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Let F and G denote two distribution functions defined on the same probability space which are
absolutely continuous with respect to the Lebesgue measure with probability density functions f and g,
respectively. Ahmad and Van Belle (19742 proposed a measure of the closeness between F and G as
follows: A = A(F, G) =2 [ f(x)g(x) dx/[f f(x) dx + fgzgx) dx). Ahmad (1980) proposed to estimate A
by 4=[f](x)dG,(x) + [ §(x) dE,())/f /*(x) dx + [ g*(x) dx], where F,(x) and G,(x) are the
empirical distribution functions of F(x) and G(x) respectively and f(x) and g(x) are the well-known
kernel estimates of f(x) and g(x) respectively. This paper generalizes the estimator 4 to a family of
modified estimators of A indexed by a constant y, iy, say, where 0=y =<1, which includes A as a
special case (when y = 0). We derive the limiting distribution of normalized iy for 0<y =1 by using
the theory of U-statistics and show that the limiting distribution of A, for y=0, i.e., of X, when
normalized, is degenerate. Consequently, A cannot be used to construct an asymptotically valid
goodness-of-fit test. The normalized estimator A, for any 0<y =1, however, does have a limiting
normal distribution and therefore can be used to construct an asymptotically valid two sample
goodness-of-fit test. The modifications of A proposed by Ahmad (1980) for one sample case suffer
from the same problem. So, in this paper, we also generalize Ahmad’s estimators of A for one sample
case and apply the resulting estimators in hypotheses testing. All the tests proposed in this paper are
shown to be consistent.

1. INTRODUCTION

Let F and G be two independent distributions defined on the same probability
space which are absolutely continuous with respect to the Lebesgue measure with
probability density functions f and g respectively. Ahmad and Van Belle (1974)
proposed a measure of the affinity between f and g, viz,
28

—_— 1
A() +Ag) @
where & =[f(x)g(x)dx, A(f)=[f*(x)dx, and A(g)=[g’(x)dx with f(x) =
[f(x)]%. The measure A satisfies the property that it does not exceed 1 and it

A=A(F, G) =
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390 Y. FAN and R. GENCAY

equals 1 if and only if f(x) = g(x) for almost all x. Therefore, it can be used as a
basis for testing Hy: f(x) = g(x). This idea was explored by Ahmad (1980).

Ahmad (1980) proposed a nonparametric estimator of A based on two
independent random samples from F and G. In particular, given two independent
random samples, X,, ..., X,and Y}, ..., Y,, say, from Fand G respectively, he
proposed to estimate A by

e >
where ’
$=[1odc0=[srm =L 33 () @
and | j
A =f fix)dx and A(g)= f\gz(x)dx @

In equations (3) and (4), F,(x) and G,(x) denote the empirical distribution
functions of F(x) and G(x), respectively, and f(x) and g(x) are kernel estimators
of f(x) and g(x) respectively, viz.,

fo) = 3 k() and geo=1 5 k(2 5) )

ha, =1 a, ni=1 n

where K(.) is a symmetric probability density function (p.d.f.) satisfying certain
assumptions to be stated later and a = a, is a bandwidth approaching zero as n
approaches infinity.

Ahmad (1980) discussed some asymptotic properties of 4, including the weak
and strong consistency of 4 under certain assumptions. In addition, he presented
the limiting distribution of Va (4 — 1), on the basis of which he constructed an
asymptotic test of the null hypothesis that f(x) is equal to g(x) almost
everywhere. In the same paper, Ahmad also discussed estimation of two special
forms of A. The first is estimating A when g =f; is known. Let A = A, in this case,
where Ao =28,/[A(f) + A(fy)] and &, = [ f(x)fo(x) dx. He proposed the following
estimator for Ay, viz.,

i =2n—l E;'=1fo(xi)
0 A(f)+Co

where Co=[fj(x)dx is a known constant. A one sample test statistic for
Hy:f = f, was constructed from 4,. The second is estimating

oo 2@ 8
[P &+ [fi(=x) &~ AG)

(6)

™

by
8*

)

®)
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where 6* = [ f(x)f (—x)dx, 8* = (n’a)™' L1, B, K((X; + X;)/a), and the last
equality of (7) follows from the fact that [ f*(x) dx = [ f?(—x) dx. Based on this
estimate, a test statistic was proposed for testing Hy:f is symmetric about zero,
i.e., f(x) =f(—x) for all real x.

The estimator A(f) of A(f) was first proposed by Bhattacharayya and Roussas
(1969). The showed that it is a consistent estimator in mean square error sense.
Schuster (1974) derived the strong consistency and the rate of strong convergence
of A(f). He also proposed an alternative estimator for A(f), i.e.,

A= [10dEw= 55 3 k(P2 ©)

and showed that A(f) is also a strongly consistent estimator of A(f) under the
same conditions as those of the estimator A(f). Ahmad (1976) derived the
limiting normal distribution of Vn (A(f) — A(f)). The limiting distribution of
Vn (A(f) — A(f)) follows from that of Vn (A(f) = A(f)) as seen in Lemma 2.1
to follow.

This paper generalizes the estimator £ proposed by Ahmad (1980) to a family
of modified estimators of A indexed by a constant y, 4,, say, where 0<y=<1. If
y=0, then the modified estimator 4, reduces to 4. In the next section of the
paper, we define the modified estimator I,, for 0=y =1 and investigate the
limiting distribution of \/;(/f.,—/l) by invoking the theory of U-statistics (or
V-statistics). Our result when specialized to y =0 shows that under the null
hypothesis of f(x) =g(x) the limiting distribution of V(A —1) is degenerate.
There is no scaling of (A — 1) that will have a limiting distribution of known or
consistently estimable form. Hence, we will not be able to construct an
asymptotically valid test based on 4. One approach to overcome the degeneracy
problem is to modify 4. The estimator 4, for any 0<y <1 serves this purpose,
since as will be shown in the next section, \/r_t(i,,—-/l) has a limiting normal
distribution whether the null hypothesis is correct or not. An alternative method
of dealing with the degeneracy problem is to modify the measure of affinity being
used, i.e. A, in our paper. See Ahmad and Cerrito (1989) for more details and
references of work along this direction.

The same problem exists in one sample case. Thus, we also provide modified
estimators of 4 and A* and derive their respective limiting distributions in the
next section. The third section presents asymptotic tests based on our modified
estimators. It is also shown in this section that all three tests are consistent. The
size and power properties of these three tests are discussed in section four. It is
demonstrated through some simulation studies that all three tests have good
power against a variety of alternatives for moderate sample sizes. The last section
includes a discussion of possible extensions of the modified test statistics to the
testing of the residuals of a regression model and the concluding remarks.

2. MODIFIED ESTIMATORS AND THEIR LIMITING DISTRIBUTIONS

To construct an asymptotically valid test for Hp:f(x) =g(x) (or Hy:f(x) = fo(x),
or, Hy:f(x)=f(—x)), we need an estimator of A (or Ay, or, A*) that when
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appropriately scaled has a known or consistently estimable limiting distribution
under H,. As indicated in the introduction, the estimator 4 (or 4,, or £*) is not
an appropriate candidate for this purpose. The intuitive reason is that both the
numerator and the denominator of 4 (or 4,, or £*) are asymptotically equivalent
to the same sample average under H,. This suggests that we must estimate either
the numerator or the denominator differently. In this paper, we choose the
former and provide the following modified estimator of A, viz.,

26,
)+ 5 a0

where A(f) and A(g) are given in (4) and &, is a generalized estimator of &
indexed by a constant 0 <y =< 1. It is defined as’

=5 > ) +40K0)

where
1+y foriodd n for n even
ctn =] , -{ |
@) 1—y forieven and n, n+y forn odd
Similarly, we propose to estimate A and A* respectively by
28
hoy =¥ 11
=&+ G 4
where 50,,, =n;' L7, Ci(y)f(X), a weighted estimator of §,, and
3*
* _ Y 12

where 5;=n;‘ iGF(-X), and A(f) and C, are defined in the
introduction.

Remark 2.1. The modified estimators 4, ,, 43, and 4, are indexed by a parameter
v. If v is allowed to take the value zero, then these estimators reduce to those of
Ahmad (1980). However, for testing purposes, y must not be zero.

Common to all three estimators 4, ,, i;, and 1, is the estimator A(f) of A(f).
We will first study the limiting distribution of Vn (A(f) — A(f)) and then use the
result to examine the respective limiting distributions of the appropriately
normalized estimators.

For ease of reference, we collect the assumptions on K(.) and a =a, in the
assumption (K) and the assumption (A) below. Throughout the rest of this paper,
these two assumptions are assumed to be satisfied and all the limits are taken as
n— oo, unless otherwise stated.

Assumptions. (K) The Kernel function K(.) is a symmetric p.d.f satisfying

(K1) sup, K(u) <o and |u| K(u)— 0 as |u|— o,
(K2) fuK(u)du=0 and [ u?K(u)du <.

(A) The smoothing parameter a = a,, satisfies a— 0, na>— ®, and na*— 0.

! The idea of using weighted estimators is borrowed from Robinson (1991).
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The following lemma is obtained from Theorems 2.2 and 2.3% in Ahmad (1976)
by relating A(f) to A(f) given in (9).

Lemma 2.1 If f(x) is twice differentiable with bounded seccond derivative and
JF(x) dx <, then :

() A()=A() =2n"" T, [f(X.) = Ef(X)] + 0,(n"1?)
(ii) Vn[A(f)— A(f)]— N(0, 4 Var[f(X)]) in distribution.

Proof.® The results (i) and (ii) follow from Theorems 2.2 and 2.3 in Ahmad
(1976), since

5= [ [ [ k() k(222 arw dm o) as

a a

=§ ff[j K(w)K(w + _v_;_u) dw] dF,(u) dF,(v)

182 X, - X,
ORI

n-ai=j=1

=A(f)

where K®)(.) in the last equation is the convolution of K(.) with itself and K)(.)
satisfies the assumption (K). O

The limiting distribution of Vn (/fo,,, — Ao) is the simplest to derive and stated in
the following theorem.

Theorem 2.2. If f(x) has a bounded second derivative, [ f3(x)f(x)dx <o,
[Fix) dx <e, [f(x)fo(x) dx <w, and [f*(x)f3(x) dx <w, then Vi (4, — i)
— N(0, d3,,), where

02 = HA+Y?) Var[fy(X)] + A3 Var[f (X)] = 24 Cov[/o(X), £(X)]}

[A(f)+ CoF ‘
Proof. By using Lemma 2.1, we have
x(),'y - A0
- 2";1 L G fo(X:) - Efy(X)] —2Aon"' %, [f(X) - Ef(X)] + Op("_l/z)
A(f) + Co
_2n7 B {[nn3 ' Gy )fo(X0) — Aof (X)) — E[nny 'C(V)fo(X:) = Aof (X1}
A(f)+Co
+0,(n"?) (13)

Let Y, = ”";lci()’)fo(xi) —Xf(X)) and Z,, =Y, —EY,. Then, EZ,=0 and
Z,1s+++s 2y, are independent and satisfy the condition E |Z,|> <o by the

2 The proof of Theorem 2.2 is also used.
3 We are indebted to I. A. Ahmad for providing this simple proof.
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assumptions on f(x) and fy(x). So by the Liapounov CLT we will obtain
n—l/2 zi Zni

Vn~'Var[E, Z,,]

if we can show that %, E|Z,|/(E,VarZ,)**—0, or equivalently that

n? L, E|Z,’—0, since n~'Var[L; Z,,]- [A(f) + Co]03,/4. But, it is ob-
vious that ¥, E | Z,;|> = O(n) which completes the proof. O

- N(0, 1)

It is worth noting that Theorem 2.2 holds whether the null hypothesis that
f(x)=fo(x) is true or not. For testing purposes, we only need

CoroLLARY 2.3. Given the assumptions in Theorem 2.2, if f(x)=fy(x), then
\/'_1 (XO,Y - 1)_>N(0: 0(2),7,0)! where a(z),y.O = Yz J‘f(.)(x)[ﬁ)(x) - C0]2 dx/c(zl'

Proof. 1t follows from Theorem 2.2 and the fact that under Hp:f(x) = fy(x),
Ao =1 and Cov[fy(x), f(X)] = Var[fo(X)]. O

Remark 2.2.

(i) If y=0, Theorem 2.2 provides the limiting distribution of V7 (4, — A)
when f(x) # fo(x), where 4, is the estimator of A, proposed by Ahmad
(1980).

(i) As long as 0<y =1, Corollary 2.3 shows that \/h-(XO,Y - A) will have a
well defined limiting distribution under Hy:f(x) = fy(x) which enables us to
construct a valid test for H, based on 4, .

We now analyze the estimator A}. The first result stated in Lemma 2.4 is
concerned with the asymptotic behavior of 5;.

Lemma 2.4. If f(x) is twice differentiable with bounded second derivative and
Jf)f*(—x) dx <, then

(i) 85— 6*=n""L, CI(»)f (X)) - Ef(-X)] + 0,(n""?), where C}(y)=
[nn7'Ci(y) + 1]
(i) Vn (8}~ 6*)— N(0, (4 + y*) Var[f (- X)])

Proof. Note that 5; can be regarded as a weighted V-statistic of second order,
viz.,

* _i nCi(y)
Sr—nzgg n Pn(Xi»Xj)

Y

where P,(X;, X;) = a " 'K((X; + X;)/a).
Let P,(X;) = E[P.(X;, X;) | X)]. Then, it is easy to show that the following
result holds for all i, viz., :

P(X) =f(—=X)) +0,(n""?). (14)
Let 8, = EP,(X;, X;) = EP,(X,). Then ‘

5 -8 =3 3 0,(X, X) +-- 3 CIBX) - 6,]+1 5 [n.cx)
/ ' - 6,]+16,- 6] (19)
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where

nCi nC,-
0,06, %) =" 5, (x, %)~ 0,1- "D p,(x) — 0,1 - [P.(x) - 6.1
Y Y
Given equation (14), it is sufficient to show %, ¥; 0,(X;, X;) = 0,(n*) and
6, = 8* =o0(n""?). The latter is clearly true given (14). The former is equivalent
to the following two equations, viz.,

2 Qn(l\,i’ XI) = Op(ns/z) (16)
3 30X, X) = 0,(n*?) (17)
Ji#j

It is trivial to see that the first of the above two equations holds. For the
second, it is sufficient to show that E[L; ¥; .« Q.(X:, X;)J>=o(n®). Since the
observations are independent, the left hand side equals %, L, .x; E[Q,.(X;, X;)])*
which does not exceed

33 ST g1, x) - 0,7+ A pp ) - 0,1+ E1P (%) - 6,F)

i j#i Y Y

=33 5[ 25 e, xap

i j#i n,
3 .
s3n[2ni2 1+y)+ "]Ex. j%Kz(t)f(-—Xl +at) dt
Y
=0(n%a™")

The result in (i) then follows from the assumption that na— = as n— o,
(ii) follows from (i), the Liapounov CLT, and the fact that n~! ¥, C}*(y)—
@+y)asn—>w 0O

Lemma 2.4 along with Lemma 2.1 yields
THEOREM 2.5. Under the assumptions stated in Lemma 2.4, if [f*(x)dx <o,

JP)f*(=x) dx <, and [ f¥(x)f(~x)dx <=, then Vi (4} - 21*)>N(0, 03?),
where :

w2 4+ v’ - A _ 8t -
oY Az(f) Var[f( X)] + Az(f) Var[f(X)] Az(f) COV[f( X): f(X)]

Proof. From Lemma 2.1 and Lemma 2.4, we obtain

ft - ge = 187 20" 2A(H) - A()]

A(f)
_n T CIf(=X) - Ef(‘/}’.‘)] =2A*n7' 5, [f(X) — Ef (X))
A(f) .
+0,(n""?) '
_n EAIC D (=X) - 2'1*f(){.-)] = E[C!(V)f (=X)) = 2A*f(X)]}
A(f)

+0,(n""?)
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Therefore, Vn (A% — A*)— N(0, 03?) by the Liapounov CLT, where

077 = lim { o 5 VarlCIr) (%) =22 (X))

n—e LAY (f)n 4
_4+y B 4A%? 8 B
=315 Var[f( X)]+—A2( 7 Var[f(X)] 0 Cov[f(=X),f(X)] O

To construct a test of the null hypothesis that f(x) is symmetric around zero,
we need the following special case of Theorem 2.5.

CoroLLARY 2.6. Under the same assumptions as in Theorem 2.5, Vn Ar-1)-
N(0, 07%), if f(x) = f(~x), where

g1z VL@ E) = 8*Pdx _y* [f(®)[f(x) = A dx
A%(f) A%(f)

Finally, we consider the general estimator /f,,.

Lemma 2.7. If f(x) and g(x) have bounded second derivatives, and if
[f(x)g’(x) dx <= and [ f(x)g(x) dx <o, then

(i) 8,-6=0n)" £, C(v)g(X) - Eg(X,) +f(Y)) - Ef(Y)] + 0,(n™""),
where C}(y) = [nn;'Ci(y) +1].
(ii) Vn (8, —8)— N(O, (4+ ) Var[g(X) +f(Y)]/4).

Proof. It is important to note that 5, can be regarded as a weighted V-statistic of
the following form,

_1 nCy(y)
223502, 2),
where P.(Z;, Z)) = a”'[K((X; - Y})/a) + K((Y; - X;)/a)], and Z,=(X,, Y))". Let
P.(Z)) = E[P.(Z;, Z;) | Z)]. Then, it can be shown that for all i
P.(Z) =f(Y) +g(X.) + 0,(n™'?). (18)
Let 0,' = EP,,(Z,) = EP,,(Z,*, ZI)' Then
1 1 1
8,~0=5333 042, 2) +5 -3 CP(2Z) = 6,1 +5- S [P.(Z) - 6,]
) i j y i J
6,
+ [—2— - 6] (19)
where

nC(y) nC(y)
Qn(Ziy Z]) =0 [Pn(Zi; Z;) - 9,,] = Ta [P,,(Z,) - 9,,] - %[P,,(ZI) - en]
2n, 2n,
Following the same argument as in the proof of Lemma 2.4, we can show that the
first term in equation (19) is 0,(n~"?). The result in (i) then follows from (18) and

(19).
(ii) follows from (i) and the Liapounov CLT. 0O



AFFINITY MEASURE 397

Combining the results in Lemma 2.1 and Lemma 2.7, we have

THEOREM 2.8. Suppose that the assumptions of Lemma 2.7 are satisfied and
[f(x)g*(x) dx <o, [f3(x)g(x)dx <oo, [g*(x)dx <, and [f*(x)dx<w, then
Vn (A, = A)— N(0, 0), where
2=t ¥’) Varlg(X) +£(Y)] + 43” Var[f(X) +g(Y)]
’ [A(f) + AP
_ 8M{Cov[f(X), g(X)] + Cov[£(Y), g(V)]}
[A(f) + @)

Proof. Let Z} = C{(y)[g(X:) + f(Y))] = 2A[f(X;) + g(Y)]. Then the result follows
from the following expression obtained from Lemma 2.1 and Lemma 2.7, and the

Liapounov CLT,

_n7' 82} ~ EZ}] 4 0,(n1?)
AN +A)

A-2 O

From Theorem 2.8, we have
CoroLLARY 2.9. Under Hy:f(x) =g(x), Vn (4, —1)— N(0, 02,), where
2 PO )~ 6] d
AX(f) '

Remark 2.3. Corollary 2.9 implies that 4, can be used to construct a two sample
goodness-of-fit test as long as the parameter 0<y <1.

3. TEST STATISTICS AND THEIR PROPERTIES

This section develops tests of Hy:f(x) =fy(x), Hj:f(x)=f(-x), and Hp:f(x)=
g(x), respectively, where fy(x) is assumed to be known. The alternative
hypotheses for these tests are that the corresponding null hypotheses are false.
The basic idea is to use affinity measures A, A*, and A defined in the introduction
to measure the “closeness” between f(x) and fy(x), f(x) and f(-x), and f(x) and
g(x), respectively. Since Ay, A*, and A take the value 1 if and only if the
respective null hypotheses hold, and take values less than 1 if and only if the
alternative hypotheses hold, we will reject the null hypotheses if the estimates
io,y, 1;, and /T,, are smaller than 1 by an appropriate amount. To determine the
rejection regions for the corresponding null hypotheses at a given significance
level @, say, we will make use of the limiting distributions given in Corollaries
2.3,2.6, and 2.9.

Recall from Corollary 2.3, under H,, Vn (4, —1)—N(0, 03,,), where
03v0=7" [ ol@X)[folx) = CoP dx/C3. Let T, 0= Vn (A, - 1)/ 05,0 be the test
statistic for H,. We have

Theorem 3.1. If f(x) has bounded second derivative and [ f&(x)dx <o, then

a

under Hy, T, ,— N(0, 1) in distribution.

_ It follows from Theorem 3.1 that H, will be rejected at significance level « if
y.0 < —Z,, where Z, is such that P(Z > Z,) = a for Z ~ N(0, 1).
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The next result concerns the consistency of the test T;,,o. It ensures that the
probability of rejecting the null hypothesis of f(x) = fy(x) when in fact it is not
true approaches 1 as sample size approaches infinity. This result is obtained by
noting that under the alternative hypothesis of f(x)#fy(x), n~'2T, o— (Ao —
1)05.,0<0 in probability. So, for a given significance level a, we can always
choose n sufficiently large such that fi,_0< -Z,.

THEOREM 3.2. The test for H, given by TA'Y,O and the left tail of the standard
normal distribution is consistent.

Similarly, we can construct an asymptotically valid test for Hy:f(x) = f(—x) by
using Corollary 2.6 which states that under Hj, Va (A% — 1)— N(0, 0}2), where
035= 7 [ f(X)[f(x) — 6*dx/A*(f). The variance o}3 can be consistently
estimated by

5*2 = }'2 Ei USIY:) - 8:]2
nd%f)

which suggests the following test statistic for Hg, viz., f‘,,_. = \/E(i;‘ —1)/63,
The consistency of 63, and Corollary 2.6 lead to

THeEOREM 3.3. If f(x) is twice differentiable with bounded second derivative and
J f¥(x) dx <o, then under Hg, T,,.— N(0, 1).

So we reject Hj at significance level a if Ty_,, < —=Z,. The previous argument
for the consistency of T,,,o also applies to 7, ,. Thus, we have

TxeoREM 3.4. The test for Hj given by T, , is consistent.

The third test is a two sample goodness-of-fit test, i.e., Hy:f(x) = g(x). Under
Hy, Corollary 2.9 states that Vn (4, —1)>N(0, 0%;), where 0%,=
v? [ f(x)[f(x) — 8] dx/A*(f). The unknown parameter 02, can be consistently

estimated by , s
a zi Y; — Oy
o=t r[zfzi(zo)‘) .

Let T, =\/—r;(ﬁy—1)/ 0,0. Then, the test: reject Hg at significance level a if
T, < -Z, is an asymptotically valid test, since

THeOREM 3.5. If f(x) and g(x) are twice differentiable with bounded second
derivatives and [ f*(x) dx < and [ g*(x) dx <, then under Hy, T, — N(0, 1).

It is clear that the following result also holds.

THEOREM 3.6. The above two sample goodness-of-fit test is consistent.

4. DESCRIPTION OF THE MONTE CARLO EXPERIMENTS

In this section, we will investigate the size and power characteristics of the tests
presented in section 3 for moderate sample sizes. These tests are the goodness-of-
fit test, 7,; the symmetry test, T, ,; and the one sample goodness-of-fit test, T .
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In the evaluation of the probability density function at a given point in its
domain, the true probability density function of the corresponding random
variable will be utilized. Hence, the power and the size calculations presented
here are the best that can be achieved given the sample size. Therefore, these
results can be considered as the benchmark performance of the test statistics.

The detailed size and power calculations with nonparametric kernel density
estimation will be carried out in future research. The estimation of the density
points with nonparametric kernel density estimation technique requires rather
careful choice of the bandwidth parameter.

All test statistics are calculated for sample sizes of n =50 and n=100. To
measure the power of the test statistics, four different alternative distributions are
chosen. These are: f5, Student’s ¢ with five degrees of freedom;* lognormal
distribution; x2, chi-squared with two degrees of freedom and the standard
exponential distribution. The mean and the variance of the underlying normal
distribution are chosen to be one for the lognormal distribution. In each case the
random variables are standardized to have expectation zero and variance one.

ts is chosen to capture a heavier tail structure. ts has a kurtosis of 9.
Lognormal, x3, and standard exponential distribution are skewed and have
higher kurtosis than standard normal. x3 has a kurtosis of 9 and skewness of 2;
lognormal has a kurtosis of 113.94 and skewness of 6.19; and x3 and standard
exponential probability density functions both have a kurtosis of 9 and skewness
of 2.

For each experiment 200 replications are performed. All pseudo-random
generates are obtained from the IMSL (The International Mathematical and
Statistical Libraries 1987).

The size of each statistic is calculated at the five and ten percent levels by using
the tabulated percentage points for the true statistics.

The calculation of the test statistic requires a choice for the y parameter. In
small samples, y should be chosen such that the empirical size of the test is within
its nominal size. We experimented various choices for y and found that when
0.55<y<0.70 all three test statistics have good empirical sizes for both n = 50
and n = 100. Accordingly, we set y =0.65 in this study.

This section is organized in the following manner. In Section 4.1, the finite
sample properties of the one sample goodness-of-fit test are analysed. Section 4.2
covers the finite sample properties of the symmetry test. The finite sample
properties of the goodness-of-fit test are explained in 4.3.

4.1. The One Sample Goodness-of-Fit Test

If g=f, is chosen to be a normal distribution then T,, becomes a test for
normality. Here we specify f; to be the standard normal distribution and in this
subsection, we will refer to ff,_o as a test for normality. The size and the
calculated moments of the test are given in Table 1.

It is evident from Table 1 that the test has a good empirical size both at the 5%

“ The kurtosis of the Student’s ¢ distribution is not defined for degrees of freedom less than five which
led us to choose ts.
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Table 1. The moments and the size of the
normality test with 200 replications

No. of observations n =50 n =100
Size at 5% 0.045 0.055
Size at 10% 0.095 0.100
Mean 0.092 0.034
Variance 1.171 1.107
Skewness 0.041 —0.064
Kurtosis 2.601 2.981
Minimum -2.561 -3.028
Maximum 2.752 2.933

and 10% levels. The moments of the test statistic are very close to the moments
of the asymptotic distribution of the test statistic.

The power of our normality test is presented in Table 2 below. Each cell in this
table reports the ratio of the number of rejections to the number of replications.
The critical value of the standard normal distribution at the 5% level is —1.645
and at the 10% level is —1.280.

Notice that the test statistic has very good power against all alternative
distributions except ts for sample size as small as 50 observations. The
performance of the test against ¢5 improves for larger number of data points. This
is summarized in Table 3 below.

From Table 3 we can conclude that the normality test reaches to a good power
against ¢ distribution with 2000 observations.

Table 2. The power of the normality test with 200

replications

n=350 n =100
Distribution 5% 10% 5% 10%
xn 1.00 1.00 1.00 1.00
ts 0.060 0.115 0.100 0.180
Lognormal 1.00 1.00 1.00 1.00
Exponential  1.00 1.00 1.00 1.00

Table 3. The power of the normality
test against ¢5 distribution with 200
replications

n %5 %10
1000 0.510 0.710
1500 0.660 0.825
2000 0.855 0.940

2500 0.975 1.000
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Table 4. The moments and the size of the
symmetry test with 200 replications

- No. of observations n=50 n=100

Size at 5% 0.045 0.060
Size at 10% 0.105 0.100
Mean 0.002 -0.030
Variance 1.141 1.195
Skewness 0.162 -0.009
~ Kurtosis 3.276 2.839
Minimum —-2.968 —2.801
Maximum 3.623 2.897

4.2. The Symmetry Test

In this section the size and the power of the symmetry test, T, . are summarized.
With the symmetry test, the null hypothesis is composite for all symmetric
distributions. The size and the calculated moments of the test statistic with the
standard normal random deviates are given in Table 4 above.

The test statistic has good size and the calculated moments accurately capture
the moments of its asymptotic distribution. The power of the test statistic is
presented in Table S.

Since the null hypothesis is composite, we would expect that the power of the
test statistic should be equal to its size for all symmetric distributions. This
situation is presented with ¢5 distribution in Table S. Although the test slightly
overrejects, the percentage of rejections are within their nominal sizes. For all
non-symmetric distributions the test has a power of 100.0%.

4.3. The Goodness-of-Fit Test

In this last subsection, the size and power properties of the goodness-of-fit test, T,
are investigated. As in the case of the symmetry test, the null hypothesis of the
goodness-of-fit test is composite. In Table 6 below, the size of this test is
calculated with random numbers generated from standard normal and ts. In the
calculation of the size of the test, two sets of independent random numbers are
generated from each distribution.

The goodness-of-fit test has good empirical size both at 5% and 10% levels for
n =50 and n =100. The power of the test statistic is presented in Table 7 below.

Table 5. The power of the symmetry test with 200

replications

n=50 n =100
Distribution 5% 10% 5% 10%
x 1.00 1.00 1.00 1.00
ts 0.085 0.150 0.070 0.130
Lognormal 1.00 1.00 1.00 1.00
Exponential 1.00  1.00 1.00 1.00
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Table 6. The moments and the size of the goodness-of-fit test with 200 replications

No. of observations n=>50 n=100

Distribution Standard Normal ts Standard Normal ts
Size at 5% 0.050 0.040  0.060 0.050
Size at 10% 0.080 0.090 0.110 0.095
Mean 0.082 0.023 -0.069 -0.039
Variance 1.116 0.973 0.945 0.961
Skewness —0.084 -0.074 -0.037 -0.094
Kurtosis 3.056 3.043 2.941 3.051
Minimum -2.967 -2.434 -2.544 -2.411
Maximum 2.770 2900 2.160 2.951

We tried various combinations of distributions which satisfy f(x) #g(x). As
presented in Table 7, the test has excellent power for all comparisons of
distributions except standard normal versus s and exponential versus 2.

Table 7. The power of the goodness-of-fit test with 200
replications

n =50 n =100
Distribution 5% 10% 5% 10%
Standard Normal,
ts 0.040 0.100 0.060 0.115
Standard Normal,
Exponential 1.00 1.00 1.00 1.00
Standard Normal,
2 1.00 1.00 1.00 1.00
Standard Normal,
Lognormal 1.00 1.00 1.00 1.00
Exponential,
P% 0.085 0.115 0.090 0.120
Exponential,
Lognormal 0.865 0.895 0.965 0.965
ts, 13 1.00 . 1.00 100 1.00

One explanation for this is that exponential and y2 distributions have the same
skewness and kurtosis values and this similarity plays an important role for the
power calculation. As we compared standard exponential versus 3, which in this
case skewness and kurtosis values between these two distributions are different,
the power of the test statistic goes up to 100% even at n=>50. As for the
comparison of standard normal versus ts, the power goes up as the number of
observations is increased. However, the gain in the power is relatively less than
the case with the normality test which is presented in Table 3.

5. CONCLUSION

In this study, we proposed a modified estimator of A and showed that this new
estimator, when appropriately normalized, has a limiting normal distribution.
Therefore, it can be used to construct asymptotic tests of one sample goodness-of-
fit, symmetry and goodness-of-fit.
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Applied statisticians as well as econometricians often need information on the
characterization of the probability density of residuals of a regression model.
Particularly in a linear regression model, the normality of the errors is needed to
ensure the efficiency of the least squares estimators in the Cramer-Rao lower
bound sense. An extension of the normality test to the residual analysis can
provide information about whether the distribution of the residuals of a linear
regression model is normal or of another symmetric or an asymmetric
distribution.

The goodness-of-fit test can be used in applications with cross-section data. An
extension of this test with time dependent observations would make possible the
comparison of time-series observations from two different populations.
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