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SUMMARY

The common observation made in the empirical nonlinear dynamics literature is the constraints imposed
by the availability of a limited number of observations in the implementation of the existing algorithms
of Lyapunov exponents. The algorithm discussed here can estimate all » Lyapunov exponents of an
unknown n-dimensional dynamical system accurately with limited number of observations. This makes
the algorithm attractive for applications to economic as well as financial time-series data. The
implementation of the algorithm is carried out by multilayer feedforward networks which are capable of
approximating any function and its derivatives to any degree of accuracy.

1. INTRODUCTION

Lyapunov exponents measure the rate of divergence or convergence of two nearby initial
points of a dynamical system. They are used in the determination of the local stability
properties of nonlinear and linear systems. One property of Lyapunov exponents is their multi-
dimensional nature. They provide information not only on the local stability properties of the
data-generating process of the observations but also on its dimensionality. This is useful
information for structural model building. The other property of Lyapunov exponents is their
nonparametric nature. They do not require imposition of a parametric specification on the
data and hence can be used as a complementary diagnostic to parametric stability techniques.

The common observation made in the empirical nonlinear dynamics literature is the
constraints imposed by the availability of a limited number of observations in the
implementation of the existing algorithms of Lyapunov exponents. Brock and Sayers (1988)
found that the Wolf et al. (1985) algorithm of Lyapunov exponents may not provide a correct
characterization of Lyapunov exponents of a time series with limited number of observations
which an applied econometrician normally faces; also the performance of this algorithm is very
sensitive to the degree of noise in the data. Frank and Stengos (1988) indicated that the
algorithm of Lyapunov exponents due to Kurths and Herzel (1987) had a positive bias and
Frank et al. (1988) reported the presence of positive bias in various GNP series.

In this paper we will discuss the algorithm of Lyapunov exponents proposed by Dechert and
Gencay (1990) with an application to the spot exchange rate series. When a dynamical system
is n-dimensional and the observations are embedded in an m-dimensional space such that
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m 2 2n + 1, then, by a theorem of Takens (1981), the observations can be used to reconstruct
the local dynamics on the attractor of the dynamical system. Dechert and Gencay (1990) show
that the n largest Lyapunov exponents of the reconstructed dynamics are the Lyapunov
exponents of the unknown system. In simulation studies we show that the algorithm performs
satisfactorily with limited number of observations. This property of the algorithm makes it
attractive as compared to the other recent algorithms such as those of Brown et al. (1991),
which require a large number of observations for correct approximations. Our results are
robust to the presence of system as well as measurement noise.

The implementation of the algorithm is carried out by multilayer feedforward networks.
Subject to mild regularity conditions, Hornik ef al. (1990) have shown that these networks can
approximate any function and its derivatives to any degree of accuracy. They have the
capability to approximate a function and its derivatives with as few as a hundred observations.

The organization of this paper is in the following manner. In Section 2 we will define the
Lyapunov exponents and describe the algorithm. Multilayer feedforward networks will be
explained in Section 3. Simulation experiments as well as applications to the spot exchange rate
data are the content of Section 4. We will conclude thereafter.

2. LYAPUNOV EXPONENTS
The Lyapunov exponents for a dynamical system, f: R" — R", with the trajectory
x;+1=f(x,) t=0,1,2,... (1)

are measures of the average rate of divergence or convergence of a typical trajectory.! For an
n-dimensional system as above, there are n exponents which are customarily ranked from
largest to smallest:

M2 2N 2

Associated with each exponent, j=1,2,...,n, there are nested subspaces V’C R" of
dimension n + 1 — j and with the property that

N =1im = In|| (Df o0 || 3)
t—o0

for all ve V/\V’/*!, (See Guckenheimer and Holmes, 1983, p. 256, for additional properties
of Lyapunov exponents and for a formal definition). Note that for j > 2 the subspaces V7 are
sets of Lebesgue measure zero, and so for almost all v € R” the limit in equation (3) equals \;.
This is the basis for the computational algorithm of Wolf et al. (1985), which is a method for
calculating the largest Lyapunov exponent.

Equation (3) suggests a more direct approach to calculating the exponents. Since

(Df)xo = D) (Df )11 -+ (DS )xo “)

all the Lyapunov exponents can be calculated by evaluating the Jacobian of the function f
along a trajectory, {v;}. Eckmann and Ruelle (1985) propose the use of the QR algorithm for
extracting the eigenvalues from (Df"),,, which is the method that we use here.

An attractor is a set of points towards which the trajectories of f converge. More precisely,
A is an attractor if there is an open U C R" with

A= f1O) ®)

t>20

!The trajectory is also written in terms of the iterates of f. With the convention that f° is the identity map, and
S = fo £, then we also write, x; = f'(xo). A trajectory is also called an orbit in the dynamical system literature.
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Table I. Lyapunov exponents of n-dimensional non-chaotic attractors

Lyapunov exponent

Stable equilibrium point Ni<Ofori=1,2,...,n

Limit cycle M=0,\i<0fori=2,3,...,n
Two-torus M=N=0and \;i<O0 for i=3,4,...,n
K-torus =Nh=--=N=0and \i<O0fori=k+1,..., n

where U is the closure of U. The attractor A is said to be indecomposable if there is no proper
subset of A which is also an attractor. It is a consequence of Oseledec’s Theorem (1968) that
the limit in equation (3) exists for a broad class of functions.?

An attractor can be chaotic or ordinary (which we will refer to as non-chaotic). There is
more than one definition of a chaotic attractor in the literature. In practice, the presence of
a positive Lyapunov exponent is taken as a signal that the attractor is chaotic. The Lyapunov
exponents of non-chaotic attractors are classified in Table I. Note that no Lyapunov exponent
of a non-chaotic attractor is positive.

In practice, one rarely has the advantage of observing the state of the system, x;, let alone
knowing the actual functional form, f, that generate the dynamics. The model that is widely
used is the following: associated with the dynamical system in equation (1) there is an observer
function 4 : R"” — R which generates observations

Yi=h(x). 6

It is assumed that all that is available to the researcher is the sequence {y}. Under general
conditions, Takens (1981) has shown that if the set U is compact manifold then for m > 2n + 1

J"(x) = (h(x), R(f(X)), ..., R(SH(X))) ™

is generically an embedding. For a function g: R™— R™ for which J™o f= goJ™ on an
indecomposable attractor, Dechert and Gencay (1990) show that » largest Lyapunov exponents
of g are the Lyapunov exponents of f. This is the basis of our approach: estimate the function
g based on the data sequence {J™(x;)} and calculate the Lyapunov exponents of g.> As m
increases there is a value between »n and 2n+ 1 at which the »n largest exponents remain
constant as m increases and the remaining m — n exponents diverge to — c as the number of
observations increases.
The mapping, g, which is to be estimated may be taken to be*

Ytrm-1 V(Ytem=1,YVe4em=2, oy Vt)
g: yt+."l—2 N yt+:n—1 (8)
Yt Yi+1

and this reduces to estimating

Veem=V(YVt4m—1, YVe+m-2, -~-,yt)- (9)

2 See Raghunathan (1979), Ruelle (1979) and Cohen et al. (1986) for precise conditions and the proofs of the theorem.
3 Dechert and Gencay (1990) work was done independently from the works of McCaffrey et al. (1991) and Nychka
et al. (1992). The departure for the computational methodology used in Dechert and Gencay (1990) and the ones used
in McCaffrey et al. (1991) and Nychka et al. (1992) are basically the same, except that they calculate only the largest
Lyapunov exponent, whereas we show that it is possible to calculate all Lyapunov exponents of an unknown
dynamical system. The theoretical results for our approach are given in detail in Dechert and Gencay (1990).

4 All we can hope to calculate is a generic function g.
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3. MULTILAYER FEEDFORWARD NETWORKS

In this paper we use a single layer feedforward network,
N m
oNm(z; B, w, b) = 2, Bj¢<2 wiZi + bj) (10)
Jj=1 i=1

where z € R™ is the input, the parameters to be estimated are 3, w, b, and ¢ is a known hidden
unit activation function. 8 € R" represents hidden to output unit weights, we RY*™ and
b€ RY represent input to hidden unit weights. N is the number of hidden units.

Hornik et al. (1990) have given conditions under which the set of single-layer feedforward
networks are dense in Sobolev space of functions. The important part of their result of which
we make use is that both a function and its derivatives can be approximated to any arbitrary
degree of accuracy with a single-layer feedforward network. Gallant and White (1992) have
shown that feedforward networks can be used to consistently estimate a function and its
derivatives. They show that the least squares estimates are strongly consistent in Sobolev norm,
provided that the number of hidden units increases with the size of the data set.

For notational purposes, let

VI = Ytem=1, Yeem=25 .y Yt). (11

For a single-layer network the least squares criterion for a data set of length 7 is:

T-m-1
L(B’ w, b)= Z [yt+m_vN,m(ytm;B’ w, b)]z' (12)
t=0

This is a straightforward multivariate minimization problem. In our work we used the sigmoid
function

D) = ————— (13)

1+ exp(—u)

as the hidden-layer activation function. vn,(z; 8, w, b) has many local minima and the fitting
procedure must pass these to a global minimum. We used the conjugant gradient routines in
Press et al. (1986) and chose the starting values from a uniform pseudo-random number
generator. We found that this procedure worked very well for this problem.

4. ILLUSTRATIVE EXAMPLES

In this section we present some results on two examples. One is the attractor of the Henon
map,

x,+1=1~1-4x,2+y, y,+1=0'3xt (14)

which is a widely used example. We use it in part as a benchmark to test our methods against
the results of others. The matrix of derivatives of the Henon map is

—2-4x 1
15
703" o) as
Since the determinant of this matrix is constant, the Lyapunov exponents for this map satisfy
M+ A=In0-3) = —1-2. (16)

We estimated the Henon map and the first column of the matrix of partial derivatives based
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on 200 observations. In the estimation of this map, six hidden-layer activation functions are
used in a single-layer feedforward network. We have compared the quality of the fit with seven
and eight hidden-unit activation functions as well, but did not observe any improvement in the
quality of the fit.* The results are given in Figures 1-3, along with the mean squared error of
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Figure 2. Henon map: derivative of x(t+1) w.r.t x(f). - actual; + estimated (mean square

error = 0-004564)

5 Gallant and White (1992) pointed out that the number of activation functions should grow with the size of the data
set at just the right rate to ensure good approximation without overfitting. In simulation experiments, they also
reported that the quality of the fit was not very sensitive in slight variations to this rate.
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Figure 3. Henon map: derivative of y(t+1) w.r.t x(f). - actual: + estimated (mean square
error = 0-000304)

the approximations. This error is calculated by:

T-m-1

mSewm= e 37 [Vem— Onamcrm]® (17)
T-m =
where Un,m,1+m is the fit from a single hidden-layer feedforward network. It can be seen that
the single hidden-layer network approximates the Henon map as well as its derivatives closely.
In Table II we have summarized the estimates for the Lyapunov exponents of the Henon
map. Two points worth noting are that for embedding dimensions of 2 to 4 the first two
Lyapunov exponents are quite stable at approximately their true values. The spurious
Lyapunov exponents at embedding dimensions 3 and 4 are quite unstable. On larger data sets,
these spurious exponents converge to — o and are more easily identified.

Table II. The Lyapunov exponents of the Henon map, number of
observations: 200

Embedding Estimated True
dimension Lyapunov exponents Lyapunov exponents
m=1 0-3912
m=2 0-4054 0-408
—1-6252 -1-620
m=3 0-4397
—1-6280
-3-7971
m=4 0-4398
—1-6458
—2-7047

—2-9969
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It is worth comparing our results with those of Brown ef al. (1991). Their method is to use
a Taylor series in estimating the dynamics. Since the Henon map is in fact a polynomial of
degree two, their methods should have a strong advantage in this case. However, they reported
that when they used a quadratic polynomial in two variables, the estimated Lyapunov
exponents were

A1 =0-44707 A2 =1:5096 (18)

These estimates were based on 11,000 observations. The relative errors of these estimated
exponents are 9:6 per cent and 6-8 per cent, respectively. Compare these with the relative
errors of our estimates (which are based on 200 observations) of 0-64 per cent and 0-32 per
cent.

In the presence of noise the estimates deteriorate.® In Table III we report the results of
estimating the Lyapunov exponents for two types of noise. For measurement noise we use the
system equation (1) along with the observation equation

Y= X1+ + 0& (19)

where x; . is the first component of x; and {&7} is an independent and identically distributed
normal random variable with zero mean and standard deviation o.. If ox is the standard
deviation of the system data, then the signal-to-noise ratio in the data {y} is

x| (20)

00¢

The estimated Lyapunov exponents are given in terms of the reciprocal of the signal-to-noise
ratio.

Table III. Henon map with noise, number of observations: 200

Type of noise % I A2
Measurement noise 0-01 0-3899 —1-7251
(0-0573) (0-6114)
0-05 0-3612 —1-7961
(0-0633) 0-6114)
0-10 0-3591 —2-2514
(0-0909) (0-5369)
System noise 0-005 0-3398 —1-8109
(0-0879) (0-6869)
0-007 0-2937 —2-1902
(0-0925) (0-7522)
Notes:

(1) \; and X\, are the Lyapunov exponent estimates from largest to
smallest, respectively. Each Lyapunov exponent is an average of 100
simulations. Numbers in parentheses are the standard deviations.

(2) The series y, with measurement noise is generated by x:+1= f(x:),
Ye= X1, + o0& where 0 = Yoy[oe, oy is the standard deviation of the
data and o, is the standard deviation of & series. & is drawn from
N(,1).

(3) The series x; with system noise is generated by x:+1=f(x:) + o0&,
i = x1,1, where o is defined above. & is drawn from N(0, 1).

6 There are two reasons for this. First, the noise itself reduces the extent to which the deterministic relationship can
be uncovered. Second, as pointed out by Ellner et al. (1991), the QR algorithm also deteriorates due to noise.
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For system noise we used the system model

Xev1 = f(x:) + o€ Yi+1= X1t 21

and again the results are reported in terms of the reciprocal of the signal-to-noise ratio.’ The
maximum value of 0:-007 is due to the fact that for any larger value of the noise term the
system gets knocked out of the basin of attraction and diverges.

Now we will focus on economic time-series data. We will calculate the Lyapunov exponents
of the Canadian, German, Italian and Japanese monthly average spot exchange rates and end-
of-month spot exchange rates for embedding dimensions, m = 1,2 and 3. We have data for
two different time periods. The first data set is the monthly fixed and flexible spot exchange
rate data from January 1960 through December 1990, a total of 372 observations. The second
data set is the monthly flexible exchange rate data from January 1973 through December 1990,
a total of 216 observations. ® The data are obtained from the OECD Main Economic Indicators
tape. The purpose of calculating the Lyapunov exponents of the flexible exchange period is to
isolate the dynamics of this period from the fixed exchange-rate period. The reason for
calculating the Lyapunov exponents with average and end-of-period data is to observe any
potential differences introduced to the dynamics of the series from averaging.

Table IV. Lyapunov exponent estimates of the spot exchange data

Monthly average

Fixed and flexible exchange-rate period Flexible exchange-rate period

m=1 m=2 m=3 m=1 m=2 m=3

Canada A =0-017 AM=-0:011 N=-0:022 X\ =-0-011 X\ =-0:002 X\ =-0-011
b=1-020 A= —-0-421 N\=-0-705 b=0-983 A=-1:224 N\ =-1-131
ssr=0-000 ssr=0-000 A3=—0-893 ssr=0-000 ssr=0-000 N=-—1-376

ssr=0-000 ssr=0-000
Italy M=-0:027 X\ =-0:061 X =-0:051 X\ =-0-007 A1 =0-003 A= —0-004
b=0-974 A2=-0:996 X=—1-121 b=0-993 A=—1:005 N=-0-769
ssr=0-000 ssr=0-005 A3=—1:246  ssr=0-000 ssr=0-000 As=—1:786

ssr=0-001 ssr=0-001
Japan A=-0:001 X\ =-0-003 X\ =-0-005 A1 =0-008 AM=-0-033 X\ =-0-008
b=0-982 A=-0:670 A= —-0-954 b=1-008 A=—-1:271 N=-1-070
_ssr=0-000 ssr=0-000 A3s=—1:120 ssr=0-000 ssr=0-001 A3=—1:749
ssr=0-000 ssr=0-001

Germany M =-0-030 A\ =-0-099 X\ = -0-081 A1 =0-005 A= -0-010 A =0-011
b=0-971 AN=—-1:106 A= —1-211 b=0-996 A=—-1:222 N\ =-1-329
ssr=0-001 ssr=0-001 A3=—1:291 ssr=0-000 ssr=0-001 A= —2-025

ssr=0-001 ssr=0-001

Notes:

(1) m refers to the embedding dimension. For each column of m, the Lyapunov exponent estimates are ordered from
largest to smallest.
(2) The monthly fixed and flexible spot exchange-rate data are from January 1960 through December 1990, a total
of 372 observations. The monthly spot flexible exchange-rate data are from January 1973 through December 1990,
a total of 216 observations.

"Ellner et al. (1991) show that Jacobian-based estimates of the largest Lyapunov exponent are asymptotically
consistent in the presence of system noise.
8 The first data set is estimated with seven hidden-unit activation functions. The second data set is estimated with six
hidden-unit activation functions.
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Table V. Lyapunov exponent estimates of the spot exchange data
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End of month

Fixed and flexible exchange-rate period

Flexible exchange-rate period

m=1 m=2 m=3 m=1 m=2 m=3
Canada M=-0.034 XN=-0:044 X =-0:012 X\ =-0-010 A =0-019 A= —0-008
b=0-971 A=-0-678 A= —1-256 b=0-991 N=—-1:545 N =-1-199
ssr=0-000 ssr=0-000 N;=—1-261 ssr=0-000 ssr=0-000 3= —1-208
ssr=0-000 ssr=0-000

Italy A= —0-001 A =0-010 AM=-0:002 XN\ =-0-010 N =-0-012 X\ =0-001
b=1-000 A=—-0:-650 N\y=—1-089 b=0-990 A= —-2:309 X,=—0-966
ssr=0-001 ssr=0-001 A3=—1-198  ssr=0-000 ssr=0-001 3= —1-089
ssr=0-000 ssr=0-001
Japan A =0-022 A= —-0-074 A =0-026 AM=-0:005 XN\ =-0-029 X\ =-0-006
b=1-023 A2=—1:068 N=—1:100 b=1-000 A= —-2:371 A= —-1:602
ssr=0-001 ssr=0-001 A3= —1-928 ssr=0-001 ssr=0-001 A3=—1:927
ssr=0-000 ssr=0-001
Germany A1 =0-002 A =0-076 AM=-0:004 X\ =-0:006 XN\ =-0-033 XN\ =-0-039
b=1-002 A=—-0-880 N,=—0-836 b=0-996 N=—2:531 N =-0-872
ssr=0-001 ssr=0-000 N;=-0-974 ssr=0-001 ssr=0-001 A3=—1-070
ssr=0-000 ssr=0-001

Notes:

(1) m refers to the embedding dimension. For each column of m, the Lyapunov exponent estimates are ordered from
largest to smallest.
(2) The monthly fixed and flexible spot exchange-rate data are from January 1960 through December 1990, a total
of 372 observations. The monthly spot flexible exchange-rate data are from January 1973 through December 1990,
a total of 216 observations.

These estimates for embedding dimension 7 =1 are given in the first and fourth columns

of Tables IV and V. For m = 1, there are three entries in each cell. The first is the Lyapunov
exponent estimate, the second entry is the average derivative (parameter) estimate of the
regression of x;.+1 on x; by single hidden-layer feedforward networks and the last entry is the
average sum of squared residuals from the same network.

Note that all series have a parameter value very close to one or a unit root. The performance
of the single hidden-layer feedforward networks (NNet) with a unit root process is presented
in Figures 4—7. In these figures the fitted value of the unit root process is plotted against its
lags and compared with the actual process and its lags for 1000 observations. It is clear that
the fit is excellent and the persistence of the process in its lags is captured. We have also plotted
the phase diagrams for the monthly end-of-period spot exchange rate data.’ In Figures 8—19,
phase diagrams up to lag four are plotted for the German, Japanese and Canadian currencies.
These figures give a clear indication of the presence of a unit root process when they are
compared to Figures 4-7.

The presence of the unit root is captured in the calculated Lyapunov exponent values which
lie close to zero.!® To compare this performance, we also calculated the Dickey—Fuller unit

9Each exchange series is scaled down from its level.

Y For higher-order integrated processes, the determinant of the Jacobian is always constant and equal to one. Hence,
the sum of the Lyapunov exponents is equal to the logarithm of the determinant which is zero. In simulation
experiments, we observed that all d Lyapunov exponents of an I(d) process are zero. This is due to the fact that the
distance between two trajectories generated from two nearby initial starting points is a constant for integrated
processes.
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Figure 12. Japanese end-of-month spot exchange rate (x; against x;—1)
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Figure 13. Japanese end-of-month spot exchange rate (x; against x;-2)
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Figure 14. Japanese end-of-month spot exchange rate (x; against x;-3)
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Figure 15. Japanese end-of-month spot exchange rate (x; against x,-4)
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Figure 16. Canadian end-of-month spot exchange rate (x; against x;—;)
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Figure 17. Canadian end-of-month spot exchange rate (x, against x;-2)
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Figure 18. Canadian end-of-month spot exchange rate (x; against x,-3)
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Figure 19. Canadian end-of-month spot exchange rate (x; against x;-4)
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Table VI. The Dickey—Fuller unit root tests of the spot exchange-rate data

Monthly average

Fixed and flexible exchange-rate

period Flexible exchange-rate period

No constant With constant No constant With constant
Canada 0-0004 —0-0063 0-0007 —0-0004
(0-9417) (—1-428) (0-9952) (—0-065)
Italy 0-0010 —0-0023 0-0023 -0-0016
(0-7534) (—0-7040) (1-2531) (—0-2692)
Japan —0-002* 0-0014 —-0-0018 0-0087
(-2-212) (0-4344) (—0-9740) (1-1180)
Germany —0-002* —0-0012 —-0-0019 0-0158
(—2-4629) (—0-3591) (—0-8867) (1-2996)

Notes:

(1) The first entry is the parameter estimate; the second entry in parenthesis is the z-statistic. The
critical values of the Dickey—Fuller test statistic at the 5% level are —1-95 with no constant and
—2-89 with a constant term. The 10% level critical values with no constant are —1-61 and —2-58
with a constant term.

(2) An asterisk denotes evidence against the null hypothesis of a unit root.

root tests by running Ax; on x;~; as well as running Ax; on a constant and x;_; under the
assumption that the error term is identically and independently distributed. These statistics are
reported in Tables VI and VII. Note that in the first column of Table VI, for Japanese and
German average exchange rates, the Dickey—Fuller test rejects the presence of a unit root at
the 5 per cent level, although the unit root is clearly there. At the 10 per cent level, the
Dickey—Fuller test rejects the presence of unit root for the Italian spot exchange rate in the

Table VII. The Dickey—Fuller unit root tests of the spot exchange-rate data

End of month

Fixed and flexible exchange-rate

period Flexible exchange-rate period

No constant With constant No constant With constant
Canada —0-001 —0-0092 —0-0007 0-0023
(—1-2171) (—1-6661) (—0-7967) (0-2670)
Italy —0-002* —0-0015 0-0024 —0-0005
(—1-7029) (—0-5124) (1-1251) (—0-0801)
Japan 0-003 0-0034 —-0-0017 0-0108
(1-9974) (0-6973) (—0-7881) (1-2019)
Germany 0-003 0-0004 —-0-0016 0-0219
(1-6881) (0-0797) (—0-6539) (1-5611)

Notes:

(1) The first entry is the parameter estimate; the second entry in parenthesis is the z-statistic. The
critical values of the Dickey—Fuller test statistic at the 5% level are — 1-95 with no constant and
—2-89 with a constant term. The 10% level critical values with no constant are —1+61 and —2-58
with a constant term.

(2) An asterisk denotes evidence against the null hypothesis of a unit root.
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first column of Table VII. To check the behaviour of the series in higher dimensions, we
embedded each series in embedding dimension two, m = 2. These estimates are summarized in
the second and fifth columns of Tables IV and V. Note that the largest Lyapunov exponents
are preserved close to their m = 1 estimates. The second Lyapunov exponent of each series is
clearly away from zero and negative. There can be two interpretations of this situation. The
first is that each of these series is generated from a two-dimensional system with a second stable
root. The second interpretation is that each of these series is generated from a one-dimensional
system with a unit root and the smaller Lyapunov exponent is spurious.

One method of distinguishing between these two interpretations is to see whether the first
two largest Lyapunov exponents are invariant in their magnitude as the embedding dimension
is increased. An example of this situation is given in Table II, where the largest Lyapunov
exponents of the Henon map are not changed as the embedding dimension is increased up to
four. However, note that the spurious Lyapunov exponents vary in magnitude. An example
of this is the unit root process itself. The calculated Lyapunov exponents of the simulated unit
root process in Figures 4—7 are m =1, \; =0-0001; m =2, \; =0-0002, N\, = —1-1443; and
m=3, \; =0-0002, \2 = —2-1401, N\3= —3-1410.

The Lyapunov exponent estimates of the exchange rate data at m =3 are summarized in
third and sixth columns of Table IV and V. The two largest Lyapunov exponents of the
German and Japanese end-of-month spot exchange rates for the fixed and flexible exchange-
rate period are very close to m =2 and m = 3. This gives the indication that there is a second
dimensional element for the German and Japanese end-of-month spot exchange rates. For all
other series, the dynamics of the data are characterized by a unit root process.

In monthly average as well as in the end-of-month series, the unit root presence in the largest
Lyapunov exponent does not show any systematic difference. In higher embeddings, the
second and the third Lyapunov exponents have a larger negative value in the flexible exchange-
rate period. This gives the indication that the random walk hypothesis is much more apparent
in the flexible exchange rate-period.

The Lyapunov exponents are invariant to the form of the observer function as long as the
observer function (6) is generic. Therefore, time averaging will have no influence on the
deterministic part of the data for a sufficiently large number of observations. However, time
averaging may eliminate the fine structure of the stochastic nature of the data if the degree of
averaging is high. The comparison of the end-of-month with the monthly average data does
not exhibit any systematic variation. An explanation of this is, first, that the number of
observations is large enough and second, the degree of averaging is not so severe so that both
series provide the same information.

5. CONCLUSION

We have discussed the Lyapunov exponents as a diagnostic of stability analysis with a
particular focus on the algorithm proposed by Dechert and Gencay (1990). The
implementation of the algorithm is carried out by multilayer feedforward networks. It is shown
that it is possible to calculate all Lyapunov exponents of a dynamical system accurately with
limited number of observations. The algorithm has good performance with the presence of
measurement as well as system noise. This multi-dimensional diagnostic can clearly serve as
a useful complementary tool in the stability analysis of time-series data.
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