund surplus immunization, e.g.,
essmore (1990}, Reitano (1992) produces a slightly more complicated problem than
culating the partial durations and convexities for individual assets and liabilities in
olation. Surplus immunization involves recognizing the balance sheet relationship:
=L + S, where A is the assets held by the fund, L is the fund liabilities and S is the
accumulated surplus. The objective of immunizing the portfolio surplus, S = A — I,
ainst future changes in interest rates requires:

S(z) = _Ch - S - Sk) _ 0 = —Ai[N’D;] + Ai*[N’C,N]
“(1+2z) S(z,) =
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where D; and C; are now defined for the fund surplus, S(z), and the cash flows at time
t, CF, are the sum of the asset (+) and liability (-) cash flows that occur at time ¢
Because CF, will be negative when the lability cash outflow exceeds the asseticash
inflow at time t, it is possible for either the duration of surplus or convexity of surplus
to take negative values, depending on the selected portfolio composition and yield k
curve shape.

It is not difficult to identify the analytical importance of the directional derivative
approach. For analytical reasons, it will be easier to work with unit shifts in the spot
rate curves. This requires a connection between the key building blocks of the direc-
tional derivative approach, the partial durations and convexities, and the associated
classical concepts, for both the unit yield curve and spot rate curve shifts. As noted
previously, the concepts are only equivalent for parallel shifts of flat yield curves. If the
yield curve is not flat to start, then a unit vector change in yields, Ny = (1, 1, ... 1), is
then spread differentially across the spot interest rates.?? Heuristically, this can be seen

by evaluating the total derivative of S(z):*

as aS oS as(z) L
dS(z) = = dz, + —dz, + ...+ =—dzx = =y ——d
@ 0z, o dz, % 0zy o S ; S dz, &

If it is possible to set dz, = dz, =...= dz; = dy, then the unit yield curve shift result

applies:

d

z

&

DS =

l

= ipt =D,’
t=1

S T
y—g‘

wni=-
.
=
8]

where DS is the classical modified duration of surplus. Yet, the assumption of equal
ly apply when starting from a flat yield curve.

changes in spot rates and yields will on
There is a dependence among the spot interest rates that cannot be arbitrarily ignored.

Even when N, = (1, 1,..., 1} it is not generally true that the sum of the partial
durations calculated with a norm using a parallel change in spot rates will equal the
classical duration. For example, unless the yield curve is flat, the classical duration for
a coupon bond will not equal the duration calculated using the sum of the partial
durations.” A similar comment applies to the convexity measures.

Using a unit change in spot rates to specify the norm can also lead to other theoret-
ical confusions that can only be resolved by making reference to market reality. For
example, Reitano selects an example with three relevant maturities, one maturity appli-
cable to a 5 year zero coupon liability and two maturities applicable to a 6 month zero
coupon asset and a 10 year coupon bond. Even though there will be partial durations
and convexities associated with the regular coupon payments, only three maturity dates
nalysis. Assuming semi-annual coupon payments, incorpor-
would increase the number of elements in N, t0
2T = 20. Doing this would increase the parallel shift norming vector from NyN, =3 10
N,'N, = 20. This would immediately increase the Cauchy-Schwarz bounds on N’Dy, event
where the bounds are calculated directly from the extreme shift vector.?® Following

are incorporated into the a
ating all the dates with cash flows
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a5 (2003), consider the form of the extreme value solutions for the elements of
¥, where the norming vector only identifies three yield curve points, i.e.,

onsider the solution where the norming vector admits all the 20 cash flow points:

3]
1+ =2 +
D,
h N values would almost surely result in a substantial increase in the bounds with
substantive change in the underlying immunization situation.”®
mathematical resolution to this norming problem is achieved by making reference
market reality. Similar to the selection of an investment horizon, the initial specifica-
of the optimization problem fixes the dimension of the term structure and then
ducts calculations relative to this initial term structure. For example, this is the

tivation for the “key rate durations” in Phoa and Shearer (1997). Once the dimension
T is set, it follows that for the semiannual payment frequency:

W €

1 1

1
No=|— ., —
‘ («/ZT ot \or

ere T is the longest maturity (in years} of the assets and liabilities contained in the
ortfolio. In this case, N/N, = 1 is independent of the number of cash flow payment
ytes.”” This solution to the inherent problems with the use of N, = (1, 1,..., 1)
) specify the norm now requires interpretation of N/D; to involve multiplication by
2 to be equal to Ny D;. Even though this adjustment is inconsequential when the
nitial objective is to set the duration of surplus equal to zero, where comparisons with
assical duration results are involved the adjustment by 2T'? is required. This difficulty
an be readily resolved by factoring out 27" and redefining the magnitude of the shift
s (Ai[2T)'7). Scaling the magnitude of the shift in this fashion, as in Bowden (1997)
id Balbas and Ibanez (1998), facilitates comparisons to be made across portfolios with
ifferent cash flow patterns, where norming with N/N, = 1 is an essential step.
‘Another related issue concerns the use of a key rate element vector when there is
Ctually a larger number of cash flow payment dates. The advantage of this seemingly
IConsistent reduction in the number of maturity points in the yield curve vector is that
€ calculated extreme bound vectors have the appearance of actual yield curve shifts.
ere the yield curve or spot rate vectors are specified with all the actual number of

] — N/N, =1
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Some basic calculations and examples

cash flow payments, the optical appearance of the extreme shifts often seems unrealistic:
More precisely, similar to the difficulties that led to the introduction of key rate durations;
e.g., Ho (1992), Phoa and Shearer (1997), the yield curve shape associated with the
extreme upper and lower bounds will have an unusual sawtooth pattern. The n, will
reflect the size of the cash flow in period t, small cash flow periods will have #, close tg
zero and large cash flow periods will have relatively large n. Yet, as it turns out,
exploring this apparent problem leads to insight into other quandaries in immunization
analysis, such as the so-called “duration puzzle” (Bierwag et al. 1993). The essential step
is to recognize that the duration matching {zero duration of surplus) portfolio is not
unique. It is possible to pick the composition of the portfolio to reduce the sensitivity of
the portfolio value against certain types of yield curve shifts. In terms of the directional
derivative approach, it is possible to construct the portfolio to have the upper and lower
extreme bounds that are “tighter” to the zero duration of surplus condition, e.g., Reitano
(1996). However, achieving tightness does not necessarily undercut the possibility of
extreme yield curves that possess the sawtooth pattern.

One final point of interest about the directional derivative concerns the associated
convexity calculation. Consider the direct calculation of the partial convexity of surplus,
CON,’, where i # j:

i’

sm=% _CE _iCE »
(z) YL+ z) - oz, (+z)" - 222, Jor iz ]

=

where CF, is the cash flow at time ¢ for t = (1, 2, ... T}. From these, it follows that the
quadratic form N’C/N reduces to:

T T
1 9%S(z,)
N'CSN = Y n?CONS, = ¥ n? —— =20
T ; t tt Z, tS(ZO) al,z

In terms of the extreme bounds on convexity, this is a significant simplification.
Because the TxT convexity matrix is diagonal, the extreme bounds are now given by
the maximum and minimum diagonal (CON;;) elements. If the ith element is a maximal
element, the associated N** vector is a Tx1 with a one in the ith position and zeros
elsewhere. Similar to the duration adjustment, there will be complications in directly
comparing N,C;N, with either the classical convexity or Ny'C;N,.

To facilitate heuristic comparison with Reitano (1991a, 1991b, 1992, 1996), the fixed
liability in the portfolio initially being examined is identical to that for the example of
Reitano (1992): a $100 million par value, zero coupon GIC maturing in year 5.28 This
liability is being hedged with the same two assets, 6 month commercial paper, with
market value A,, and a 12% coupon {semi-annual) 10 year bond, with market value A;:
Variation in the universe of assets and liabilities will eventually be introduced, though




1y, Time Value and Immunization / 291

selection is restricted to combinations of short term, zero coupon money market
fruments and longer term coupon bearing bonds. This is consistent with the absence
fixed income markets of competitively priced, zero coupon long term securities, i.e.,
g term fixed-income markets have a preference for coupon bonds. The portfolio
nagement objective is to choose the asset composition of the balance sheet such that
duration of surplus equal to zero is retained. Because variation in the market/par
ues of the balance sheet items will be permitted, a methodology is needed to
ermine the relevant values. Initially, the yield/spot interest rate curve from Fabozzi
93] is selected. This par bond curve has semi-annual yields from 6 months to 10
rs, e, V= (.08, .083, .089, .092, .094, .097, .10, .104, .106, .108, .109, .112, .114,
6, .118, .119, .12, .122, 124, .125). The 6 month and 1 year yields are for zero
pon securities, with the remaining yields applying to par coupon bonds. This yield
ve produces the associated spot rate curve, z = (.08, .083, .0893, .0925, .0946, .0979,
13, .106,.1083, .1107, .1118, .1159, .1186, .1214, .1243, .1256, .1271, .1305, .1341,
58),-29
The first point to illustrate involves the result that the sum of the partial durations
I not typically equal the classical duration, which is the case here because the yield
ve slopes up. Observe that the partial duration and classical duration formulas can
specified, using semi-annual cash flows, as:*®

14 {t/2}CF, 1< {t/2}CF,
Sl N (L Sl A o LR
S ; 1+ {z,/2})*" S ; 1+ {y/23)

NoDp = Dfr =

ere N/D; is the duration of portfolio surplus calculated using the partial durations
1d D? is the classical duration of surplus measure. To use these formulas to calculate
durations of a coupon bond, with regular semi-annual coupon payments, set C/2 =
for £ =1 to (2T — 1), and the coupon plus return of principal, /2 + M = CFy.
serving that surplus is defined by the balance sheet identity L + S = A, set L = 0 and
mit only one balance sheet asset, the coupon bond. This transforms the formulas into
the appropriate form. Term by term comparison for the upward sloping yield curve case
eals that the sum of the partial durations for the coupon bond must be less than the
ssical duration, requiring that NyD; < D°. For example, for a T = 10 semi-annual
pon par bond with C = 12.5%, for the Fabozzi yield curve the (modified) classical
ration is 5.62 and N,'D; = 5.42. This type of discrepancy can produce significant
ifferences in the composition of immunizing portfolios, both for the initial portfolio as
1l as when yield curves change location and shape.”!
Recognizing that the liability is a zero coupon security, the 5 year spot rate is used to
etermine the price, P, = $58.3427 million, and the partial duration, D; = 4.738. The
Xample immunization problem is to pick A, and A, such that the duration of surplus,
)y, equals zero. The balance sheet identity S + L = A, + A, provides an additional
estriction. Allowing for the value of the surplus to be positive, the zero duration of
urplus condition requires:

WDy +w,D,, ~w,D,=0 — D, =xD, +xD,
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where w, = A/S, w, = A,/S, wy = P,/S, S=A, + A, — P, ;= A/P and 1, = A,/P,.
The relevant asset durations are D,, = 0.481 and D,, = 5.462. For the problem at hand,
if S is undetermined, the system is over-identified with 2 equations and 3 unknowns:
This provides for a theoretically infinite number of possible combinations of the twg
assets that would achieve the immunization condition. In practice, the surplus would
also be given, inherited from the previous history of the fund’s performance. With both
the surplus and liability given, there are now two equations to satisfy with only twe
variables to choose. Unless more assets are available, which would often be the case in
practice, it is not possible to arbitrarily fix one of the asset values, permitting the
surplus immunization condition to determine the (positive] value of the other asset
Both asset values are determined once the market values of the surplus and liability are
given. In addition, for purposes of calculating this example, because the long term asset
is a discount bond it is necessary to have a methodology for determining the par value
associated with the given market price.

More precisely, an additional complication arises when the coupon bond is not a par
bond. This happens in the current example where the bond sells at a discount. Because
the relevant yield curve is for par bonds, it is not appropriate to apply the 10 year yield
to the price to calculate the coupon cash flows. Even though it is possible to calculate
the price using the spot interest rates, this creates calculation difficulties when the value
of the asset is being changed to, say, achieve an immunization objective. To get around
this difficulty, it is expedient to unbundle the cash flows from the discount bond into a
combination of a par bond and a zero coupon bond. This recognizes that, relative to. a
par bond, a discount bond has a larger portion of the cash flow occurring at maturity.
For example, assume that the par value, M, of the 10 year discount bond is $48. The
annual cash flow from the coupon will be {.12)(48) = 5.76 which is the same as the cash
flow from a par bond with M = 46.08.%* The difference between 48 — 46.08 = 1.92 is the
M for the relevant 10 year zero coupon bond. The price of the discount bond follows
appropriately:

1.92
P,, = $46.08 + _ 3192 $46.5963

(1 + {.1358/2})°

This price can now be used to calculate the duration of the asset as the value weighted
sum of the par bond duration and the zero coupon duration.

The initial balance sheet being investigated is “high surplus”: S (= 33.8387) +
L (= 58.3427) = A, (= 45.5851) + A, (= 46.5963). It is readily verified that these values
satisfy the immunization of surplus condition:

s _ 45.5851 46.5963 _ 583427

(.4808) + ———(5.4617)

= (4.7377) =0
33.8387 33.8387 33.8387

N

Now consider what happens when the L + S side of the balance sheet is reconstructed
to be “low surplus” by increasing the par value of the liability to $150 million, such
that L (= 87.5141) + S (= 4.6674). Even though the total of the S + L side of the balance
sheet is unchanged, the previous asset composition no longer immunizes the surplus:
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S

46.5963 87.5141
D= M45'5851 .4808) + ——— (5.4617) — —m
. 4.6674 4.6674

1 (4.7377) = -29.61

\"mmuniling portfolio is now A, = 17.8382 and A, = 74.3432. The calculated par
. for this bond price is 76.4928. This par value is needed for direct calculation of
upon and principal cash flows in the partial durations.
oth the high and low surplus cases can be examined using the Fabozzi spots as the
cline spot rate curve. Table 5.8 reports the partial durations, the n, and extreme
ation bounds calculated from the Cauchy-Schwarz inequality. Comparison of the
nds between the low and high surplus cases depends crucially on the observation
the bounds relate to the percentage change in the surplus. Due to the smaller
tion in the 6 month asset, the larger bounds for the low surplus case still translate
a larger relative change when compared to the high surplus case. This result is
ulated by multiplying the reported bound by the size of the surplus. As expected,
extreme shift vector, N*, exhibits a sawtooth change, with about 80% of the worst
concentrated on a fall in the 5 year yield and 17-20% on an increase in the 10
r rate.” This is an immediate implication of the limited exposure to cash flows in
er time periods. However, even in this relatively simple portfolio management prob-
then, provide useful information about the worst case shift. There is not much loss
ontent in heuristically “filling in” the sawtooth pattern, adjusting upward the small
ial durations in the intervening periods. Consistent with basic intuition, the implica-
is that the worst type of shift has a sizeable fall in mid-term rates combined with
ller, but still significant rise in long term rates. As it turns out, filling in the
tooth patterns in rates cannot be done arbitrarily but must satisfy basic absence of
trage conditions. When this is done, the extreme duration bounds are impacted.
able 5.8 is constructed to be roughly comparable to the example in Reitano (1991,
2. 1996). Of the range of possible extensions, increasing the number of assets to
ude the addition of a maturity matching bond is of topical interest. The impact of
cluding such bonds is the source of the “duration puzzle” in Bierwag et al. (1993).
le 5.9 provides results for two cases with similar surplus levels but with somewhat
erent asset compositions. One case involves, a par bond with a maturity that matches
1at of the zero coupon liability (T = 5). This is referred to as the maturity bond
ortiolio. The other case does not include the maturity matching bond but, instead, uses
d 7 year par bonds. This is referred to as the split maturity portfolio. For both asset
ortfolios the 1/2 year and 10 year bonds of table 5.1 are included, with the position in
10 year bond being the same in both asset portfolios. The 1/2 year bond position is
ermitted to vary, with the maturity matching portfolio holding a slightly higher market
alue of the 1/2 year asset. A priori, the split maturity portfolio would seem to have an
dvantage as four assets are being used to immunize instead of the three bonds in the
laturity matching portfolio.
iven this, the results in table 5.9 are revealing. In particular, the asset portfolio with
1¢ maturity ‘matching bond has much smaller extreme bounds even though more bonds
being selected in the split maturity portfolio. The partial durations reveal that, as
’ ected, the presence of a maturity matching bond reduces the partial duration at T=5
Ompared to the split maturity case. The partial durations at T = 3 and T = 7 are
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Table 5.8 Partial durations, {#n,} and extreme bounds for the high and low surplus examples®

High surplus Low surplus
D D n

0.5 0.687 0.0775 2.292 0.0236

1.0 0.075 0.0085 0.870 0.0089
1.5 0.107 0.0121 1.238 0.0128
2.0 0.136 0.0153 1.569 0.0162
2.5 0.161 0.0182 1.863 0.0192
3.0 0.183 0.0206 2.111 0.0217
3.5 0.201 0.0226 2.318 0.0239
4.0 0.214 0.0241 2.472 0.0254
4.5 0.226 0.0255 2.611 0.0269

5.0 ~7.933 —0.89545 —86.115 —0.88658

5.5 0.244 0.0275 2.815 0.0290
6.0 0.246 0.0277 2.837 0.0292
6.5 0.247 0.0279 2.854 0.0294
7.0 0.246 0.0278 2.845 0.0293
7.5 0.243 0.0275 2.810 0.0289
8.0 0.242 0.0273 2.792 0.0287
8.5 0.239 0.0269 2.758 0.0284

9.0 0.231 0.0260 2.664 0.0274
9.5 0.221 0.0249 2.551 0.0263

10.0 3.786 0.42733 43.742 0.45033

Extreme duration Cauchy = |D| Cauchy = |D|
bounds: 8.860 97.131

Surplus: 33.8387 4.66735

* The high surplus portfolio is composed of ($45.581) 1/2 year and ($46.5963) 10 year bonds. The low
surplus portfolio is composed of ($17.8382) 1/2 year and ($74.343) 10 year bonds. The liability for the
high surplus portfolio is a 5 year zero coupon bond with $100 par value and market value of $58.3427.
The liability for the low surplus portfolio is a 5 year zero coupon bond with $150 par value and market
value of $87.514. The extreme Cauchy bounds are derived using |N| = 1.

proportionately higher in the split maturity case to account for the difference at T = 5.
The small difference in the partial duration at T = 10 is due solely to the small
difference in the size of the surplus. Examining the n* reveals that there is not a
substantial difference in the sensitivity to changes in five year rates, as might be
expected. Rather, the split maturity portfolio redistributes the interest rate sensitivity
along the yield curve. In contrast, the maturity bond portfolio is more heavily exposed
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.59 partial durations, {rn,} and extreme bounds for the maturity bond and

- maturity examples®

Maturity bond Split maturity
D D

0.0183 0.251 0.0063

0.0174 0.446 0.0112
0.0248 0.635 0.0159
0.0314 0.804 0.0201
0.0373 0.955 0.0239
0.0422 7.737 0.1939
0.0464 0.834 0.0209
0.0494 0.889 0.0223
0.0522 0.939 0.0235

-0.91558 —36.998 -0.92716

0.0244 1.012 0.0254
0.0246 1.020 0.0256
0.0247 1.026 0.0257
0.0247 8.177 0.2049
0.0244 0.601 0.0151
0.0242 0.597 0.0150
0.0239 0.590 0.0148
0.0231 0.569 0.0143
0.0221 0.545 0.0137

0.37921 9.350 0.23430

¢treme duration Cauchy = |D | Cauchy = [D |
26.07 39.905

10.32685 10.91804

The maturity bond portfolio is composed of ($5.13) 1/2 year, ($55.54) 5 year and ($37.172} 10 year

nds. The split maturity portfolio is composed of ($0.4105) 1/2 year, ($33.8435} 3 year, (27.0) 7 year and
37.172) 10 year bonds. The liability is a 5 year zero coupon bond with $150 par value and market value
$87.5121. The extreme Cauchy bounds are derived using [N| = 1.

' changes in 10 year rates. This greater exposure along the yield curve by the split
aturity portfolio results in wider extreme duration bounds because the norming
striction dampens the allowable movement in any individual interest rate. In other
ords, spreading interest rate exposure along the yield curve by picking assets across

8reater number of maturities acts to increase the exposure to yield curve shifts of
it length.
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Questions

1*(a) The Vasicek (1977) mean-reverting SDE model of the short term rate
can be used to solve for the price of a zero coupon bond that pays $1 at
time T as:

P(t, T) = A(t, T)e®:D0

where:

] - w{T—r}
B(t, T) = —=
K

Amn=m%w“”—ﬁ~mwm—m%n_ywjﬁ
K 4x

Using these results, solve for an equation specifying the term structure of
interest rates. (Hint: see Hull 2003, pp. 538-40.)

{(b) The CIR (1985) mean-reverting square root model of the short term rate
can be used to solve for the price of a zero coupon bond that pays $1 at
time T as:

P(t, T) = Alt, T)e B0
where:

2(e7™ — 1)
27 + (K + v + A’ — 1)

B(t,T) =

e

A, T) = a1t H
U 2y + e+ y + AT - 1)

v = 4K + AP + 202

and A is a parameter that is related to the risk aversion properties of the
representative investor. Following the approach used in (a), use this result
to solve for the term structure.

2 What is the relationship between Macaulay duration and the term to
maturity for: (a) a zero coupon bond; (b) a perpetuity; (c) discount bonds;
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ar and premium bonds. Plot the relationship between these four cases
4 single diagram. (Hint: see Bierwag et al. 1983, p. 17.)

In the example of section 5.3 it was assumed that the asset portfolio
atained a combination of a twenty year zero and cash. Rework this
‘ample using a one year zero coupon bond and a twenty year zero. If a flat
eld curve is assumed, what is your estimate of the change in the value
the liability and the asset if yields are unchanged and one year is allowed
pass: Rework your answer assuming the yield curve slopes up with the
ne year yield = 4%, the five year = 50 and the 20 year equal to 6%.

+ “Whether the bond market moves up or down, high-convexity portfolios
i1l always outperform low-convexity portfolios of equal duration and yield.”
xplain the argument supporting this statement. What factors would tend to

ndermine this- position?

* Explain this statement: “the larger the convexity on a portfolio, the less

¢ value of the portfolio rises over time if the interest rate remains un-

anged.” What are the implications of this result for the asset/liability
managers seeking to control interest rate risk? Is it true that “the cost of a
higher convexity is a lower yield”?

% Tables 5.6 and 5.7 were calculated using an increase in yield and a
reduction in: time. Because value increases with time changes, due to the
payment of interest income, and falls in value when yields increase, the
contributions from yield and time changes act in opposite directions. Re-
calculate the relevant values in these tables for a decrease in yield and a

duction in time.

7* 'Classical immunization strategies, which explicitly assume parallel yield
curve shifts, cannot in theory be expected to provide immunization when
the yield curve shifts (are nonparallel) . . . However, these conditions readily
generalize to' conditions that insure immunization against any given yield
curve shift assumption. Unfortunately, these conditions are not compatible
in general. That is, immunization against a given type of shift will often
Create exposure to other types of shifts, causing immunization to fail as
other shifts are realized.”

~ Comment on the implications of this statement for asset and liability
}nanagement. In your answer, be sure to identify what are “classical immun-
Ization strategies” and to explain how the generalized immunization

conditions can be used to provide estimates of the degree of immunization
risk.
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NOTES

1 In Canada, a GIC (guaranteed investment cer-
tificate) can be issued by a financial institution
such as a chartered bank. In the US such lia-
bilities are referred to as certificates of deposit.

2 “Dispersion” is a description of the time profile
of the cash flows. For example, a zero coupon
bond has a cash flow without dispersion. The
single cash flow is concentrated at a single
maturity date. A coupon bond with the same
maturity date has considerably more disper-
sion, as the coupon cash flows occur at dates
prior to the maturity date. A fixed coupon
annuity with the same maturity date has even
more dispersion as the cash flows are concen-
trated evenly across all the payment dates. In
theoretical examples, it is conventional to
achieve greater dispersion by using a barbell
portfolio of assets, where assets with only short
and long maturities are used to immunize a
liability with an intermediate term maturity.

3 Due to the absence of a 10 year instrument in
Italy, Singapore and New Zealand, Dym (1992)
uses the longest maturity active bond, without
actually saying what was involved. As these
three countries are involved in some of the
atypical results, some caution must be taken
because of possible yield curve distortions.

4 This expansion is sometimes presented by
setting a = x, and considering a small region
around x, by setting xr = x, + €. Using these
substitutions, x — a = €. Redington (1952) uses
this form of the expansion.

5 Malliaris and Brock (1982) survey the range of
applications in economics and finance.

6 To see this is not difficult. By construction, if y
is lognormally distributed then for In[y] = x, x
is normally distributed. A normally distributed
variable is a real variable which can take values
ranging over the real line from positive to
negative infinity. Observing exp{ln{yl} = y =
exp{x}, if x takes the value of minus infinity,
the lowest possible value for xr on the
real line, then y will take a value of zero.
Hence, a lognormal variable is defined on the
positive half-line, ranging from O to positive

infinity.
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The empirical literature on the distribution of
security and derivative prices is voluminous. A
useful intreduction is included in Duffie (1989)
In the form given, the OU process is a form of
arithmetic Gaussian process. Unlike the geo-
metric case, this type of process admits the
possibility of negative values for X. In certain
cases, this difficulty can be rationalized away
by arguing that only short term options are
of interest. In other words, the probability of
observing negative values increases with the
length of the permissible time paths. If these
paths are constrained to be short, then there
will only be a negligible probability of observ-
ing negative values.
Analytically, the admissibility of a given
diffusion for arbitrage free financial pricing
depends on satisfaction of conditions required
for Girsanov’s theorem to hold. A discussion
and application of this point to using Brownian
bridge process to model bond prices is pro-
vided in Cheng (1991).
Extending analysis to this type of process can
be motivated by observing that a diffusion pro-
cess can be created from the countable com-
bination of Poisson processes.
As discussed previously and elaborated in sec-
tion 5.2, the interest rate is the most appropriate
variable to model directly as a stochastic
process. The bond price process can then be
derived by applying Ito’s lemma.
Various technical conditions associated with
the lemma are suppressed, e.g., restrictions on
fl-] and of]. These details can be found in
various sources, e.g., Arnold {1974). It should
also be recognized that other approaches to
differentiation and integration of stochastic
functions is possible, e.g., Meyer (1976).
Ingersoll (1987, pp. 348-9) motivates Ito’s
lemma using a Taylor series expansion and
ignoring terms which are of order At.
Because the nominal bond price does not
have a Brownian component, no cross product
terms of the form {dB dP} appear. This simpli-
fication is what makes Fischer’s derivation
uncomplicated.
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ilar convention is used to define the theta

an option, €85 Poitras {2002, ch. 9).

ssical immunization theory originates with

dmgton (1952) where it was proposed that

Lation matching of assets and liabilities com-
ed with a higher convexity of assets will
imize a life insurance company'’s possibil-
of loss from unexpected changes in market
ates of interest.

4 (2000) and Barber (1999) provide recent
ieatments of these alternative approaches to
uration measures and the implications for
Smunization.. Wu (2000) extends the use of
1R and Vasicek term structure models to
erive duration measures and, as such, is a
<cful source for the relevant formulas.
rack and Nawalkha (2000) and others continue

improve on the M” model by developing the
roperties of series solutions to capture changes
the level, slope and curvature of the yield

he partial duration concept is closely related
the “key rate duration” of Ho (1992) and

hoa and Shearer (1997).

OT refers to higher order terms which will be

nored. This assumption, which could be prob-

matic for bonds with special features, such
as call provisions, implies that the discussion
centres on default free, straight bonds.
Reitano does not actually use the Cauchy-
 Schwarz inequality. Rather, the extreme yield
curve shift is calculated and these values are
used to calculate the bounds using N*'D;. The
result is tighter bounds than those provided by
direct application of the Cauchy-Schwarz
values. In Reitano’s case, the upper and lower
Cauchy-Schwarz bounds, calculated from the
product of the inner products of N and D, are
303.6 and -303.6, respectively.
Conversely, unless the yield curve is flat, N =
{1,.1,..., 1) for the spot rates will not trans-
late into a parallel shift in the yield curve. In
addition, even though the unit shift vector does
Ietain the classical property that the classical
duration of surplus, DS, continues to equal
2810 after the shift, a property also exhibited
by Dy’ = 0, the composition of the initial im-
munizing portfolios will differ when the initial
Yield curve is not flat.

23 The result is heuristic because the changes in

z, are infinitesimal and not discrete. Extend-
ing the result to discrete changes is straight
forward.

For surplus immunization this implies that the
composition of the classical and Reitano im-
munizing portfolios will be different, at least
when there are coupon bearing securities and
yield curves are not flat.

The case of the actual Cauchy-Schwarz bounds:

~INIIDIl < N™D < [IN|| D

is obvious, as the length of N will grow with T.
As T goes to infinity, as in the case of a perpe-
tuity, the bounds will also go to plus/minus
infinity and be, effectively, non-binding.
Heuristically, the dates where cash flows are
small would have small partial durations which
would explode the denominator value, result-
ing in near zero n; for those time periods.
This leaves the key cash flow points to take
on similar values to the N = (1, 1, 1)7 case,
albeit scaled up due to the larger value in the
numerator.

This norm specification is used in Bowden
(1997). Luenberger (1969) is an accessible treat-
ment of optimization theory in vector spaces.
It is conventional in immunization analysis
to work with simplified balance sheets even
though such cases are remote from important
practical applications such as life companies
and pension plans. Practical situations will
impose additional limitations on portfolio com-
position, e.g., due to the need to hold near
cash reserves sufficient to meet unanticipated
payout requirements.

In tables 5.8 and 5.9, indexing of these vec-
tors is assumed to be done in half-units, i.e.,
t=(5,1, 1.5,..., 9.5, 10). At other times, as
in summation expressions, the indexing is done
in integer units, i.e., t = (1, 2,..., 19, 20).

30 The problem of resolving the relevant yield to

use for discounting cash flows in the classical
case is suppressed. In practice, the durations of
assets and liabilities would be calculated using
the yields associated with the maturity of the
security, which would result in cash flows
occurring at the same time being discounted at
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different rates. The stated classical formula
assumes that there is only one yield.

To see this for the initial portfolio composi-
tion, observe that the duration of surplus is
calculated as: Dy = w,D,, + w,D,, — wiD,.
The stated result follows by observing that the
difference between classical durations and
durations calculated as the sum of partial
durations will be largest for the long maturity
securities.

32

33

This par value can be determined directly by
taking the ratio of the coupon percentage angd
the yield and multiplying by original par value,
e.g., (.12/.125)(48) = 46.08.
To see this, recall that the length of the shift
vector is one. As a consequence, the sum of
the squares will equal one and the square gf
each n* is the percentage contribution of that
particular rate to the extreme directional shift
vector.
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