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Abstract

We derive two risk-adjusted performance measures for investors with risk averse preferences.
Maximizing these measures is equivalent to maximizing the expected utility of an investor. The
�rst measure, Xe� , is derived assuming a constant risk aversion while the second measure, Re� , is
based on a stronger risk aversion to clustering of losses than of gains. The clustering of returns
is captured through a multi-horizon framework. The empirical properties of Xe� , Re� are studied
within the context of real-time trading models for foreign exchange rates and their properties
are compared to those of more traditional measures like the annualized return, the Sharpe Ratio
and the maximum drawdown. Our measures are shown to be more robust against clustering of
losses and have the ability to fully characterize the dynamic behaviour of investment strategies.
c© 2001 Elsevier Science B.V. All rights reserved.
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1. Introduction

Evaluating the performance of an investment strategy gives rise to many debates.
This is due to the fact that the performance of any �nancial investment is measured
not only by the increase of capital but also by the risk incurred during the time to
reach this increase in capital. Return and risk must be evaluated together. Already in
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1966, William Sharpe [1] introduced a measure of mutual funds performance which
was to become later an industry standard under the name of Sharpe Ratio, [2].
An appropriate performance measure is the most crucial determinant for judging the

performance of investment strategies. A high performance should result if the total
return is high, when the total return curve increases linearly over time and loss periods
(if there are any) are not clustered. Unfortunately, the Sharpe Ratio does not entirely
satisfy these requirements. First, the de�nition of the Sharpe Ratio 2 puts the variance of
the return into the denominator which makes the ratio numerically unstable at extremely
large values when the variance of the return is close to zero. This creates a lack of
identi�cation between the return and its volatility. Second, the Sharpe Ratio is unable
to consider the clustering of pro�ts and losses. An even mixture of pro�t and loss
trades is usually preferred to clusters of losses and clusters of pro�ts, provided the
total set of pro�t and loss trades is the same in both cases. As shown later, the
proposed performance measures solve this problem by observing returns over di�erent
time interval sizes. Third, the Sharpe Ratio treats the variability of pro�table returns
(which are unimportant to investors) the same way as the variability of losses (which
are an investor’s major concern).
In this paper, we introduce performance measures which are directly related to the

utility of a strategy to a risk-averse investor. In such an approach, maximization of the
performance measures implies the maximization of the expected utility of an investor.
Unlike the Sharpe Ratio, the proposed performance measures also inform the investor
on the best choice of leverage.
The proposed two new risk-adjusted performance measures are named as Xe� and

Re� . They are numerically more stable than the Sharpe Ratio and exhibit fewer de�-
ciencies. As a return curve re
ects the real risk of a trading strategy, both Xe� and Re�
are based on the analysis of the return curve: the sum of the accumulated total return
and the current unrealized return of open positions. Accounting for unrealized returns
is a means to avoid a bias in favor of strategies with a low transaction frequency.
Both Xe� and Re� reach the value of the annualized total return if the return curve is
a straight line as a function of time. For all nonlinear equity curves, Xe� and Re� are
smaller than the annualized total return.
Re� di�ers from Xe� such that it has a high risk aversion in the zone of negative

returns and a low one for pro�ts, whereas Xe� assumes constant risk aversion. This
means that Re� is dominated by the large drawdowns, or the ability of the model
to prevent these. Moreover, Re� does not need any distributional assumption on the
returns which makes the measure better suited to fat tailed returns. The two mea-
sures give a slightly di�erent ranking sequence to a set of investment strategies with

2 The de�nition of the Sharpe Ratio is

SI ≡ A�t
�r√
�2r

;

where �r is the average return and �2r is the variance of the return around its mean and A�t is an annualization
factor depending on the frequency at which the returns are measured, usually monthly, so A�t =

√
12 [2].
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di�erent properties. Trading models that frequently hold a neutral position and have
weak drawdowns are valued higher by Re� ; models with a steady pro�t 
ow, inter-
rupted by some large drawdowns, are valued higher by Xe� .
In this paper, we explore the performance measures in the context of investment

strategies in the foreign exchange (FX) market, called real-time trading models. These
models use high-frequency live data feeds and their recommendations are transmitted to
the traders through data feed lines instantaneously. A popular real-time trading model
is used to evaluate the statistical properties of Xe� , Re� and the Sharpe Ratio. The
out-of-sample test period is seven years of 5 min series on three major foreign exchange
rates and one cross rate. In addition to Xe� , Re� and Sharpe Ratio, the annualized return
and the maximum drawdown are also used as performance measures. The robustness
of the underlying probability distributions of Xe� and Re� relative to the distribution of
the Sharpe Ratio is evaluated by means of distributions generated from simulated data
using three traditional statistical processes, namely the random walk, the generalized
autoregressive conditional heteroskedastic process (GARCH) and the autoregressive
GARCH (AR-GARCH) process.
The results of the empirical study indicate that Xe� and Re� are more stringent per-

formance measures relative to the Sharpe Ratio, the annualized return and the maximum
drawdown due to the fact that they utilize more points of the entire equity curve. These
two performance measures leave no degrees of freedom for randomness when a sim-
ulated equity curve is compared with the actual equity curve of the foreign exchange
returns. They are robust against randomness and fully characterize the strategies. Xe�
and Re� have proven their usefulness in optimizing trading model parameters [3] and
can be used to rank investment strategies of di�erent kinds, not just FX trading models.
The assumptions leading to the proposed performance measures are presented in

Section 1.1. The rest of the paper is organized as follows. In Sections 2 and 3,
the performance measures are derived. The simulation methodology is presented in
Section 4, and the trading models are described in Section 5. The empirical results are
presented in Section 6 and we conclude �nally in Section 7.

1.1. Basic assumptions and concepts

The new performance measures of this paper are based on some assumptions that
di�er from those found in most of the literature. The Sharpe Ratio, as a conventional
measure, stays (approximately) constant if the leverage of an investment is changed.
Therefore, it cannot be used as a criterion to decide on the choice of leverage.
Real investors however care about the optimal choice of leverage because they do

not have an in�nite tolerance for losses. Unlike the Sharpe Ratio, the performance
measures of this paper give the investor also a criterion of how to choose the leverage.
If a certain strategy is leveraged, the same investor will have a di�erent risk, re
ected
by di�erent values of Xe� and Re� .
Finding the maximum of Xe� or Re� in a set of possible investment strategies is

equivalent to portfolio optimization, where the allocation size (leverage) of di�erent
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�nancial instruments is determined. There is a strong relationship between our per-
formance measures and classical portfolio theory [4]. The main goal of portfolio
optimization is to �nd the maximum of the return �X for a given variance �2 or,
equivalently, the maximum of a joint target function:

�X − ��2 = max ; (1)

where � is a Lagrange multiplier. Although Xe� independently originates from util-
ity theory, its de�nition is in perfect agreement with Eq. (1) and thus with classical
portfolio theory. A comparison to Eq. (8) indicates this resemblance. The risk aver-
sion 
 plays a role analogous to the Lagrange multiplier �. The second term −��2 of
Eq. (1), as the corresponding term of Xe� , has a natural interpretation: it is the risk
premium associated with the investment. The performance measure Xe� , although
applied to simple investments here, can be used as a target function of arbitrarily
complex investment portfolios. This is also the case for Re� .
Our performance measures are based on the return history of a certain investment

strategy, irrespective of the circumstances under which this strategy was designed.
In general, we want to analyze the true history of returns of a complete investment
strategy, including all its hidden parts. In practice, however, many investors measure
their performance in terms of the deviation from a benchmark. To accommodate these
investors, we can replace the return history by the tracking error which is measured by
the history of return di�erences between the investment and a benchmark investment.
The methodology with the trading error history is the same as before where the resulting
performance should then be called outperformance.
In general, returns cannot be expected to be serially independent. Loss returns may

be clustered to form so-called drawdowns (periods with a substantial total loss). The
clustering of losses varies, it may be stronger for certain markets and trading strategies
than for others. Our performance measures have been designed with special attention
to drawdowns since these are the worst events for an investor. The badness of a
drawdown is mainly determined by the size of the total loss. Local details of the
return curve and the duration of the drawdown period are less important. If we use
only one interval size to measure all returns, we would most likely miss drawdown
periods because this interval size is either too small (for full clusters of losses) or too
large (thus diluting the drawdown with surrounding pro�table periods). This is why
the performance measures of this paper use di�erent interval sizes to analyze the return
history. Owing to this multi-horizon feature, the worst drawdown periods cannot be
entirely missed, whatever their duration. This is particularly important for Re� , where
drawdowns have a overproportional impact on the �nal result. Therefore, Re� is not
only multi-horizon but also has an overlapping scheme of observation intervals.
The perception of performance may also depend on the investor’s wealth. The

investors studied by Barberis et al. [5] are more risk-averse after a drawdown than
after pro�table trades. Stutzer [6] makes a distinction between constant absolute risk
aversion (CARA) and constant relative risk aversion (CRRA). In CRRA, the risk aver-
sion is relative to the investor’s changing wealth which includes all accumulated pro�ts
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and losses of the particular investment. In absolute terms, a CRRA-type investor has
a changing risk aversion as found by Barberis et al. [5].
We agree with Barberis et al. [5] and Stutzer [6] that absolute risk aversion levels

often depend on an investor’s wealth. Nevertheless, we have two reasons to stay in
a constant absolute risk aversion (CARA) framework. First, we do not know the true
wealth, which depends on not only the past success of the investment but also the
chosen leverage. Moreover, an investor’s true, total wealth may also result from many
other investments with entirely di�erent performance histories. In lack of full infor-
mation, we approximately assume wealth to be constant. Similarly, the pro�ts of the
trading models used as the example of this paper are not thought to be re-invested.
The allocated capital and the risk aversion levels are assumed to be constant.
The second reason for using constant absolute risk aversion is that the multi-horizon

feature of our performance measures already causes a behavior similar to wealth-
dependent risk aversion. Instead of measuring wealth, we measure returns over di�er-
ent time interval sizes. If a long drawdown occurs, our performance measures are
low because returns are considered also over the long interval of this drawdown.
In a one-horizon CRRA approach, the performance measure is low because the
wealth shrinks during the drawdown period. The methods are di�erent but the outcome
is similar.

2. E�ective return with constant risk aversion, Xeff

Let x be a random variable with mean �x and variance �2 over the testing interval
�T . Let u(x) = −e−
x be a utility function with the constant risk aversion 3 level 
.
As explained in Section 1.1, we mean constant absolute risk aversion (CARA) in the
sense of Stutzer [6] rather than a risk aversion relative to the changing wealth of an
investor. The expected utility of variable x is computed by

E[u(x)] =
∫ ∞

−∞
u(x)P(x) dx ; (2)

where P(x) is the probability distribution of the variable x. If a Gaussian distribution
N( �x; �2) is used in Eq. (2), the expected utility becomes

E[u(x)] = u( �x)e

2�2=2 =−exp

{
−


(
�x − 
�2

2

)}
: (3)

3 The risk aversion is de�ned by

r(x) =− u′′(x)
u′(x) ;

where u′ and u′′ are the �rst and the second derivatives of u with respect to x, respectively. We assume
r(x) to be constant for Xe� .
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This form of the expected utility depends on the type of distribution 4 chosen for P(x)
in Eq. (2). In the context of a trading model, x is de�ned to be the total return (or
the wealth reached by unit investment) of the model

x(�t) = R̃(t)− R̃(t −�t) where R̃(t) = R(t) + r0(t) ; (5)

where R is the total return of the past trades up to time t and r0 is the unrealized return
of the current trading model position. �t is the time horizon on which this quantity is
measured. For a test period �T , the variable x takes N =�T=�t values. The choice
of R̃ as opposed to R is due to the continuity property of this quantity contrary to R,
which abruptly changes its value after a trade.
A measure of trading model performance comparable to the yearly average return

can be deduced from the expected utility framework [8]. Let Xe� be de�ned as the per-
formance measure, which is in units of yearly return but includes a risk term re
ecting
volatility of returns. By inverting the expected utility, the variable Xe� is written as

Xe� =− ln(−E[u(x)])



: (6)

By using Eq. (3), a simple expression for Xe� is obtained as a function of the mean
return �x, the variance �2; and the risk aversion level 


Xe� = �x − 
�2

2
; (7)

where �2 is the variance of x.
For a given time horizon �t, Xe� has the units of an average return and is

diminished by a factor proportional to 
�2. This measure, contrary to the Sharpe
Ratio, is numerically stable and can di�erentiate between two trading models with a
straight line behavior (�2 = 0) by choosing the one with the better average return.
The measure Xe� still depends on the time intervals �t and does not permit the

comparison of Xe� values for di�erent intervals. The usual way to enable such a
comparison across di�erent intervals is through annualization, that is, multiplication
with the annualization factor

xe�; ann =
1 year
�t

xe� =
1 year
�t

(
�x − 
�2

2

)
= �X − 
�2(1 year)

2�t
; (8)

4 To explore this dependence further, Dacorogna et al. [7] have also used a rectangular distribution around
the mean. With such a distribution, the expected utility has the form

E[u(x)] = u( �x)
sinh 
�

√
3


�
√
3

: (4)

If the risk factor is expanded in both cases, the �rst two terms are 1 and C2�2=2 for both Gaussian and
rectangular distributions. They only di�er in the o(�4). The third term of the exponential expansion is a
better approximation than 0 for Eq. (4). For the Xe� measure, we therefore use Eq. (3) as the expression for
the expected utility keeping in mind that it depends on the type of distribution considered for the variable x.
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where �X is the annualized return, no longer dependent on the size of �t. Volatility is
also annualized in a usual way: �2 is expressed as [�2 (1 year)]=�t, where �2(1 year)
is the annualized volatility of returns about the mean. This volatility is approximately
independent 5 of the size of �t. In the last form of Eq. (8), the risk aversion 
 is
thus multiplied by a factor that does not essentially vary as a function of �t. In good
approximation, 
 turns out to be a parameter independent of the size of �t. It is thus
reasonable to assume the same 
 for di�erent interval sizes �t. Annualized e�ective
returns xe�; ann; computed for di�erent intervals �t; can be directly compared.
A comparable approach has been followed by Hodges [9] to construct a general-

ized Sharpe Ratio but his measure needs the explicit probability distribution of the
returns because it is based on a maximization of the utility function with respect to
the exposure. Moreover, the question of the measurement frequency is not treated in
his paper.

2.1. A multi-horizon performance measure

The measure in Eq. (8) still depends on the time horizon �t and is insensitive to
changes occurring with much longer or much shorter horizons, as discussed in Section
1.1. To remedy this problem, a weighted average of the xe�; ann is computed with n
di�erent time horizons �ti:

Xe� =
∑n

i=1 wixe�; ann(�ti)∑n
i=1 wi

; (9)

where the weights wi can be chosen according to the relative importance of the time
horizons �ti and may di�er for trading models with di�erent trading frequencies. This
equation takes advantage of the fact that annualized xe�; ann values have no systematic
dependence on the horizon �ti. Substituting xe�; ann from Eq. (8), Xe� becomes

Xe� = �X − 1
2

∑n
i=r 
iwi(1 year=�ti)�

2
i∑n

i=1 wi
; (10)

where the variable �X is still the average yearly return over the whole sample, 6 
i is
the risk aversion constant for each horizon, and �2i is the variance computed for the
time horizon �ti.
In the discussion of Eq. (8), it is shown that the risk aversion 
i has no systematic

dependence on the size of the horizon �ti. However, investors using a trading model
might perceive the risks of di�erent horizons di�erently, and 
i can be set according
to their trading preferences. For simplicity, we will assume a common risk aversion
parameter, 
, and put a tilde to the weighting parameter w̃i as it now re
ects not only
the weight but also the speci�c risk aversion of the horizon. Thus, the �nal form of

5 It is exact if x is a Gaussian random walk with linear drift.
6 Xe�6 �X as �2¿ 0.
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the performance indicator is

Xe� = �X − 

2

∑n
i=1 w̃i(1 year)�

2
i =�ti∑n

i=1 w̃i
: (11)

When computing Xe� , we need a reasonable value of the risk aversion 
. We determined

 by presenting various return curves of di�erent kinds to market practitioners and
asking them about their preference for future investments in these assets (assuming
unchanged leverage in the future). The intuitive ranking of these return curves has to
coincide with the ranking of the computed Xe� values. This is the case if 
 is chosen
between 0.08 and 0.15. Although we recommend such 
 values, users may adapt 

to their own level of risk aversions which may di�er from that of typical market
practitioners. The weights w̃i are determined with a weighting function which allows
the selection of the relative importance of the di�erent horizons. The time horizons �ti
are assumed to be in a geometric sequence such as 1; 2; 4; 8; : : : days. The weighting
function used in the computation of Xe� is

w̃(�t) =
1

2 + (ln�t=90 days)2
: (12)

This choice is motivated as follows. First, this weighting function encompasses a wide
range of interval sizes �t. Drawdowns of many di�erent sizes are captured, as ex-
plained in Section 1.1. Second, there are limits. The weighting function smoothly de-
clines on both sides of a maximum at around three months as a function of ln�t.
Extremely long intervals have a low weight, because the lifetime of the whole in-
vestment, as well as the period of available and relevant historical data, is limited to
a few years. On the side of short intervals, there is also a limit: most investors do
not regard tiny intra-day oscillations of their portfolio value as relevant for their in-
vestment. Third, the maximum of w̃(�t) is at �t = 90 days (also counting weekends,
�t≈ three months); which is a typical time horizon for many investors. This choice
is reasonable, but special short-term or extremely long-term investors are free to shift
the maximum weight to other interval sizes.

3. E�ective return with variable risk aversion, Reff

The Xe� is based on the assumption of constant risk aversion over the full �R̃
axis. A natural generalization of this approach is to distinguish the clustering of losses
from the clustering of gains. In Xe� , they both contribute to the same amount in the
risk term. For Re� , we shall assume that the investor has a stronger risk aversion to
clustering of losses than gains, as also found by Benartzi and Thaler [10]. Thus, the
Re� algorithm includes two risk aversion levels: a low one, %+, for positive �R̃ (pro�t
intervals) and a high one, %−, for negative �R̃ (drawdowns):

%=

{
%+ for �R̃¿0;

%− for �R̃¡ 0;
%+¡%− : (13)
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The high value of %− re
ects the high risk aversion of typical market participants
in the loss zone. Trading models may have some losses, but if the loss observations
strongly vary in size, the risk of very large losses becomes unacceptably high. On the
side of the positive pro�t observations, a certain regularity of pro�ts is also better than
a strong variation in size. However, this distribution of positive returns is never as
vital for the future of a market participant as the distribution of losses (drawdowns).
Therefore, %+ is much smaller than %−. In M�uller et al. [11], %+ is set to be equal to
%−=4 and the values are chosen 7 to be %− = 0:20, %+ = 0:05.
The utility function is obtained by inserting Eq. (13) into the de�nition of constant

risk aversion and integrating twice over �R:

u= u(�R̃) =




− e−%+�R̃

%+
for �R̃¿0 ;

1
%−

− 1
%+

− e−%−�R̃

%−
for �R̃¡ 0 :

(14)

The utility function u(�R̃) is monotonically increasing and reaches its maximum 0
when �R̃→ ∞ (in�nite pro�t). All other utility values are negative. The utility func-
tion is assumed to be continuously di�erentiable although the risk is not continuous.
The return is obtained by inverting the utility function so that

�R̃=�R̃(u) =




− log(−%+ u)
%+

for u¿− 1
%+
;

−
log(1− %−

%+
− %− u)

%−
for u¡− 1

%+
:

(15)

3.1. From single to multi-horizon performance measures

Similar to Xe� ; Re� has a multi-horizon weighting scheme. Several interval sizes
�tj are considered. In addition to this, there is a scheme of overlapping intervals for
each interval size. Overlapping intervals are a means to enhance the signi�cance of
statistical results [12] and the multi-horizon scheme is a means to capture the main
drawdown periods as explained in Section 1.1.
The computation of the utility for one time horizon �tj is explained �rst. Many

overlapping intervals, all of them of length �tj; are considered. In the ith such interval,
we observe a return �R̃ji which is de�ned as follows:

�R̃ji = R̃(tend ji − R̃(tstart ji); tend ji − tstart ji =�tj ; (16)

where the overlapping intervals are phase-shifted,

tstart ji =
(
i
m

− 1
)
�tj; tend ji =

i
m
�tj (17)

with an overlapping factor m and

i = 1 : : : Nj; Nj =Max(i |tstart ji ¡T ) : (18)

7 These values are under the assumption that the return is measured in percentage. They have to be multiplied
by 100 if the returns are not expressed in percentage.
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In this formula, the number Nj of the observed intervals is chosen to include every
interval that overlaps with the total sample from t = 0 to T . The utility of the ith
observation is

uji = u(�R̃ji) (19)

with the utility function u(�R̃) of Eq. (14). The mean utility of the full sample is

uj =
∑Nj

i=1 �tjiuji∑Nj
i=1 �tji

; (20)

where the weight �tji of the observation is the amount of time during which the ith
analysis interval coincides with the sample. Observations inside the sample have a full
weight of �tj and �tj is the maximum value that �tji can take,

�tji6�tj : (21)

The mean utility uj can be transformed back to an e�ective return value by applying
Eq. (15) such that

�R̃e� j =�R̃(uj) : (22)

This �R̃e� j is the typical, e�ective return for the horizon �tj, but it is not yet annu-
alized. Annualization is necessary for a consistent, universal Re� de�nition. It means
correcting the resulting �R̃e� j by multiplying the ratio of one year to the analysis
interval size. The annualized e�ective return is de�ned as

Re� j =
1 year
�te� j

�R̃e� j ; (23)

where

�te� j =
∑Nj

i=1(�tji)
2∑Nj

i=1 �tji
: (24)

This is the �nal form of the e�ective return for one horizon, �tj.
This measure is now generalized to a multi-horizon measure, taking a sequence of

di�erent horizons. Similarly to Xe� ; Re� is de�ned as a weighted mean over n di�erent
horizons �tj (which are typically chosen as a geometric sequence such as 1; 2; 4; 8; : : :
days):

Re� =

∑n
j=1 wjRe� j∑n
j=1 wj

(25)

with the weights wj depending on the horizon �tj as in Eq. (12).

4. Simulation methodology

The distributions of the performance measures under various null processes will be
calculated by using a simulation methodology. The random walk process is de�ned by

rt = �+ �t ; (26)
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where rt = log(pt=pt−1) and �t ∼ N(0; �2). The random walk estimation involves the
regression of the actual foreign exchange returns on a constant. A simulation sample for
the random walk series with drift is obtained by sampling from the Gaussian random
number generator with the mean and the standard deviation of the residual series. The
simulated residuals are added to the conditional mean de�ned by the estimator �̂, to
form a new series of returns. The new series of the returns has the same drift in prices
and the same variance. From the new series of returns, the simulated price process
is recovered recursively by setting the initial price to the true price at the beginning
of the sample. The trading models use the bid and ask prices as inputs. Half of the
average spread is subtracted (added) from the simulated price process to obtain the
simulated bid and ask prices.
The GARCH(1,1) process is written as

rt = 
0 + �t ; (27)

where �t = h
1=2
t zt ; zt ∼ N(0; 1) and ht = �0 + �1ht−1 + �1�2t−1. GARCH speci�cation

[13] allows the conditional second moments of the return process to be serially corre-
lated. This speci�cation implies that periods of high (low) volatility are likely to be
followed by periods of high (low) volatility. GARCH speci�cation allows the volatility
to change over time and the expected returns are a function of past returns as well as
volatility. The parameters and the normalized residuals are estimated from the foreign
exchange returns using the maximum likelihood procedure. The simulated returns for
the GARCH(1,1) process are generated from the simulated normalized residuals and
the estimated parameters. The AR(p)-GARCH(1,1) process is written as

rt = 
0 +
p∑
i=1


irt−i + �t ; (28)

where �t = h
1=2
t zt ; zt ∼ N(0; 1) and ht = �0 + �1ht−1 + �1�2t−1. The estimated parameters

of the AR(p)-GARCH(1,1) processes together with the simulated residuals are used
to generate the simulated returns from these processes. As before, half of the average
spread is subtracted (added) from the simulated price process to obtain the simulated
bid (ask) prices.
The simulation method is applied to two trading models which represent di�erent

investment strategies to test the quality of the performance measures. They are described
below.

5. Trading models

The purpose of the simulations is to test performance measures rather than trad-
ing model algorithms. However, since trading models are used in the simulations, a
description of these models may be useful here.
A distinction should be made between a price change forecast and an actual trading

recommendation. A trading recommendation naturally includes a price change forecast,
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but it must also account for the speci�c constraints of the dealer of the respective
trading model because a trading model is constrained by its past trading history and
the positions to which it is committed. A price forecasting model, on the other hand, is
not limited to similar types of constraints. A trading model thus goes beyond predicting
a price change such that it must decide if and at what time a certain action has to be
taken.
Trading models o�er a real-time analysis of foreign exchange movements and gen-

erate explicit trading recommendations. These models are based on the continuous
collection and treatment of foreign exchange quotes by market makers around the
clock at the tick-by-tick frequency level. There are many important reasons to utilize
high-frequency data in the real-time trading models. Among them, the model indicators
acquire robustness by utilizing the intraday volatility behavior in their build-up. An-
other reason is that any position taken by the model may need to be reversed quickly
although these position reversals may not need to be observed often. The stop-loss
objectives need to be satis�ed and the high-frequency data provides an appropriate
platform for this requirement. Using high-frequency data reduces the risk of slippage
by giving signals at unpredictable times (contrary to models based on daily closing
data). More importantly, the customer’s trading positions and strategies within a trad-
ing model can only be replicated with a high statistical degree of accuracy by utilizing
high-frequency data in a real-time trading model.
The trading models imitate the trading conditions of the real foreign exchange mar-

ket as closely as possible. They do not deal directly but instead instruct human foreign
exchange dealers to make speci�c trades. In order to imitate real-world trading ac-
curately, they take transaction costs into account in their return computation, they do
not trade outside market working hours except for executing stop-loss and they avoid
trading too frequently. In short, these models act realistically in a manner which a
human dealer can easily follow.
Every trading model is associated with a local market that is identi�ed with a corre-

sponding geographical region. In turn, this is associated with generally accepted o�ce
hours and public holidays. The local market is de�ned to be open at any time during
o�ce hours provided it is neither a weekend nor a public holiday. The O&A trading
models presently support the Zurich, London, Frankfurt, Vienna and New York mar-
kets. Typical opening hours for a model are between 8:00 and 17:30 local time, the
exact times depending on the particular local market.
The central part of a trading model is the analysis of the past price movements

which are summarized within a trading model in terms of indicators. The indicators
are then mapped into actual trading positions by applying various rules. For instance,
a model may enter a long position if an indicator exceeds a certain threshold. Other
rules determine whether a deal may be made at all. Among various factors, these rules
determine the timing of the recommendation. A trading model thus consists of a set of
indicator computations combined with a collection of rules. The former are functions of
the price history. The latter determine the applicability of the indicator computations to
generating trading recommendations. The model gives a recommendation not only for
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the direction but also for the amount of the exposure. The possible exposures (gearings)
are ± 1

2 ; ±1 or 0 (no exposure).

5.1. The real-time trading (RTT) model

The real-time trading model studied in this paper is classi�ed as a one-horizon,
high-risk=high-return model [3]. The RTT is a trend-following model and takes posi-
tions when an indicator crosses a threshold. The indicator is a momentum based on
specially weighted moving averages with repeated application of the exponential mov-
ing average operator. In case of extreme foreign exchange movements, however, the
model adopts an overbought=oversold (contrarian) behavior and recommends taking a
position against the current trend. The contrarian strategy is governed by rules that take
the recent trading history of the model into account. The RTT model goes neutral only
to save pro�ts or when a stop-loss is reached. Its pro�t objective is typically at 3%.
When this objective is reached, a gliding stop-loss prevents the model from losing a
large part of the pro�t already made by triggering its going neutral when the market
reverses. The gearing function for the RTT is

g(Ip) = sign(Ip)f(|Ip|) c(I)
such that

Ip = p−MA4p(� ≈ 20)
and

f(|Ip|) =



if |Ip|¿b; 1 ;

if a¡ |Ip|¡b; 0:5 ;

if |Ip|¡a; 0

and

c(I) =

{
+1 if |Ip|¡d ;
−1 if |Ip|¿d ;

where a¡b¡d. Ip is the indicator function where p is the logarithmic price and MA4p
is the fourth-order iterative exponential moving average (EMA) operator. 8 f(|Ip|)
measures the size of the signal and c(|Ip|) acts as a contrarian strategy. a and b
are functions of current position, volatility and trading frequency. d is a function of
position in, previous position in, sign of the return of the previous position.
Since Xe� and Re� are implicit functions of the gearing function, the optimization

of the RTT model is based on the Xe� and Re� performance. The model is subject
to the open-close and holiday closing hours. The model has maximum stop-loss and
maximum gain limits set by the environment.

8 A detailed explanation of iterated exponential moving average kernels are presented in Ref. [14].
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5.2. A simple exponential moving average (EMA) model

Another investment strategy used in this study is based on a very simple indicator
which is popular among traders. The EMA model indicator is a momentum-based
indicator consisting of a di�erence between two exponential moving averages of range
�= 0:5 and 20 days. The gearing function for the EMA model is

g(Ip) = sign(Ip) f(|Ip|) ;
where

Ip = EMA(�= 0:5)− EMA(�= 20)
and

f(|Ip|) =
{
if |Ip|¿a; 1 ;
if |Ip|¡a; 0 ;

where a¿ 0. The model is subject to the open-close and holiday closing hours. The
model has maximum stop-loss and pro�t objective which are set to the same values as
in the RTT model.

6. Empirical results

The methodology of this section places a historical realization in the simulated dis-
tribution of the performance measure under the assumed process and calculates its
p-value. 9 This tells us whether the historical realization is likely to be generated from
this particular distribution or not. More importantly, it would tell whether the historical
performance is likely to occur in the future. A small p-value (less than 5%) indicates
that the historical performance lies in the right tail (or the left tail) and the studied
performance distribution is not representative of the data generating process assuming
that the trading model is a good one. If the process which generated the performance
distribution is close to the data generating process of the foreign exchange returns, the
historical performance would lie within two standard deviations of the performance
distribution indicating that the studied process may be retained as the representative of
the data generating process.

9 The p-value represents a decreasing ratio of the reliability of a result. The higher the p-value, the less we
can believe that the observed relation between variables in the samples is a reliable indicator of the relation
between the respective variables in the population. Speci�cally, the p-value represents the probability of error
that is involved in accepting our observed result as valid, that is, as representative of the population. For
example, the p-value of 0.05 indicates that there is a 5% probability that the relation between the variables
found in our sample is a 
uke. In other words, assuming that in the population there was no relation between
those variables whatsoever, and by repeating the experiment, we could expect that approximately every 20
replications of the experiment there would be one in which the relation between the variables in question
would be equal or stronger than ours. In many areas of research, the p-value of 5% is treated as a borderline
acceptable level.
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Table 1
GARCH(1,1) parameter estimates, 1990–1996, 5 min frequencya

USD-DEM USD-CHF USD-FRF DEM-JPY

�0 4.95 (4.23) 0.11 (0.12) 9.38 (7.09) 2.97 (4.03)
�1 0.1111 (0.0005) 0.1032 (0.0007) 0.1572 (0.0007) 0.0910 (0.0005)
�1 0.8622 (0.0007) 0.8578 (0.0009) 0.8137 (0.0009) 0.8988 (0.0006)

LL 6.45 6.17 6.29 6.34
Q(12) 5.08 32.96 4.04 55.94
�̂�2 1.04 1.03 1.07 1.05
�̂sk −0.07 −0.03 −0.05 0.16
�̂ku 11.73 7.28 22.93 27.73

aNotes: �0 values are 10−9. The numbers in parentheses are the standard errors. The standard errors of �0
are 10−11. LL is the average log likelihood value. Q(12) is the Ljung and Box portmanteau test for serial
correlation and distributed �2 with 12 degrees of freedom. The �20:05(12) is 21.03. �̂�2 , �̂sk and �̂ku are the
variance, skewness and the excess kurtosis of the residuals.

The data is the 5 min 10 #-time series from January 1, 1990 to December 31,
1996 for the three major foreign exchange rates, USD-DEM, USD-CHF (Swiss Franc),
USD-FRF (French Franc), and the cross-rate DEM-JPY (Deutsche Mark-Japanese Yen).
The high-frequency data inherits intra-day seasonalities and requires deseasonalization.
This paper uses the deseasonalization methodology advocated in Ref. [15] named as the
#-time seasonality correction method. The #-time method uses the business time scale
and utilizes the average volatility to represent the activity of the market. The #-time
method is based on three geographical markets namely the East Asia, Europe and
the North America. A more detailed exposition of the # methodology is presented in
Ref. [15]. The optimization and the validation of the trading models are done with data
prior to January 1, 1990. Therefore, our results here provide a complete ex-ante test
for the trading performance measures under the studied processes with seven years of
5 min frequency data. The simulations for each process are done for 1000 replications.
The GARCH(1,1) estimation results are presented in Table 1. The numbers in paren-

theses are the robust standard errors and the GARCH(1,1) parameters are statistically
signi�cant at the 5% level for all currency pairs. The Ljung-Box statistic is calculated
up to 12 lags for the standardized residuals and it is distributed with �2 with 12 degrees
of freedom. The Ljung-Box statistic indicate no serial correlation for the USD-DEM
and USD-FRF but the URD-FRF and DEM-JPY remains serially correlated. The vari-
ance of the normalized residuals are near one. There is no evidence of skewness but
the excess kurtosis remains large for the residuals.
A further direction is to investigate whether a conditional mean dynamics with

GARCH(1,1) innovations would be a more successful characterization of the dynamics

10 The real-time system uses tick-by-tick data for its trading recommendations. The historical realizations and
the simulations in this paper are carried out with 5 min data as it is computationally expensive to use the
tick-by-tick data for the simulations. Although, the data frequency used in this paper is slightly lower, the
historical performance of the currency pairs from the 5 min series are exactly compatible with performance
of the real-time trading model which utilize the tick-by-tick data.
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Table 2
AR(4)-GARCH(1,1) parameter estimates, 1990–1996, 5 min frequencya

USD-DEM USD-CHF USD-FRF DEM-JPY

�0 3.90 (3.40) 8.19 (9.03) 7.28 (5.80) 2.92 (3.93)
�1 0.099 (0.0005) 0.0874 (0.0006) 0.1349 (0.0007) 0.088 (0.0005)
�1 0.8796 (0.0006) 0.8833 (0.0007) 0.8411 (0.0008) 0.9008 (0.0006)


1 −0.176 (0.001) −0.208 (0.001) −0.200 (0.002) −0.130 (0.002)

2 −0.011 (0.001) −0.031 (0.002) −0.025 (0.002) −0.090 (0.002)

3 0.003 (0.001) −0.001 (0.002) −0.005 (0.002) −0.005 (0.002)

4 −0.004 (0.001) −0.002 (0.001) −0.008 (0.002) −0.010 (0.002)

LL 6.46 6.19 6.30 6.35
Q(12) 0.21 0.69 0.10 0.81
�̂�2 1.04 1.03 1.07 1.05
�̂sk −0.07 −0.04 −0.05 0.15
�̂ku 12.29 7.86 21.84 27.98

aNotes: �0 values are 10−9. The numbers in parentheses are the standard errors. The standard errors of �0
are 10−11. LL is the average log likelihood value. Q(12) refer to the Ljung-Box portmanteau test for serial
correlation and it is distributed �2 with 12 degrees of freedom. The �20:05(12) is 21.03. �̂�2 , �̂sk and �̂ku are
the variance, skewness and the excess kurtosis of the residuals.

of the high-frequency foreign exchange returns. The conditional means of the for-
eign exchange returns are estimated with four lags of these returns. The additional
lags did not lead to substantial increases in the likelihood value. The results of the
AR(4)-GARCH(1,1) are presented in Table 2. The numbers in parentheses are the
robust standard errors and all four lags are statistically signi�cant at the 5% level. The
negative autocorrelation is large and highly signi�cant for the �rst lag of the returns.
This is consistent with the high-frequency behavior of the foreign exchange returns and
is also observed in Ref. [15]. The Ljung-Box statistic indicates no serial correlation in
the normalized residuals. The variance of the normalized residuals are near one. There
is no evidence of skewness but the excess kurtosis remains large for the residuals.
The simulations for the RTT model are reported in Table 3. Each column reports

a performance measure which are the annualized return, Xe� , Re� , Sharpe Ratio and the
maximum drawdown. 11 There are four row panels corresponding to USD-DEM (US
Dollar-Deutsche Mark), USD-CHF (US Dollar-Swiss Franc), USD-FRF (US Dollar-
French Franc) and DEM-JPY (Deutsche Mark-US Dollar). In each row panel, the actual
historical realizations of the foreign exchange rates and the p-values of the three
processes are reported. All p-values are reported in percentage terms.
For the USD-CHF, the annualized return, Xe� , Re� , Sharpe Ratio and the maximum

drawdown are 3.65%, −1:77%, −4:42%, 0:29% and 16:08%, respectively. It is the
worst strategy of all those presented here. The RTT model generates an annualized
return of 3.65% after transactions costs. It is interesting to see that Xe� and Re� are

11 The maximum drawdown is a measure of risk often used by practitioners but it does not give an assessment
of the performance per say and is sample dependent in that it will tend to increase with the sample.
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Table 3
Real-time trading (RTT) modela

Description Annual return Xe� Re� Sharpe Max. drawdown

USD-DEM 9.63 3.78 4.43 0.87 11.02
p-value (Random walk) 0.0 0.0 0.0 0.0 0.0
p-value (GARCH(1,1)) 0.4 0.1 0.0 0.3 0.0
p-value (AR(4)-GARCH(1,1)) 0.1 0.1 0.0 0.1 0.0

USD-CHF 3.65 −1.77 −4.42 0.29 16.08
p-value (Random walk) 8.9 0.7 0.6 6.3 0.0
p-value (GARCH(1,1)) 8.4 1.4 0.9 6.4 0.1
p-value (AR(4)-GARCH(1,1)) 3.7 1.9 2.3 4.6 0.1

USD-FRF 8.20 4.80 4.95 0.94 11.36
p-value (Random walk) 1.2 0.2 0.1 0.2 0.0
p-value (GARCH(1,1)) 0.9 0.1 0.1 0.1 0.0
p-value (AR(4)-GARCH(1,1)) 0.3 0.2 0.1 0.0 0.0

DEM-JPY 6.43 3.81 3.45 0.69 12.03
p-value (Random walk) 2.1 0.2 0.1 0.6 0.0
p-value (GARCH(1,1)) 0.5 0.1 0.1 0.4 0.0
p-value (AR(4)-GARCH(1,1)) 0.5 0.1 0.1 0.4 0.0

aNotes: The rows corresponding to USD-DEM, USD-CHF, USD-FRF and DEM-JPY present the performance
of the trading model with the actual foreign exchange series from January 1, 1990 until December 31, 1996
with 5 min frequency. The p-values are calculated from 1000 replications of the corresponding stochastic
process. The simulated returns for the corresponding stochastic processes are generated from the simulated
residuals and the estimated parameters. From the new series of returns, the simulated price process is
recovered recursively by setting the initial price to the true price at the beginning of the sample. The trading
models use the bid and ask prices as inputs. Half of the average spread is subtracted (added) from the
simulated price process to obtain the simulated bid and ask prices. p-values are reported in % (e.g. 8.4
refers to 8.4%).

both negative indicating that although the annualized return is positive after transaction
costs it does not cover the cost of risk taking by the model. The fact that Re� is much
smaller than Xe� indicates the presence of a strong clustering of losses which re
ects
also the large maximum drawdown of 16.08%. The corresponding p-values are 8.9,
0.7, 0.6, 6.3 and 0.0. Based on the p-value of the annualized return, the random walk
hypothesis cannot be rejected at the 5% level as the p-value remains at 8.9%. The
p-value of the Sharpe Ratio is at 6.3% which also does not provide strong evidence
against the random walk hypothesis. For the Xe� and Re� , the p-values are 0.7% and
0.6%, respectively. Amongst the four performance measures which utilize return in
their calculations, the Re� and Xe� provide the smaller two p-values. The maximum
drawdown provides the smallest p-value which is 0% but, as mentioned above, this
is really not a performance measure but rather a pure risk measure. The ordering of
the p-values for the GARCH(1,1) and the AR(4)-GARCH(1,1) processes remains the
same as in the case of the random walk process. 12

12 A detailed analysis for the rejection of the random walk, GARCH(1,1) and AR(4)-GARCH(1,1) as possible
data generating mechanisms for the foreign exchange dynamics is analyzed in Ref. [14].
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Table 4
Exponential moving average (EMA) modela

Description Annual return Xe� Re� Sharpe Max. drawdown

USD-DEM 3.33 −0.67 −2.48 0.30 17.73
p-value (Random walk) 12.6 2.8 2.3 10.8 1.5
p-value (GARCH(1,1)) 14.1 2.3 1.8 11.3 0.8
p-value (AR(4)-GARCH(1,1)) 10.0 3.8 3.7 5.8 3.1

USD-CHF 4.40 −0.46 −3.00 0.35 17.10
p-value (Random walk) 8.8 0.9 0.4 6.4 0.1
p-value (GARCH(1,1)) 9.6 0.7 0.5 7.0 1.0
p-value (AR(4)-GARCH(1,1)) 5.9 1.7 2.4 6.4 1.0

USD-FRF 6.01 2.25 2.05 0.61 14.52
p-value (Random walk) 6.4 0.6 0.4 2.6 0.4
p-value (GARCH(1,1)) 4.6 0.6 0.4 1.7 0.0
p-value (AR(4)-GARCH(1,1)) 3.2 0.7 0.6 2.1 0.2

DEM-JPY 7.09 2.63 2.97 0.69 13.06
p-value (Random walk) 6.6 1.4 1.0 2.8 0.1
p-value (GARCH(1,1)) 2.8 0.5 0.2 1.5 0.2
p-value (AR(4)-GARCH(1,1)) 1.8 0.5 0.4 1.2 0.2

aNotes: The rows corresponding to USD-DEM, USD-CHF, USD-FRF and DEM-JPY present the performance
of the trading model with the actual foreign exchange series from January 1, 1990 until December 31, 1996
with 5 min frequency. The p-values are calculated from 1000 replications of the corresponding stochastic
process. The simulated returns for the corresponding stochastic processes are generated from the simulated
residuals and the estimated parameters. From the new series of returns, the simulated price process is
recovered recursively by setting the initial price to the true price at the beginning of the sample. The trading
models use the bid and ask prices as inputs. Half of the average spread is subtracted (added) from the
simulated price process to obtain the simulated bid and ask prices. p-values are reported in % (e.g. 8.4
refers to 8.4%).

In fact, for all four currencies that we have studied here, the ordering of the p-values
for all three processes remains in similar order. Therefore, we may conclude that the or-
dering of the p-values are quite robust across di�erent currencies and di�erent stochas-
tic processes. Those performance measures which utilize limited information from the
entire equity path provide larger p-values whereas performance measures which utilize
all information from the equity curve yield substantially smaller p-values.
A comparison between Xe� and Re� for the real performance is interesting. It is

not always true that Xe� is bigger than Re� . In two of the best trading strategies
(USD-DEM and USD-FRF) Re�¿Xe� showing that penalizing clustering of returns
regardless of their signs leads sometimes to an overestimation of the risk.
In Table 4, the results for the simple EMA model are presented. They indicate that a

simple EMA model provides net positive annualized returns after taking the transaction
costs into account for all four currencies although overall these results are worse than
the results achieved by the RTT models.
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The examination of the p-values with the same three processes indicates similar
ordering of the p-values. For the USD-DEM, the p-values of the random walk process
indicate 12.6% for the annualized return and 10.8% for the Sharpe Ratio. Based on
these p-values, the null hypothesis that the random walk process is the data generating
mechanism of the foreign exchange returns is retained. The Xe� , Re� and maximum
drawdown, on the other hand, provide substantially smaller p-values. For the Xe� , Re�
and maximum drawdown, the p-values are 2.8%, 2.3% and 2.5%, respectively. A sim-
ilar discrepancy occurs between the p-values of the performance measures under the
GARCH(1,1) and AR(4)-GARCH(1,1) processes for the USD-DEM. In particular, the
p-value of the annualized return and the Sharpe Ratio remains over 10% whereas
the p-values of the other remaining three performance measures are less than 3%.
Comparing the actual results of the EMA models and the RTT models, Xe� and Re�

are better for the RTT models (except for USD-CHF). This is con�rmed by the larger
drawdowns which the EMA models incurred. The ranking given by those two measures
seems the most consistent looking at the di�erent behavior of the equity curves.

7. Conclusions

We present in this paper two performance measures for investment strategies: Xe�
and Re� . Both are given in the form of risk-adjusted returns. Risk adjustment takes the
intuitively well understood and numerically stable form of a risk premium deducted
from the annual return. The use of the utility function approach allows us to take into
account directly the risk aversion of the investors. By summing up those measures
computed over di�erent frequencies for the returns, the measures include an examina-
tion of the clustering behavior of the returns at di�erent frequencies. Owing to also
considering low frequency (long time intervals), long clusters of losses are directly
captured, resulting in a behavior similar to those performance measures that model risk
aversion as relative to wealth.
If Xe� gives a measure that is based on constant positive risk aversion, Re� allows

us to di�erentiate between clustering of positive and negative returns assigning a higher
risk to these periods with negative returns. Moreover, Re� does not need any distribu-
tional assumption on the returns which makes the measure better suited to fat tailed
returns.
An empirical study of the behavior of these two measures to evaluate trading strate-

gies in the FX market shows their robustness against randomness and their ability to
fully characterize the strategies. They allow the true performance of our trading models
to be revealed. Contrary to the Sharpe Ratio, they do not su�er from the limitations
of Gaussian assumptions on the distribution of returns. These performance measures
have proven their usefulness in optimizing trading model parameters [3] and can also
be used to rank di�erent trading strategies as shown in this paper. Since they are not
linked to particular trading models they can be used in a more general context for
evaluating the outcome of any investment strategy.
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