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Abstract

One common criticism of the existing Lyapunov exponents algorithms is the absence of a distributional theory which
provides a framework for the statistical hypothesis testing for the calculated Lyapunov exponents. This paper presents
a methodology to calculate the empirical distributions of Lyapunov exponents by using a bootstrapping technique. The
methodology of the paper provides a formal test of chaos under the null hypothesis. The numerical examples show that the

method works well with small data sets.

1. Introduction

The Lyapunov exponents for a dynamical system,
f: R" — R", with the trajectory,

Xep1 = f(x) (n

are measures of the average rate of divergence or con-
vergence of a typical trajectory. A positive Lyapunov
exponent is a measure of the average exponential di-
vergence of two nearby trajectories. If a discrete non-
linear system is dissipative, a positive Lyapunov ex-
ponent is an indication that the system is chaotic.
The last decade led to extensive research in the cal-
culation of Lyapunov exponents of an unknown dy-
namical system from observations. The first attempt
came from Wolf et al. [1] which had very popular
applications in a very broad spectrum of disciplines.
The introduction of Lyapunov exponents to economics
was in Brock [2]. Brock and Sayers [3] note that
the Wolf algorithm is sensitive to the number of ob-

servations as well as to the degree of measurement or
system noise in the observations. Frank et al. [4,5]
provide evidence that the Kurths and Herzel [6] al-
gorithm has a positive bias. This observation started
a search for new algorithmic designs with improved
small sample properties.

The search for an algorithm to calculate Lyapunov
exponents with desirable small sample properties has
gained momentum in the last couple of years. Three
groups of researchers, from three different disciplines,
Abarbanel et al. [7-10], McCaffrey et al. [ 11,12] and
Gengay and Dechert [ 13,14], came up with improved
algorithms for the calculation of the Lyapunov expo-
nents from observed data.

The main algorithmic designin [7-10] and [13,14]
is to embed the observations in an m-dimensional
space, then by theorems of Mafé [15] and Takens
[16] the observations are used to reconstruct the dy-
namics on the attractor. The Jacobian of the recon-
structed dynamics as demonstrated in Eckmann et al.
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[17,18] is then used to calculate the Lyapunov expo-
nents of the unknown dynamics.

One common criticism of the existing Lyapunov ex-
ponents algorithms is the absence of a distributional
theory for testing the statistical significance of the cal-
culated Lyapunov exponents. The problem becomes
even more acute if the estimated Lyapunov exponents
are positive but very small in magnitude. This is partic-
ularly the case for the Mackey-Glass delay equation.
For certain parameter values, the largest Lyapunov ex-
ponent of this equation is in the of the order of 1072,
In empirical applications the dynamics may not be
known to us and it is legitimate to question whether
an estimate in the order 1072 reflect truly a chaotic
process or it is positively biased due to some type of
measurement noise or data snooping problems.

To measure statistical significance of the Lyapunov
exponents estimator, one can draw large number of
samples from the data generating process and calcu-
late the corresponding Lyapunov exponent estimators.
These estimators can then be used to construct the
empirical distribution of the estimator under study.
Hence, it is possible to test the statistical significance
of the estimator at hand with reference to the con-
structed empirical distribution. The difficulty is that
we may only have one set of realizations of the data
generating process and no more. The question is then
whether one can design a mechanism to construct the
empirical distribution of the estimator from the realiza-
tions at hand. The theory of bootstrapping deals with
this problem and some recent results of this literature
have been extended to cover the cases for the weakly
dependent stationary sequence of observations.

The objective of this paper is to present a method-
ology to calculate the empirical distribution of Lya-
punov exponents from the observed data as a frame-
work of hypothesis testing for chaotic dynamics. The
null hypothesis Hy for the largest Lyapunov exponent
can be formulated ' as

H() AT = /\|, H| : /\max #* )\|. (2)

! The formulation of the null hypothesis is not restricted to the
largest Lyapunov exponents. Other lower order Lyapunov expo-
nents can be tested in similar fashion.

where A™ is the unknown parameter (largest Lya-
punov exponent) which is set to some hypothesized
value Aj, which may be the true Lyapunov exponent
if known or some other value.

Section 2 is on the Lyapunov exponents algorithm
utilized here. Section 3 is on the description of the
bootstrap methodology. The examples which illus-
trates the procedure and an application to financial
time series data are presented in Section 4. Conclu-
sions follow thereafter.

2. The algorithm

In practice one rarely has the advantage of observ-
ing the state of the system, x,, let alone knowing the
actual functional form f that generate the dynamics.
The model that is widely used is the following: asso-
ciated with the dynamical system in Eq. (1) there is
an observer function £ : R” — R which generates the
observations,

yi = h(x,) +ve, € ~I1D(0,07)

€, is an identically and independently distributed mea-
surement error and vy is a constant controlling the de-
gree of noise infiltrated to the system. It is assumed
that all that is available to the researcher is the se-
quence {y;,t = 1,...,T}. For notational purposes, let

yy!+m—l)- (3)

When y = 0, it is shown in {16] that if the set U is
compact manifold then for m > 2n + 1

y:” = (,Vr-)’1+la--~

I(x) = (h(x), h(f(), . (™ (X)) (4)

generically is an embedding.? For m > 2n + 1 there
exists a function g : R” — R™ such that

Yerr = &)
where

2By generic is meant that in every neighborhood of f and h
there are functions f and % so that the function J” corresponding
to these functions is an embedding of the attractor of f and the
image of the image of the attractor under J™. Here 2n + 1 is the
worst-case upper limit.
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y}'il = ()’r+h)ﬁ+2v e Yikm)-
But notice that
y,"il =Jm(xt+l)=-lm(f(xl))- (5)

Hence from Eqgs. (3) and (5)
JU(f(x)) =g (x)).

The function g is topologically conjugate to f. This
implies that g inherits the dynamical properties of f.

From Eq. (3) the mapping g which is to be esti-
mated may be taken to be

Wi Vi+1
Y+l Yit2
g: . - : (6)
Yr+m—1 (Ve Yitls - o5 Yeam—1)

and this reduces to estimating

VYtem = U(yt’y1+lv e s Yiem—1 )

Here v is an unknown map and is estimated by feed-
forward networks.
Linearization of the map g yields

Ayl = (Dg)»Ayf".

The solution can be written as

Ay, = (Dg")ymAyg

where

(Dg')yp = (Dg)yr (Dg)yr, - (Dg)yn

and

0 1 0 0 0
0 O 1 0 0
(Dg)yr = | :
o o0 0 ... 0 1
Uiy U2 U3y - Um—1a Umg
where

3In (8,7] a truncated Taylor series is used, while in [13] mul-
tilayer feedforward networks are used to calculate the function v.
These studies use gradient methods (as it is done here) to calcu-
late the Lyapunov exponents, and a comparison of the results can
be found in [ 13]. In [11] the feedforward networks are used to
calculate the largest Lyapunov exponent.

ov _ o
ayl+m—l v s c7y,'
The Lyapunov exponents can be calculated from the
eigenvalues of the matrix (Dg),» using @R decom-
position. This method is discussed in [17,18,23] and
a modified version is presented in [10].

Umyt =

3. Empirical distributions of Lyapunov exponents

Let A™* = X where A is the estimated value of
A™_The natural interest is to calculate the sampling
distribution of

VT(A = Ay) (N

to draw inferences for the statistical significance of
calculated largest Lyapunov exponent, A;. The nature
of the Lyapunov exponents poses severe theoretical
difficulties in terms of deriving their asymptotic distri-
butions. It is however possible to construct their em-
pirical distributions nonparametrically by a bootstrap
methodology.

Bootstrap techniques have been extended to weakly
dependent stationary sequence of time series by
[19,20]. The results in [19,20] point out that if the
time series under study is weakly dependent and has
a stationary distribution for all observations then the
distribution of the estimator of interest can be con-
structed consistently by a moving block bootstrap
methodology. Some other versions of bootstrap are
proposed by [21] for weakly dependent data and
[22] for observations satisfying the uniform mixing
condition.

The bootstrap technique designed here attempts to
provide an empirical distribution to the estimator of
A, by utilizing the method of embeddings. Consider
a time series of scalar observations y,, ¢t =1,2,...,T
which are generated by the observer function y, =
h(x,)+ve,. Using these observations create a series of
m-histories by y;* = (¥, Ye+1s - - - » Yr+m—1). This con-
verts T scalars into T,, = T—m-+1 vectors with overlap-
ping entries. Under the bootstrap scheme, the resam-
pling is done with replacement from {y}*, y5', ..., ¥f. }
with y™'s equally likely to be drawn. Let k = T/m and
suppose that k m-histories are drawn and denote the
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resulting sampled m-histories by z/". Note that each

zj" contains m elements which may be expressed as

2" = Yiets e Vigm—1).

Let / = km and A, be the largest Lyapunov exponent
computed from the bootstrap sample. In order to es-
timate the sample distribution of VT(A — A1) un-
der the bootstrap procedure, we may obtain a large
number of bootstrap replications V1 (A — 511 ) to form
a histogram. This histogram is the proposed boot-
strap approximation of the sampling distribution of
VT(A — Ay).

The bootstrap methodology utilized here requires
the following steps:

(1) Using a time series of scalar observations y;, t =

1,2,...,T create aseries of m-histories by y* =
(yh YVetls e oo Veem—1 ).
(ii) Select k random elements of {y{",y5',..., 7 }

with replacement and denote it by z” =
(¥j»¥j+1s--»Yj+m—1). All elements in the k
sampled m-histories are then regarded as the
bootstrap sample. z/" is used to estimate the
unknown function v and construct the (Dg)z;n

matrix by
0 1 O 0 0
0 0 1 0 0
(Dg)zj’" = :
O o o0 ... 0 1

brj t2j U3 ... Um-1,j Um;

(iii) The bootstrapped values of the largest Lyapunov
exponent are calculated from the matrix (Dgk)
which is obtained by
(Dg") = (Dg) p(Dg)p

L

- (Dg)yy.

(iv) The final step is to calculate the bootstrapped
Lyapunov exponent estimate, A; from ( Dg*) by
using the QR algorithm.

(v) The procedure above is repeated [ times to obtain
A1j,j=1,2,...,1 These ! bootstrap Lyapunov
exponents are then used to construct the empir-
ical distribution of v/I(A; — A;). In the paper
we report the mean, the standard deviation and

the confidence intervals for the estimated largest
Lyapunov exponent Ar
The intuitive explanation for this procedure is that,
for a given m, it involves making random searches in
the phase space of the dynamical system. For large /,
there is enough degrees of freedom to cover all combi-
nations of random samples in the phase space such that
the moments of the largest Lyapunov exponent esti-
mator obtained from the bootstrap procedure matches
the moments of the distribution of the true largest Lya-
punov exponent.

4. Applications

In this section, we present the results on two exam-
ples and an application to the Dow Jones Industrial
Average Index series.

(i) The Hénon map

Xy =1— 1.4x,2+y,

8
Yer1 =0.3x,. ®)

The matrix of derivatives of the Hénon map is

—2.4x, 1
[0.3 O]’ )

Since the determinant of this matrix is constant,
the Lyapunov exponents for this map satisfy

A+ A2 =1n(0.3) = —1.2. (10)

The two largest Lyapunov exponents of the Hénon
map are 0.408 and —1.620. The Hénon map is
estimated based on T = 200 observations. In the
estimation of this map, six hidden units are used
in a single layer feedforward network. The degree
of the measurement noise 7y is set to 0.1, 0.25
and 0.50 and generated from a uniform random
number generator.

(ii) A discretized variant of the Mackey-Glass delay
equation,

aXi—g
1+ (xe—s5)€

where we used a = 0.2, b = 0.1, and ¢ = 10.0
and s = 17. This equation is chosen to show

X=X +[ —bx,_l] (11)
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Table 1

Confidence intervals for the largest Lyapunov exponents estimates

Hénon map Mackey-Glass delay equation
v =0.05 estimated largest Lyapunov exponent 0.403 0.0081
confidence interval [0.377,0.439] [0.0026,0.0144]
mean 0.405 0.0079
standard deviation 0.062 0.0120
y=0.10 estimated largest Lyapunov exponent 0.381 0.0077
confidence interval [0.368,0.448 } [0.0016,0.0159]
mean 0.403 0.0077
standard deviation 0.081 0.014
y=025 estimated largest Lyapunov exponent 0.375 0.0061
confidence interval [0.360,0.457| [0.0006,0.0168]
mean 0.401 0.0073
standard deviation 0.094 0.016
true largest Lyapunov exponent 0.408 0.0086

the performance of the feedforward network with
higher dimensional systems and the resulting Lya-
punov exponent estimates. The first two largest
Lyapunov exponents of the Mackey-Glass delay
equation are 0.0086 and 0.001. In the estimation
of this map 16 hidden units and 3500 observations
are used in a single hidden layer feedforward net-
work. The degree of the measurement noise vy is
chosen to be the same as with the Hénon map.
The results are presented in Table 1. For the Hénon
map, we choose the embedding dimension to be m = 2
and carry out 100 replications given that k = (T/m) =
100. Each cell of the table reports the estimated largest
Lyapunov exponent, the 5 percent confidence inter-
val, the mean and the standard deviation of the boot-
strapped Lyapunov exponent values. The lower and
upper bound of the confidence interval is the 5th low-
est and the Sth highest Lyapunov exponent estimates
for the 100 bootstrapped samples. If the calculated
Lyapunov exponent estimates are within the confi-
dence interval then the null hypothesis is retained. For
v = 0.05, the estimated largest Lyapunov exponents
of the Hénon map is 0.403. Since 0.403 is within
[0.377,0.439], the null hypothesis that 0.403 is equal
to the true largest Lyapunov exponent is retained. One
important thing to notice is that the mean of the boot-
strap samples across the three values of y are unbi-

ased as it closely approximates the the true Lyapunov
exponent value. Also, at higher y values the standard
deviation of the bootstrap samples gets larger which
translates into larger confidence intervals. This is ex-
pected as the Lyapunov exponent estimators gets less
precise at higher noise levels. At y = 0.25, the esti-
mated Lyapunov exponent is 0.375 and we retain the
null hypothesis A; = 0.375 is not statistically different
than the true largest Lyapunov exponent, A; = 0.408.

Similar findings are obtained for the Mackey-Glass
delay equation. The Mackey-Glass delay equation is
estimated at m = 35 and 100 bootstrap samples are
generated. At y = 0.25, the confidence interval is
[0.0006,0.0168]. Since the estimated largest Lya-
punov exponent is 0.0061, the null hypothesis that
A1 = 0.0086 is retained.

The procedure discussed above is applied to the
daily Dow Jones Industrial Average Index (DJIA) se-
ries for the period of January 3, 1984 - June 30, 1988,
a total of 1137 observations. Five hundred replications
are performed at m = 2. The estimated largest Lya-
punov exponent and the corresponding confidence in-
terval are —1.2011 and [—1.3523, —1.1612], respec-
tively. The results clearly indicate that the DIIA series
does not inherit chaotic dynamics.
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5. Conclusions

One common criticism of the existing Lyapunov ex-
ponents algorithms is the absence of a distributional
theory which provides a framework for the statistical
hypothesis testing for the calculated Lyapunov expo-
nents. This paper presents a methodology to construct
the empirical distribution of Lyapunov exponents cal-
culated from noisy data. It is shown that the proposed
bootstrap methodology can be used to construct em-
pirical confidence intervals for the Lyapunov exponent
estimators as a statistical measure of how accurate the
estimators are. The numerical examples show that the
proposed methodology works well in small samples.
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