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Abstract Forn > 1 let
n
Ay = [P:P(Z):szj (0<ki<ky < <kn kj EZ},
j=1

that is, A,, is the collection of all sums of # distinct monomials. These polynomials are also
called Newman polynomials. Let

l .
My(0) = (/0 [

Sp.p = sup My Q) and S, :=liminf S, , < ¥, :=limsup Sy, ,.
" QE.AM \/ﬁ P n—0c0 = g n—o00 "r

1/p
p
dt) , p > 0.

We define

We show that
2, =T +p/DYP,  pe(0,2).

The special case p = 1 recaptures a recent result of Aistleitner [1], the best known lower
bound for X.
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1 Introduction

Let

1 ) » 1/p
My(Q) = (/0 ‘Q(elzm) df) ., p>0.

Forn > 1let
n
Av=1P:PQ) =Y 3:0<ki<ky< - <knkjeZt.
j=1

that is, A,, is the collection of all sums of n distinct monomials. We define

Sp.p = sup Mp(9) and S, :=liminf S, , < ¥, :=limsup S, ,.
"r 0cA, \/ﬁ P n—oo WP —= 7P s 50 n,p
We also define
My(Q)

I, , ;== inf and I, =limsupl, , > Q, :=liminf [, ,.
r QeA, «/77! P n—>oop np= n—oo P

The problem of calculating ¥; appears in a paper of Bourgain [5]. Deciding whether
¥ < lor ;) = 1 would be a major step toward confirming or disproving other important
conjectures. Karatsuba [7] observed that X1 > 1/ /2 > 0.707. Indeed, taking, for instance,

n—1
k
P11(Z)=§Zz, n=12,...,
k=0

it is easy to see that
My(Py)* =2n(n — 1) +n, (1.1)
and as Holder’s inequality implies
n =My (P, < Mi(P)* Ma(P)*>,

we conclude

2 Jn
M (P,) > > . 1.2
P25 25 (1.2)
Similarly, if S, := {a1 < ax < --- < a,} is a Sidon set (that is, S, is a subset of integers

such that no integer has two essentially distinct representations as the sum of two elements
of S,), then the polynomials

P@)=.2% n=12..,

aes,

satisfy (1.1) and (1.2). In fact, it was observed in [4] that
min My(P)* = 2n(n — 1) +n, (1.3)
PeA,

and such minimal polynomials in .4,, are precisely constructed by Sidon sets as above.

Improving Karatsuba’s result, by using a probabilistic method Aistleitner [1] proved that
¥ > /7 /2 > 0.886. We note that Borwein and Lockhart [3] investigated the asymptotic
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behavior of the mean value of normalized L , norms of Littlewood polynomials for arbitrary
p > 0. Using the Lindeberg Central Limit Theorem and dominated convergence, they proved
that

lim Z(M”(f))P=F(1+p/2)

n—oo0 2n+1 np/2
feﬁ'l

where L, := {P :P(z) = Z;Loajzj,aj e {—1, —H}}. It follows simply from the p = 1

case of the the result in [3] quoted above that X1 > /7/8 > 0.626. Moreover, this can be
achieved by taking the sum of approximately half of the monomials of {x°, x!, ..., x>} and
letting n tend to oo.

In this note we show that

2,>8,>TU+p/D"",  pe(0,2),
and
Q,<I, <TU+p/2DY",  pe,00).

The special case p = 1 recaptures a recent result of Aistleitner [1], the best known lower
bound for ¥;. Observe that Parseval’s formula gives Q, = ¥, = 1.

2 New results

Theorem 2.1 Let (k;) be a strictly increasing sequence of nonnegative integers satisfying

Cij .
kit > k; (1+ﬁ), i=1,2,...,

where lim_, o cj = 0o. Let
n
Py =Y. n=12...
j=1

We have

lim_ M”J(;”) =T+ p/)Y/r

forevery p € (0,2).

Theorem 2.2 Let (k;) be a strictly increasing sequence of nonnegative integers satisfying
kjt1 > qkj, j=12,...,

where g > 1. Let
n
Pi)=D.. n=12...
j=1

We have
M, (P,
li p( n)

n—00 ﬁ

=T+ p/2)""
for every p € [1, 00).
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Corollary 2.3 We have £, > S, > T'(1 + p/2)V/? for all p € (0, 2).

The special case p = 1 of Corollary 2.3 recaptures a recent result of Aistleitner, and it is
the best known lower bound in the problem of Bourgain mentioned in the introduction.

Corollary 2.4 We have ¥ > S| > /7 /2.
Corollary 2.5 We have Q, < I, <T'(1+ p/2)'/? forall p € (2, ).

We remark here that the same results also hold for the polynomials Z'}:l a;z% with

coefficients a; if a general form of Salem—Zygmund theorem is used (e.g see (2) in [6]).
Our final result shows that the upper bound I'(1 + p/2)!/? in Corollary 2.5 is optimal at
least for even integers.

Corollary 2.6 For any even integer p = 2m > 2, we have

M,(P
lim min p(P)

n—>00 PeA, /n

=T+ p/2)P.

Observe that a standard way to prove a Nikolskii-type inequality for trigonometric poly-
nomials [2, p. 394] applies to the classes .A,,. Indeed,

1 2 ) 1/p
My(P) = (E /0 |P(e”>|sz)
< 1 o P it 2d P it p_z
< (E/o [P (e")] t) (Ier}r(l)gn]l (e )I)

= (nnP~HV/P = p1=Vp,

1/p

for every P € A, and p > 2, and the Dirichlet kernel D, (z) := 1 +z + - - - 4+ 7" shows the
sharpness of this upper bound up to a multiplicative factor constant ¢ > 0. So if we study the
original Bourgain problem in the case of p > 2, we should normalize by dividing by n'~1/7
rather than n'/2.

3 Proofs

Letm(A) denote the Lebesgue measure of measurable sets A C [0, 1]. To prove Theorem 2.1
we need the complex-valued analogue of the following result of Erd6s [6] (note that there is
a typo in (4) in [6], the term N /2 should be (N/2)'/?).

Theorem 3.1 Let (k;) be a strictly increasing sequence of nonnegative integers satisfying

Cij .
kit > k; (1+]ﬁ) i=1,2,...,

where lim_, o cj = 0o. Let

Qu(t) = cos2mk;(t —6;)) 6; €R.
j=1

Then

Lim m({r €10, 1] Qu(1) < x(n/2)'?)) = \/% /m e dr
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forevery x € R.

Following the proof of Theorem 1 in Erdds’s paper [6], we can calculate the moments of
| P,(e'27")|% on [0, 1] in the same way, and the limit distribution function

Fx) = lim m({r € [0, 1] ¢ |Py(e>™)? < xn))

can be identified as F(x) = 1 —e™* on [0, 00). Hence the following complex-valued version
of Erd6s’s result can be obtained. While Erdds could have easily claimed it in [6], our
Theorem 3.2 below seems to be a new result.

Theorem 3.2 Let (kj) be a strictly increasing sequence of nonnegative integers satisfying

c
kjt1 > k; (Hﬁ)’ ji=1,2,...,

where lim_, «, cj = 00. Let
n
Pi)=Y.. n=1.2...
j=1

Then
Jim m({r €[0.1]: [Py <xn})=1—e¢*
for every x € [0, 00).
We also need the following result from [8, p. 215].

Theorem 3.3 Let (k) be a strictly increasing sequence of nonnegative integers satisfying
kjt1 > qkj, j=12,...,
where g > 1. Let
n
Qu(t) = D cosQmk;(t — 6;)).
j=1

Then for every r > O there are constants (depending only onr and q) A, 4 > 0 and B, 4 > 0
such that

Ar,q n < Mr(Qn) < Br,q\/ﬁ
foreveryn € Nandr > 0.

Proof of Theorem 2.1 Let

1 .
Za(t) i= —= P,(eF, n=1,2,....

7

Observe that the functions |Z,|P,n = 1,2, ..., are uniformly integrable on [0, 1]. To see
thisleta > 1,

E = En,p ={trel0,1]: |Zn(t)|p > a}
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and
F:=F,:={t €[0,1]:|Z,()]* = a}.

Using p € (0, 2), we have E C F. This, together with

1
/ |Z, () *dt = 1
0

gives m(E) < m(F) < a~! for every a > 1, p € (0,2), and n € N. Using Holder’s
inequality we obtain that

p/2
/ |Z,(0)|P dt < ( / |Zn<r)|2dr) (m(E))C=P/2 < =22
E E

foreverya > 1, p € (0,2),and n € N, which shows that the functions |Z,|”,n = 1,2, ...,
are uniformly integrable on [0, 1], indeed.
By Theorem 3.2 we have

Un(x) :=m({t € [0, 1] |Z,(D)* < x})

converges to F(x) := 1 — e™* pointwise on [0, c0) as n — oco. Combining this with the
uniform integrability of |Z,|?,n = 1,2, ..., on [0, 1], we obtain
1 [} [} [}
lim / | Za(0)|P dt = / xP2dF(x) = / xP2F'(x)dx = / xP2e™ dx
= Jo 0 0 0
=T+ p/2).
m}

Proof of Theorem 2.2 Let, as before,

1 .
Za(t) i= —= P, (¥, n=1,2,....

\/’
Introducing
X, (1) = = Re(Py (™)) = = Zn:cos(znm)
n . \/E n \/ﬁ pr J°7
and
Valt) = —= Im(Py(e2)) = —— Zn:sin(znkn
! . ﬁ ! \/ﬁ k=1 m
we have Z,(t) := X, (t) + iY,(y). Observe that the functions |Z,|”,n = 1,2,..., are

uniformly integrable on [0, 1]. To see this let a > 0 and
E:=E,,:={tel0,1]1:|Z,®)*" > a}.

By Theorem 3.3 (recall that p > 1) we have

1 1
m(E)a < / |Zn(r>|2”dt=/ (IXa () + 1Y, (1)) dt
0 0

IA

1
_1 2 2 2
27 /0 (X + 1Y, (0)1*F) dt <27 B, .
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Hence m(E) < 2”B§pﬂa’l for every a > 0, p > 1, and n € N. Combining this with the
Cauchy—Schwarz inequality and Theorem 3.3, we obtain

172
/ 1Z, )7 di < ( / 1Z, ()1 dz) m(E)'? < By, ,@"2By, ja”'/%)
E E
p/2Rp2r —1/2
2 szyqa
foreverya > 0, p > 1, and n € N, which shows that the functions |Z,|”,n = 1,2, ..., are

uniformly integrable on [0, 1], indeed.
By Theorem 3.2 we have

Un(x) :=m({t €[0,1]:|Z,()* < x})

converges to F(x) := 1 — e~ * pointwise on [0, co) as n — oco. Combining this with the
uniform integrability of |Z,|”,n = 1,2, ..., on [0, 1], we obtain
1 00 00 00
lim / | Za(0)|P dt = / xP2dF(x) = / xP2F'(x)dx = / xP2e™ dx
=0 Jo 0 0 0
=T+ p/2).
O

Proof of Corollary 2.6 Let P € A, be of the form P(z) = Z’;‘:l zKi with some integers
0<ky <ky<---<k,. Wehave

m
o0

P" =D& =2 > |k
j=1

k=0 L<j1,j2seesjm=n,
Kjy+k jy -tk jy =k

Hence
2 2
oo o0
2
My(P)P = My(P™)? =3 > =X > !
k=0 1<ji,j2,--sjm=n, k=0 \ 1<j1,j2,- s Jm=<n, jeF#Ji
kjy +kj, +--tkj, =k kjj +kjy+-tkj, =k

Now, as the number of permutations of distinct values kj,, kj,, ..., kj, is m!, it follows that

M, (P)P > (m!)? (;’1) =mn(n—1)---(n —m+1).

Hence, we have

. M,(P) 1 1 Cm=1))"”
1;161%[ N >T(1+p/2) 1’(1-(1 n)(l " )) .

Therefore

liminf min >T(1 4 p/2)V/>. (3.1

n—0o00 PeA,

M,(P)
n

By Theorem 2.2, there are polynomials P, € A, such that
M P (P n)

=T+ p/2)"7.

n—oo

@ Springer



584 S. Choi, T. Erdélyi

Hence

. . My(P) 1

limsup min —2—= < T'(1+ p/2)\/7. 3.2

m sup min N (1+p/2) (3.2)
The corollary now follows (3.1) and (3.2). m]
References

1. Aistleitner, C.: On a problem of Bourgain concerning the Lj-norm of exponential sums. Math. Z. 275,
681-688 (2013)

2. Borwein, P, Erdélyi, T.: Polynomials and Polynomials Inequalities. GTM 161. Springer, New York (1995)

3. Borwein, P., Lockhart, R.: The expected L ,, norm of random polynomials. Proc. Amer. Math. Soc. 129(5),
1463-1472 (2001)

4. Borwein, P, Choi, S., Mercer, I.: Expected norms of zero-one polynomials. Can. Math. Bull. 51(4),297-507
(2008)

5. Bourgain, J.: On the sprectal type of Ornstein’s class one transformations. Isr. J. Math. 84(1-2), 53-63
(1993)

6. ErdGs, P.: On trigonometric sums with gaps. Publ. Math. Inst. Hung. Acad. Sci. Ser. A 7, 37-42 (1962)

7. Karatsuba, A.A.: An estimate for the L |-norm of an exponential sum. Mat. Zametki 64(3), 465-468 (1998)

8. Zygmund, A.: Trigonometric Series, Volumes I & II Combined. Cambridge University Press, Cambridge
(1959)

@ Springer



	On a problem of Bourgain concerning the Lp norms  of exponential sums
	Abstract
	1 Introduction
	2 New results
	3 Proofs
	References


