EDUC 415
Problem Sets


Week 1:  Problem 1:  Card Ordering

Give out 4 or 5 cards from each deck.  The problem is to deal cards onto the table in alternating order from the decks.  The challenge is that you must deal in a special order:  place the top card under the deck, deal the next card to table, then repeat.

Solution 1:  Reverse engineer the problem by putting the cards on the table in alternating order.  Then pick up a card, bring the bottom card to top of the deck, and repeat.  Make sure you finish by bringing the bottom card to the top of the deck.

Solution 2:  Write out the card numbers in order and deal them out, then write out the alternating decks, and order your deck according the original order.  For example:

1
to bottom

2
deal

→ 2 R
3
to bottom

4 
deal

→ 4 B
5 
to bottom

6 
deal

→ 6 R
7 
to bottom

8 
deal

→ 8 B
9 
to bottom

10 
deal

→ 10 R
1 
to bottom

3 
deal

→ 3 B
5 
to bottom

7 
deal

→ 7 R
9 
to bottom

1 
deal

→ 1 B
5 
to bottom

9 
deal

→ 9 R
5 
deal

→ 5 B
So the order is BRBBBRRBRR.
There are other way to solve as well.

Week 1:  Problem 2:  Quiz

1. If your doctor gave you 3 pills and you take one every half hour.  How long will the pills last?
There was some dispute.  The pills last one hour, but the drug lasts one and a half hour.  Use your discretion.

2. A cone with ice cream costs $3.50.  If the ice cream is $3 more than the cone, how much does the cone cost?
.25 + 3.25 = 3.50, so the cone costs 25 cents.

3. There are 3 apples.  You take 2 apples.  How many apples do you have?
You have 2 apples.

4. A person goes to a shoe store and buys a pair of shoes worth $75.  He pays with a $100 bill and gets change.  The store owner takes the $100 bill to the bank to deposit it, however the bank doesn’t take the bill because it is a counterfeit bill.  How much did the store owner lose?
The store owner lost $25 in change plus the cost of the shoes.

5. 2 fathers and 2 sons go hunting and shoot 3 rabbits.  Each took home 1 rabbit.  How is this possible?
It was a grandfather, father, and son.

6. Calculate the following:  thirty divided by a half plus 10.
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7. There are 17 sheep on a farm.  All but 9 died.  How many sheep are left?
There are 9 sheep left.  Some argued that dead sheep are still sheep.
8. Assume fruit flies double every minute.  A single fruit fly is placed in a jar.  The jar is full after 1 hour exactly.  When was the jar half full?
It was half full at 59 minutes.

9. A family has 3 daughters.  Each daughter has 2 brothers.  How many children are in the family?
Each daughter has the same 2 brothers, so there are 5 children.

10. A father is quizzing his child.  For each correct answer, the child will get 8 cents.  For each wrong answer, the child will have to pay 5 cents.  After 26 problems, no one owes any money.  How many questions did the child get right?
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Week 2:  Problem:  Farm Animals

A cow costs $10, a pig $3, and a sheep 50 cents.  A farmer buys 100 animals and at least one animal of each kind spending a total of $100.  How much of each did he buy?

This is a Diophantine problem where there are fewer equations than unknowns and involve finding integers that satisfy the equations.  In the case of this problem, we are restricted to the set of natural numbers.  We proceed with regular algebraic techniques.
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The only way that 
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 can be an integer is that 
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 is a multiple of 5.  
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 cannot be 0 or less because we need natural numbers.  If 
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Check cost:  5 * $10 + 1 * $3 + 94 * $.50 = $50 + $3 + $47 = $100

So the farmer bought 5 cows, 1 pig, and 94 sheep.
Week 3:  Problem 1:  Intelligent Life?

Using the most powerful telescope ever made, scientists happened to observe a class of young aliens on a planet millions of light years away.  On the blackboard, the teacher had written these equations:
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How many fingers did they have?

This question is a problem in finding the base.  We work in base 10 and the aliens work in some other base, eg. 
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 and if we are working in another base, then 
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Notice that equation 2 does not help solve the problem.  We can use the above definition to solve for  equation 1:
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We get the same result using equation 3:
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If we don’t know anything about bases, i.e. the definition, we can look at the first equation and use our rules of arithmetic.  We see that 5+3 is too large because we are carrying a 1 and what is left over is a 1.  If the leftover is 1, then we must have subtracted 7 from 8.

The answer is that the aliens have 7 fingers.
Week 3:  Problem 2:  Boxes and Digits

Place the digits 1-8 into the boxes so that no consecutive numbers are touching (including diagonals).


To solve this, we would like to use some reasoning instead of just guess and check.

The first thing we notice is that 1 and 8 are the least restrictive because each has only one adjacent number.

The second thing to notice is that the middle 2 squares touch all other squares except for 1 square each, so we can logically conclude that 1 and 8 should be in the middle 2 squares.


Next we consider 2 and 7 because they are consecutive with 1 and 8.  There are no options for where they can go.


Looking at the final 4 digits, we can start with 3 or 6.  Let’s choose 3.  The 3 has 2 choices for not touching 2.  It makes no difference which you choose because the answer will be reflected on the middle squares.  The 4 only has one place to go; then the 5 only has one place to go; and finally the 6 only has one place to go.


Week 3:  Problem 3:  Make a Sum with Digits

Place the digits 1-9 into the boxes so the addition statement is true.







There are many solutions to this problem.  To get a solution, we use the 3 parity rules for addition:


odd + odd = even


odd + even = odd


even + even = even

We notice that odds always come in pairs.  With the digits we have, we have 5 odds and 4 evens.  The solution is to use carrying which gives us another odd.  This means that we can use the extra odd in the tens or hundreds place.

Here are some solutions:
278 + 415 = 693
215 + 748 = 963
341 + 586 = 927




271 + 593 = 864
134 + 658 = 792
142 + 695 = 837
Extension:  ask for a solution without carrying.

As we have already shown, there is no solution.  But here is an algebraic proof:


  a b c


+ d e f


  g h i

So if we add up the individual columns, we have:  a + b + c + d + e + f = g + h + i
Next we add g + h + i to both sides:  a + b + c + d + e + f + g + h + i = 2(g + h + i)
Adding the digits 1 to 9, we get 45.  So we substitute:  45 = 2(g + h + i)
And we have a contradiction.

Week 4:  Problem 1:  Cube Cutting?

Dangle a cube from a vertex using a string.  Now make a horizontal cut through the cube halfway between the top and bottom.  What shape is created from the cut surface?

The easiest way to find the solution is to have an actual cube and place it on a book and spin the cube.  The other was is to look at the cube from overhead.  You will see the following:
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The above is a see through diagram.  The outer hexagon is what you will see.  The inscribed hexagon is the cut surface.  The inscribed hexagon is scaled by 
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 and the area is 75% of the outer hexagon.

Here is a rendered cut-away diagram showing the hexagon:
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Week 5:  Problem 1:  n-sided Rope

Consider a 4-sided rope that is not twisted and connected in a loop.  Assume that you need a new colour every time you have to lift you brush every time you have to move to a new side.  How many colours do you need to paint all 4 sides?  4.

1. Make a cut in the rope and give one end of the rope a half twist and glue the ends back.  How many colours does it take to paint the rope?

2. Using the original untwisted rope, repeat question 1 with a quarter twist.

3. Using the original untwisted rope, repeat question 1 with a three-quarter twist.

4. Repeat question 1 with a 5-sided rope with a fifth twist, a two-fifths twist, a three-fifths twist, and a four-fifths twist.

5. Repeat question 1 with a 6-sided rope and all the twists.

6. Come up with a general solution for an n-sided rope.

1. It takes 2 colours.  The top and the bottom join to form a loop.  The sides join to form a loop.  Think of how many colours it takes to paint a Mobius strip.

2. It takes 1 colour.  Each time the brush returns to the cut, it moves to a new side.  It continues until it returns to the starting side.

3. It takes 1 colour.  Each time the brush returns to the cut, it moves 3 sides or –1 side (mod 4).  It continues until it returns to the starting side.

4. It takes 1 colour.  You can think of fractions.  How many times do you have to add before you get an integer.  
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5. It takes 1, 2, 3, 2, 1 colours.

6. It takes GCD(n, t) colours where n is the n-sided rope and t is the number of 
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 twists.  Here is a table that shows the solutions for the previous questions:


	n
	t
	GCD(n,t)

	4
	1
	1

	4
	2
	2

	4
	3
	1

	6
	1
	1

	6
	2
	2

	6
	3
	3

	6
	4
	2

	6
	5
	1


Week 5:  Problem 2:  Drawing Challenge

This exercise is done with students facing each other.  One is facing the whiteboard and the other is facing away.  The one facing the whiteboard will have to describe (without physical gestures) how to draw the object on the whiteboard to the one facing away.  The one who is drawing is permitted to talk (although to make it tougher, you could say no talking back).
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The challenge for students will be to use mathematical language to describe how to draw the diagrams.  Use of non-mathematical language may make it more difficult to communicate ideas.

Week 5:  Problem 3:  Rounding

A number is rounded to 5.8.  What might the number be?

There was some discussion about how many assumptions to made explicit or whether they were just implied.

In science, significant digits are implied in the number; that is, 5.8 implies that it was rounded to tenths.  If hundredths were desired, it would have been shown as 5.80.

Do we need to state that there are an infinite number of solutions?

Does 
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  Yes, since 
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Week 6:  Problem 1:  Selling Fish

A boy has the hobby of breeding goldfish.  He decides to sell all his fish.  He does this in five steps:

1. He sells one half of his fish plus half a fish.

2. He sells a third of what remains, plus one third of a fish.

3. He sells a fourth of what remains, plus one fourth of a fish.

4. He sells a fifth of what remains, plus one fifth of a fish.
5. He now has 11 goldfish left.
Of course, no fish is divided or injured in any way.  How many did he start with?  See if you can work it out.
This can be solved by a series of equations of what the boy has remaining at each step.  Remember that if he is selling a third, he will keep two-thirds.
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from statement (1)
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from statement (3)
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from statement (4)
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from statement (5)

From here, we can work backwards through the statements to solve for 
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Note that none of the intermediate steps resulted in a fraction of a fish; so no fish were harmed.  The boy started off with 59 goldfish.
An intelligent guess and check solution was given using a chessboard.







We have 12 goldfish remaining and we want 11, so let’s scale the number:  
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  We round this to 59 goldfish.  Note that this will have a larger error, if the number of goldfish is vastly different from 64.  This is because the half, third, fourth, and fifth of a fish are not scaled.

Week 7:  Problem 1:  Make perfect squares

What is the number which when added separately to 100 and 164 will make them both perfect square numbers?

The trick to this problem is to add positive and negative numbers to 100 and 164.  There didn’t seem to be an algebraic answer.  So you can attempt this by hand or it is easily solved using Excel.  There are only two solutions:  -64 and 125.  We can see there are no more solutions because for all the perfect squares above 322 result in a difference greater than 64.

	n
	n squared
	n2+64
	sqrt(n2+64)

	1
	1
	65
	8.062257748

	2
	4
	68
	8.246211251

	3
	9
	73
	8.544003745

	4
	16
	80
	8.94427191

	5
	25
	89
	9.433981132

	6
	36
	100
	10

	7
	49
	113
	10.63014581

	8
	64
	128
	11.3137085

	9
	81
	145
	12.04159458

	10
	100
	164
	12.80624847

	11
	121
	185
	13.60147051

	12
	144
	208
	14.4222051

	13
	169
	233
	15.26433752

	14
	196
	260
	16.1245155

	15
	225
	289
	17

	16
	256
	320
	17.88854382

	17
	289
	353
	18.78829423

	18
	324
	388
	19.6977156

	19
	361
	425
	20.61552813

	20
	400
	464
	21.54065923

	21
	441
	505
	22.47220505

	22
	484
	548
	23.40939982

	23
	529
	593
	24.35159132

	24
	576
	640
	25.29822128

	25
	625
	689
	26.2488095

	26
	676
	740
	27.20294102

	27
	729
	793
	28.16025568

	28
	784
	848
	29.12043956

	29
	841
	905
	30.08321791

	30
	900
	964
	31.04834939

	31
	961
	1025
	32.01562119

	32
	1024
	1088
	32.984845

	33
	1089
	1153
	33.95585369

	34
	1156
	1220
	34.92849839


Week 8:  Problem 1:  Dartboard

My friend Peter has built a new dartboard for his son.  The board has two regions:  the centre circle, valued at 9 points, and the outside circle, valued at 4 points.  What is the largest number the cannot be achieved as a score in this game?  (Assume that you can continue the game as long as you wish, and that you can stop whenever you wish.)

An easy way to solve this is to do it graphically by filling in colours.  Because we are dealing with multiples of 4 and 9, it is best to set up in columns of 4 or 9.  Since 4 is smaller, we will use that instead of 9.  Once we colour in a square, we can fill in all the colour below because we just keep adding 4’s.  We also colour in all the squares that are multiples of 9.  Once we have a complete row, it means we can generate all the scores that are higher.

	1
	2
	3
	4

	5
	6
	7
	8

	9
	10
	11
	12

	13
	14
	15
	16

	17
	18
	19
	20

	21
	22
	23
	24

	25
	26
	27
	28

	29
	30
	31
	32


We can see that the highest uncoloured square is 23.  So that is the highest score that cannot be achieved.
Week 9:  Problem 1:  Prisoners with Black and White Hats

You are one of 100 prisoners.  Tomorrow, the guard will place, at random, a black or a white hat on each prisoner's head (including yours of course).  Prisoners will be unable to see their own hats.  All the prisoners will then be led to the courtyard where they cannot communicate with each other in any way.  At random each prisoner will then be asked to come up to the guard at the gate and declare the colour of the hat on his/her own head.  If the answer given is correct that prisoner is free to go, if the answer is wrong the prisoner is killed.  This is done in plain sight of the other remaining prisoners.

Your task is to devise a strategy with the other prisoners tonight, to save the most lives tomorrow, bearing in mind that tomorrow you will not be able to communicate with each other.

We were told that there was no communication of ANY type was allowed, that is, no hand signals, no eye contact, and no kind of movement.  We were given a time limit.  During questioning, someone said “it was easy”.  We were told it was a grade 8 concept.  Finally, we were told to work alone.

99.5 people can be saved using even/odd parity rules.  The strategy is that everyone must count the number of black hats.  The first prisoner selected says black if there are an even number of black hats and says white if there are an odd number of black hats.  The first prisoner is the only prisoner that has a 50% chance of surviving.  The rest of the prisoners can determine with certainty what is the colour of their hat depending on if that selected prisoner lives or dies.  For example:  Assume that prisoner 1 is selected first.

Prisoner 1 sees 3 black hats and 96 white hats, so he says “white”.  There are 2 cases:

Case 1:

If he lives then every prisoner will know that there must be an odd number of black hats and an odd number of white hats since we started with an even number of prisoners.

Prisoner 2 sees 3 black hats and 96 white hats.  So he reasons that his hat must be white to match the parity.

Prisoner 3 sees 2 black hats and 97 white hats.  So he reasons that his hat must be black to match the parity.

Case 2:

If he dies then every prisoner will know that there must be an even number of black hats and an even number of white hats since he saw an odd number of black hats and his hat must have been black.

Prisoner 2 sees 3 black hats and 96 white hats.  So he reasons that his hat must be black to match the parity.

Prisoner 3 sees 2 black hats and 97 white hats.  So he reasons that his hat must be white to match the parity.

This problem was hard, but the dual purpose was to raise the awareness of math anxiety and how our students might feel when given problems.  So, we are to consider the following questions:

· How did you feel when there was a time limit?

· How did you feel when someone said “it was easy?”

· How did you feel when it was said that it was a grade 8 concept?

· How did you feel when you had to work alone?

Week 12:  Problem 1:  Cat and Wire

Let us imagine that the earth is an ideal sphere.  There is a wire wound around the equator.  In one place we break the wire and extend it by one metre.  Then we raise the wire everywhere equally above the ground.  Could a cat creep under the wire?  (Earth’s radius given as 6537 km)

We start with the formula for circumference:  
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Let 
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We have the following equations from the problem:
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The new radius is the old radius plus the change in height
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Notice that the value of the Earth’s radius is not necessary in solving this problem.  So this problem has an identical answer regardless of the planet we choose.
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So the answer is yes, the cat can crawl under the wire.
Another way to solve this more quickly is to use the extreme cases technique in our textbook on p. 122.  Set the Earth’s radius to 0 and we immediately get the answer without the algebra.

Week 13:  Problem 1:  The Coins Problem

You are presented with a collection of coins spread out on a table and told the number of heads that are visible face-up.  Is it possible (without looking at the coins) for you to divide the collection into two groups, with each group having the same number of heads visible face-up?
Hints:

1. Eliminate unnecessary restrictions you may have placed on yourself.

a. The groups do not need to be the same size.

b. The original number of heads does not need to be even.

c. Coin flipping is allowed.

2. Start small.

a. What if there are two coins?  What are the possibilities?

b. What if there are three?

3. Take a leap.

a. What if you had 10 coins and one was a head?

b. What if you split the coins 1/9?  What could happen?  Count the heads and tails in group 1, and the heads and tails in group 2.

4. Spoiler Alert!!!

a. Suppose you have n coins in total, with h heads visible.

b. Split the coins into groups of size h and n-h.

c. How many heads/tails in the first group?  (x)

d. How many heads in the second group?  (h-x)

e. Flip all the coins in the first group – now how many heads in each group?

1





8





8





1





7





2





2





7





8





1





3





4





5





6








_1367223230.unknown

_1369085101.unknown

_1369664019.unknown

_1369665052.unknown

_1373484733.unknown

_1373484856.unknown

_1373485204.unknown

_1373485347.unknown

_1373485018.unknown

_1373484762.unknown

_1369667954.unknown

_1373484629.unknown

_1369665081.unknown

_1369664202.unknown

_1369665002.unknown

_1369665019.unknown

_1369664506.unknown

_1369664067.unknown

_1369664081.unknown

_1369664051.unknown

_1369087119.unknown

_1369663014.unknown

_1369663091.unknown

_1369087211.unknown

_1369087080.unknown

_1369087100.unknown

_1369087031.unknown

_1367769724.unknown

_1369083337.psd

_1369084955.psd

_1367769871.unknown

_1367769544.unknown

_1367769612.unknown

_1367769391.unknown

_1367222944.unknown

_1367223025.unknown

_1367223106.unknown

_1367223140.unknown

_1367223091.unknown

_1367222982.unknown

_1367222990.unknown

_1367222959.unknown

_1367222775.unknown

_1367222823.unknown

_1367222883.unknown

_1367222792.unknown

_1367220005.unknown

_1367222755.unknown

_1367219767.unknown

