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Abstract

This paper presents a bootstrap-based test statistic for testing the presence of chaotic dynamics from data by using the
Lyapunov exponents. In particular, a one-sided test statistic in&&nGenay, Physica D 89 (1996) 261-266] framework
is designed and its small sample properties are tested ongherHnap. The numerical examples show that the test statistic
has desirable small sample properties. Copyright © 1998 Elsevier Science B.V.

1. Introduction erty of “sensitive dependence on initial conditions”:
any two solution paths with starting values arbitrarily

In a recent paper, Geag [1] proposed a statisti-  close together but not equal will diverge at exponential

cal framework which, under a null hypothesis, tested
for chaotic dynamics using a moving blocks bootstrap
procedure. The main motivation in Geyc[1] is to

design a statistical framework in which a postulated

rates. However, globally the dynamics of the system
will remain within a bounded set.

Associate with the dynamical system in Eqg. (1) an
observer functiom: R" — R, which generates the

largest Lyapunov exponent of a chaotic system can be observations

tested.
The Lyapunov exponents for a dynamical system
Si+1=f(S), 1)

wheref : R" — R" andS; is the state of the system,

are measures of the average degree of divergence o
nearby orbits in phase-space. If the dynamical system

is dissipative, a positive Lyapunov exponent is an indi-
cation of chaotic dynamics, i.e. the system has a prop-
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f

Xt = h(St) + YEt, Er ™~ ”D(O, 1),

wherey is the noise level ang; is the measurement
error.

Genay [1] formulates the null hypothesisgHand
the alternative hypothesis,jHas

Ho: AM& = 31 vs, Hq:amex # A1,

where A is the unknown parameter (largest Lya-
punov exponent) which is set to some hypothesized
value i1, which may be the true largest Lyapunov ex-
ponent if known or some other value.
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Table 1
2. Test for chaos The Henon map wherV = 200
. . . . Block si =0.05 =0.25
The focus of this paper is to design a one-sided alter- ocksize ¥ o val v i val

native hypothesis such that the one-sided9@ confi- M Critical value A1 Critical value

: : . L 2 0.440 0.385 0.430 0.401
dence m}erval is co?structed .by calculating thfa critical 0270 0.145 0274 0211
value ashy — q(975 /0), fO”OWIng frpm Eq {Pr(()\,]_ — 6 0236 0.176 0.206 0.162
A1) < q(97.5%))} = 0.975, wherer; is an estimate 8 0.218 0.198 0.139 0.092
of the largest Lyapunov exponent, apd97.5%) is 10 0197 0.199 0122  0.094

the quantile for the empirical distribution formed by The number of bootstrap values is 400.
calculatingiy — A1 [2].

; ; Table 2
Th?_i ngll r:r)]/'pothess, bl and the alternative hypoth The Henon map wher = 1000
esis, H, in this case are ,
Block size y =0.05 y =0.25
Ho: AM* =0 vs Hpy:A™* > Q. il Critical value 11 Critical value
. o 2 0.558 0.514 0.567 0.583
Then, if A1 — ¢(97.5%) > 0, the null hypothesis is 4 0.358 0.238 0.362 0.339
rejected, which means that the dynamics is chaotic. 6 0.274 0.188 0.247 0.218
Under the null hypothesis the dynamics is non-chaotic. 8 0.243  0.198 0.181  0.155
10 0.226 0.218 0.144 0.125

The number of bootstrap values is 400.

3. Numerical examples S o
In all cases the null hypothesis is rejected. This is in

The framework is tested on theeHon map which accordance with the true largest Lyapunov exponent
ich i t
is described by the following system: which is hereiy"¢ = 0.408.

X1 =y +1— 1-4)5[27 Yer1 = 0.3x;.
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