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In this paper, we consider a gap principle when a2 − 1|b2 −
1|c2 − 1 with 1 < a < b < c. As a byproduct, we are led 
to determine the complete set of pairs of positive integers 
1 ≤ u ≤ v ≤ x such that u|v2 − 1 and v|u2 − 1 and the 
diophantine equation u2 + v2 − 1 = muv. We also generalize 
our main theorems to the polynomial f(n) = A(n +B)2 +C.
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1. Introduction and main results

In a previous paper [1], the first author studied the sequence of numbers f(n) =
n2(n2 + 1) and asked
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Question 1. Suppose a2(a2 + 1) divides b2(b2 + 1) with a < b. Must it be true that there 
is some gap between a and b? More precisely, is it true that b > a1+λ for some small 
λ > 0?

He managed to prove a gap principle with some additional requirements, namely

Theorem 1. Suppose a2(a2 + 1) divides b2(b2 + 1) with a < b, (a2, b2 + 1) = a2/(a2, b2)
and (a2 + 1, b2) = b2/(a2, b2). Then

b

a
� (log a)1/8

(log log a)12 .

One can also ask the same question for any polynomial with integral coefficients. Here 
we formulate the question more precisely:

Definition 1. Let n be a positive integer and f(x) be a polynomial with integral coeffi-
cients. Consider the set of all positive integers a0 < a1 < a2 < ... < an such that f(ai)
divides f(ai+1) for 0 ≤ i ≤ n − 1. We say that f(x) satisfies the gap principle of order 
n if lim an/a0 = ∞ as a0 → ∞.

Note that the set of all such (a0, a1, ..., an) is always infinite since

f(a + f(a)) ≡ 0 (mod f(a)).

If f(x) satisfies the gap principle of some order n, it will also satisfy the gap principle of 
any larger order. Therefore we can also make the following definition:

Definition 2. Let f(x) be a polynomial with integral coefficients. We define the gap order
of f(x) to be the smallest positive integer n such that f(x) satisfies the gap principle of 
order n. If such n does not exist, we say that f(x) does not satisfy the gap principle.

If we can remove the conditions (a2, b2 +1) = a2/(a2, b2) and (a2 +1, b2) = b2/(a2, b2)
in Theorem 1, then we would have shown that f(x) = x2(x2+1) satisfies the gap principle 
of order 1 and hence f(x) has gap order 1. On the other hand, there are polynomials 
that do not satisfy the gap principle of any order. For example when f(x) = xm where 
m ∈ N, we can choose ai = 2ia0 for all i. Consequently an/a0 = 2n and this does not 
approach to infinity when a0 does.

Another example is f(x) = ax + b where a, b ∈ Z. If ai is chosen, we can choose 
ai < ai+1 ≤ ai + f(ai) so that it satisfies the congruence

f(ai+1) ≡ 0 (mod f(ai)).

This implies ai+1 < (a +2)ai for sufficiently large ai and hence f(x) does not satisfy the 
gap principle. Inspired by these examples, we make the following conjecture:
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Conjecture 1. If the degree of f(x) is at least 2 and f(x) does not satisfy the gap principle, 
then it must take the form f(x) = A(x + B)m for some A, B ∈ Q and m ∈ N.

In this paper, we are going to focus on the sequence f(n) = n2 − 1. Of course, by 
the theory of Pell’s equations, there are infinitely many solutions to b2 − 1 = 2(a2 − 1). 
Therefore x2 − 1 does not satisfy the gap principle of order 1. However, if

a2 − 1|b2 − 1|c2 − 1,

we expect there is some gap between a and c. In our argument we need to study the 
special case a2 − 1|b2 − 1 where their quotient is a perfect square. That is

b2 − 1 = d2(a2 − 1)

for some integer d > 1. To this, we have the following gap result:

Theorem 2. Suppose a2−1|b2−1 with b > a ≥ 1 and b2−1 = d2(a2−1) for some d ≥ 3. 
Then d ≥ (2(b + 1))1/2. Moreover, the bound is best possible and it occurs in the special 
case when d = 2a and b = 2a2 − 1. With this special case aside, then we have

(d + 1)1/2(d− 2)
2 ≥ b

and, again, this bound is best possible. Note that this bound implies d ≥ (2b)2/3.

With this theorem, we have

Theorem 3. If a2 − 1|b2 − 1|c2 − 1 with 1 < a < b < c, then

c

a
� (log c)1/6

(log log c)5/6
.

In other words, x2 − 1 satisfies the gap principle of order 2 and hence x2 − 1 has gap 
order 2. However, one expects more to be true, namely

Conjecture 2. There exists a small positive constant λ such that if a2 − 1|b2 − 1|c2 − 1
with 1 < a < b < c, then c > a1+λ.

In the proof of Theorem 2, we encounter the diophantine equation

u2 + v2 − 1 = muv

with positive integers m, u and v. We have determined all the solutions:
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Theorem 4. For positive integers m and 1 ≤ u ≤ v, the diophantine equation

u2 + v2 − 1 = muv

has solutions

(1) u = v = m = 1
(2) m = 2, v = u + 1
(3) m ≥ 3, (u, v) = Fn(1,m) for n = 0, 1, 2, ...

where

F (x, y) = (y,my − x)

and F 0(x, y) = (x, y), Fn(x, y) = F (Fn−1(x, y)) for n ≥ 1.

As a corollary, we have the following interesting result on the number of pairs of 
positive integers (u, v) with u|v2 − 1 and v|u2 − 1.

Corollary 1. For x ≥ 1,

|{1 ≤ u ≤ v ≤ x : u|v2 − 1 and v|u2 − 1}| = 2x + x1/2 + O(x1/3).

In principle, one can get all the lower order terms by working out explicitly the iterations 
of Fn(1, m) in Theorem 3.

The paper is organized as follows. First, we prove Theorem 4 which lays down the foun-
dation. Then we use it to prove Corollary 1 and Theorem 2. Finally, we use Theorem 2
to finish off Theorem 3. In fact, we will prove some more general versions of Theorem 2
and 3 for the polynomial f(n) = A(n + B)2 + C in Section 4 and 5 respectively.

Some notations. The symbol a|b means that a divides b. The notations f(x) = O(g(x)), 
f(x) 	 g(x) and g(x) � f(x) are all equivalent to |f(x)| ≤ Cg(x) for some constant 
C > 0. Finally f(x) = Oλ(g(x)), f(x) 	λ g(x) or g(x) �λ f(x) mean that the implicit 
constant C may depend on λ. Also, for a set S, |S| stands for its cardinality.

2. Proof of Theorem 4

Consider the diophantine equation

u2 + v2 − 1 = muv (1)

with positive integers m and 1 ≤ u ≤ v.
If m = 1, then u2 − uv + v2 = 1 and (u − v)2 + uv = 1 which has the only solution 

u = 1 = v.
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If m = 2, then (u − v)2 = 1 which gives v = u + 1 as u ≤ v.
If u = 1, then (1) gives v = m. From now on, we assume that m > 2 and u > 1. 

Rewrite (1) into a quadratic equation in v:

v2 − (mu)v + (u2 − 1) = 0

and let v′ be the other solution to this quadratic equation. Then we have

v + v′ = mu (2)

and

vv′ = u2 − 1. (3)

From (2) we know that v′ is an integer. And then (3) tells us that u > v′ ≥ 0 since v ≥ u. 
Therefore, if u > 1, then we have v′ = (u2 − 1)/v > 0 and we obtain a new solution 
(v′, u) of (1) with v′ < u. Let G(u, v) := (mu − v, u). With this descent we can keep 
producing “smaller” solutions (u, v) to (1) with u < v.

Based on the above, let F (u, v) := (v, mv − u) and

S(m) := {(u, v) : u2 + v2 − 1 = muv, 1 ≤ u ≤ v}.

Then if (u, v) ∈ S(m), then we claim that F (u, v) = (v, mv − u) ∈ S(m) have strictly 
larger value in the second coordinate of (u, v), i.e. v < mv − u. Indeed, clearly (x, y) =
(v, mv − u) satisfies the equation x2 + y2 − 1 = mxy and x = v > 0. Also mv − u > v

because m > 2 and u ≤ v. This proves the claim.
Starting from a solution (u, v) = (1, m), we get a sequence of solutions

T (m) := {(1,m), F (1,m), F 2(1,m), F 3(1,m), .....}.

Now we claim that T (m) contains all the solutions (u, v) with 1 ≤ u ≤ v, i.e., S(m) =
T (m).

Clearly, T (m) ⊆ S(m). If (u, v) is any solution to (1) with 0 < u < v, the descent 
G(u, v) = (mu − v, u) cannot go on forever and must stop at some point. That must be 
u = 1 and v = m since if u > 1, G(u, v) is still a “smaller” solution. Thus there is an N
such that GN (u, v) = (1, m). But F and G are inverse of each other, so (u, v) = FN (1, m). 
Hence (u, v) belongs to T (m) and this implies S(m) = T (m). This shows that T (m)
contains all the solutions (u, v) with 1 ≤ u ≤ v and finishes the proof of Theorem 3.

3. Proof of Corollary 1

Let

M := |{1 ≤ u ≤ v ≤ x : u|v2 − 1 and v|u2 − 1}|.
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Note that uv|u2 + v2 − 1 ⇔ u|v2 − 1 and v|u2 − 1. If u|v2 − 1 and v|u2 − 1, we must 
have (u, v) = 1 which gives uv|u2 + v2 − 1. On the other hand if uv|u2 + v2 − 1, then 
u|u2+v2−1 and hence u|v2−1. Similarly v|u2 = 1. Thus it suffices to study the equation

u2 + v2 − 1 = muv for some positive integer m.

From Theorem 4, the case m = 1 gives us one solution and the case m = 2 gives us 
x + O(1) solutions. When m ≥ 3, we define (un, vn) = Fn(1, m) for n ≥ 0. Note that

vn+1 = mvn − un ≥ (m− 1)vn.

Since v0 = m, by induction we have vn > (m − 1)n+1.
With this estimate we are ready to estimate |M |. For n = 0, we have u0 = 1 and 

v0 = m which contributes x + O(1) solutions to M . For n = 1, we have u1 = m and 
v1 = m2 − 1 which contributes x1/2 + O(1) solutions to M . Summarizing the above,

2x+x1/2+O(1) ≤ |M | ≤ 2x+x1/2+O(1)+
∑

2≤n≤log2 x

∑
m≥3

(m−1)n+1≤x

1 = 2x+x1/2+O(x1/3)

which gives Corollary 1.

4. Proof of Theorem 2

In fact, we are going to prove a more general result.

Theorem 5. Suppose A is a positive integer, B is any integer and C is a non-zero integer. 
Let f(n) = A(n +B)2 +C. Suppose f(a)|f(b) with f(b) = d2f(a) for some b > a ≥ 1 −B

and d ≥ 3. Suppose A + C ≥ 0 also. Then we have

(i) if C < 0, then

2A(b + B) + (A− C)
|C| ≤ d2. (4)

Moreover, the bound is best possible and it occurs in the special case when

d = Aa +
√
A2a2 + AC + C2

|C|

is a positive integer and b = da − 1. With this special case aside, we have

(b + B) ≤ |C|d2 − d + 2C√ √ (5)

2 A d− C
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and, again, this bound is best possible. The right hand side of (5) is positive since 

d ≥ 3. Note that this bound implies 
(

2
√
A

|C| (b + B)
)2/3

≤ d.
(ii) if C > 0, then

(2A)(b + B) + (C −A)
C

≤ d2 (6)

and, again, this bound is best possible.

Proof. Without loss of generality, we may assume B = 0.
Suppose Ab2 + C = d2(Aa2 + C) for some b > a ≥ 1 and d ≥ 3. Then

Ab2 + C = A(da)2 + Cd2. (7)

Let da = b + k. Clearly k 
= 0 otherwise we have C = Cd2 which contradicts d > 1. If 
C > 0, then Ab2 = A(da)2 +C(d2 − 1) > A(da)2 and hence b > da and k < 0. Similarly, 
if C < 0, then k > 0.

In view of (7), we have

A(da)2 + Cd2 = A(da− k)2 + C = A(da)2 − 2Adak + Ak2 + C

which gives

Ak2 + C(1 − d2) = 2Akda = 2Ak(b + k) = 2Akb + 2Ak2. (8)

Hence

−Ak2 + C(1 − d2) = 2Akb. (9)

Suppose C < 0. Then k ≥ 1. Let

F (x) := −Ax2 + C(1 − d2)
x

= −Ax + C(1 − d2)
x

, x ≥ 1.

Then F ′(x) = −A − C(1 − d2)/x2 < 0 for d > 1 and x ≥ 1. So F (x) is decreasing on 
[1, ∞). So F (k) ≤ F (1) = −A + C(1 − d2). It follows that

b = −Ak2 + C(1 − d2)
2Ak

= F (k)
2A ≤ F (1)

2A = −A + C(1 − d2)
2A .

This gives (4).
The equality holds only if k = 1. In this case b = da −1. By (8), we have A +C(1 −d2) =

2Ada and therefore

−Cd2 − 2Aad + A + C = 0.
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Treating it as a quadratic equation in d, we have

d = −Aa±
√
A2a2 + AC + C2

C
.

Since d > 1 and C < 0, we should take − in the ± sign.
Conversely, suppose we have d = (−Aa −

√
A2a2 + AC + C2)/C and b = da − 1. The 

definition of d implies −Cd2 + A + C = 2Aad. Thus

2Ab + A− C

|C| = 2Ada−A− C

|C| = d2.

Furthermore,

d2(Aa2 + C) = A(da)2 + Cd2

= A(b + 1)2 + Cd2

= Ab2 + C + 2Ab + A + C(d2 − 1)

= Ab2 + C + 2A(da− 1) + A + C(d2 − 1)

= Ab2 + C.

To show that our bound is best possible, it remains to show that A2a2 + AC + C2 can 
be a perfect square. To do this we only need to put A + C = 0.

Now suppose k > 1. Equation (8) implies d|(Ak2 + C). Since Ak2 + C > A + C ≥ 0, 
we have d ≤ Ak2 + C. Thus k ≥ ((d − C)/A)1/2. Hence

b = F (k)
2A ≤

F

(√
d−C
A

)
2A = −(d− C) + C(1 − d2)

2A
√

d−C
A

= |C|d2 − d + 2C
2
√
A
√
d− C

.

This gives (5). Finally, C < 0 implies d ≥
(

2
√
Ab

|C|

)2/3
.

Next we need to show that the equality in (5) can be attained. For any even k, suppose 
A and C are odd such that A + C ≥ 3 and C2 ≡ 1 (mod 2Ak). Let d := Ak2 + C ≥ 3
so that C ≡ d (mod 2Ak) and d2 ≡ 1 (mod 2Ak). It follows that

−Ak2 + C(1 − d2) ≡ 0 (mod 2Ak).

Let a := 1−Cd
2Ak and b := −Ak2+C(1−d2)

2Ak . Then b = F (k)
2A with k =

√
d−C
A . It follows that 

b > a ≥ 1 since

1 − Cd = 1 + |C|d ≥ 1 + 3 = 4

and
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b− a = 1
2Ak

(−Cd2 − d + 2C − (1 − Cd)) = (d + 1)(|C|(d− 2) − 1)
2Ak

> 0.

Moreover

da− k = d(1 − Cd) − 2Ak2

2Ak
= (Ak2 + C) − Cd2 − 2Ak2

2Ak
= −Ak2 + C(1 − d2)

2Ak
= b.

Therefore

d2(Aa2 + C) = A(da)2 + Cd2

= A(b + k)2 + Cd2

= Ab2 + C + 2Abk + Ak2 + C(d2 − 1)

= Ab2 + C + 2Abk − 2Abk

= Ab2 + C.

This shows that the bound b ≤ |C|d2−d+2C
2
√
A
√
d−C

is best possible.
Suppose C > 0. Then k < 0 and

b = −Ak2 + C(1 − d2)
2Ak

= 1
2A

(
Ak2 + C(d2 − 1)

|k|

)
= G(|k|)

2A

where

G(x) := Ax2 + C(d2 − 1)
x

= Ax + C(d2 − 1)
x

, x ≥ 1.

However, G(x) is no long decreasing on [1, ∞) because C > 0. In fact,

G′(x) = A− C(d2 − 1)
x2 , G′′(x) = 2C(d2 − 1)

x3

and G(x) is convex in [1, ∞).
In view of (9), we have C(1 − d2) ≡ 0 (mod Ak). So |k| ≤ C(d2−1)

A . Since k < 0, we 

have 1 ≤ |k| ≤ C(d2−1)
A . It follows that

b = G(|k|)
2A ≤ max

{
G(1)
2A ,

G(C(d2 − 1)/A)
2A

}

= max
{
A + C(d2 − 1)

2A ,
C(d2 − 1) + A

2A

}
= C(d2 − 1) + A

2A .

This gives (6).
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To show that the equality can be attained, we suppose A and C are two positive odd 
integers. Let d be any positive even integer greater 3 such that d2 ≡ 1 (mod A). Since 
A + C(d2 − 1) is even, we have

A + C(d2 − 1) ≡ 0 (mod 2A).

Let b := A+C(d2−1)
2A . Hence d2 = 2Ab+(C−A)

C . Note that d
2−1
A is odd and coprime to d, we 

can require our C to satisfy

C

(
d2 − 1
A

)
≡ 1 (mod 2d).

Then for sufficiently large C,

b− 1
d

= Cd2 −A− C

2Ad
=

C

(
d2−1
A

)
− 1

2d

is a positive integer. We define this to be a so that da = b −1 and b > a ≥ 1. Consequently,

d2(Aa2 + C) = Ab2 + C − 2Ab + A + C(d2 − 1)

= Ab2 + C − 2A× A + C(d2 − 1)
2A + A + C(d2 − 1)

= Ab2 + C.

This special case shows that the bound 2Ab+(C−A)
C ≤ d2 cannot be improved. �

Theorem 2 follows from Theorem 5 with A = 1, B = 0 and C = −1.

5. Proof of Theorem 3

First, let us recall a result of Turk [2] on simultaneous Pell equations.

Theorem 6. Let a, b, c, d be squarefree positive integers with a 
= b and c 
= d and let e
and f be any integers. If af = ce then we also assume that abcd is not a perfect square. 
Then every positive integer solution of

{
ax2 − by2 = e

cx2 − dz2 = f

satisfies

max(x, y, z) < eKα2(log α)3γ log γ
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where α = max(a, b, c, d), β = max(|e|, |f |, 3), γ = max(α logα, log β) and K is a large 
absolute constant.

Again we prove the following more general theorem.

Theorem 7. Suppose A is square-free positive integer, any integer B and C is a non-zero 
integer. Let f(n) = A(n +B)2 +C. Suppose A +C ≥ 0 also. Then if f(a)|f(b)|f(c) with 
1 −B < a < b < c, then

A′
(
A(c + B)2 + C

A(a + B)2 + C

)
≥ K

(log(c + B))1/6

(log log(c + B))5/6
,

for some absolute constant K > 0 and A′ := max{|A|, |C|, 3}.

Proof. Again assume B = 0. Let f(n) := An2 +C. Suppose f(a)|f(b)|f(c) with 1 < a <
b < c. Say

Ac2 + C = d(Aa2 + C) and Ac2 + C = e(Ab2 + C)

for some 2 ≤ e < d. Suppose d = d1d
2
2 and e = e1e

2
2 with d1 and e1 square-free. We 

may assume that d1 
= 1 and e1 
= 1 for otherwise the result follows from Theorem 5
immediately as d = d2

2 or e = e2
2. Hence, we have a pair of simultaneous Pell’s equations

Ac2 − d1A(d2a)2 = C(d− 1) and Ac2 − e1A(e2b)2 = C(e− 1).

As d 
= e, we can apply Theorem 6 with α ≤ Ad, β ≤ max{|C|d, 3}, γ ≤
max{Ad log(Ad), log(|C|d)} and obtain

c < eK(A′d)2(log(A′d))3(A′d log(A′d)) log(A′d)

for some absolute constant K > 0 and A′ = max{A, |C|, 3}. Let x = A′d and take 
logarithm on both sides, we deduce that

log c < Kx3(log x)5.

If x < (log c)1/3, we have

A′d = x > K−1/3 (log c)1/3

(log((log c)1/3))5/3
≥ K ′ (log c)1/3

(log log c)5/3
(10)

for some absolute constant K ′ > 0. If x ≥ (log c)1/3 then we have (10) with K ′ = 1. This 
gives Theorem 7 as d = Ac2+C

Aa2+C . �
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