ON THE LITTLEWOOD CYCLOTOMIC POLYNOMIALS
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ABSTRACT. In this article, we study the cyclotomic polynomials of degree N —1
with coeflicients restricted to the set {+1,—1}. By a cyclotomic polynomial
we mean any monic polynomial with integer coefficients and all roots of mod-
ulus 1. By a careful analysis of the effect of Graeffe’s root squaring algorithm
on cyclotomic polynomials, P. Borwein and K.K. Choi gave a complete char-
acterization of all cyclotomic polynomials with odd coefficients. They also
proved that a polynomial p(x) with coefficients 1 of even degree N — 1 is
cyclotomic if and only if p(z) = £Pp, (£z)Pp, (xP1) ... Dp,. (£xP1P2Pr-1),
where N = pip2...p, and the p; are primes, not necessarily distinct. Here
Dp(x) = z;’:11 is the pth cyclotomic polynomial. Based on substantial com-
putation, they also conjectured that this characterization also holds for poly-
nomials of odd degree with 1 coefficients. We consider the conjecture for odd
degree here. Using Ramanujan’s sums, we solve the problem for some special
cases. We prove that the conjecture is true for polynomials of degree 2%p® — 1
with odd prime p or separable polynomials of any odd degree.

1. INTRODUCTORY REMARKS AND STATEMENTS OF RESULTS

We are interested in studying polynomials with coefficients restricted to the set
{+1,—1}. This particular set of polynomials has drawn much attention and there
are a number of difficult old questions concerning it (e.g. see [1]). Littlewood raised
a number of these questions in [11] and so we call these polynomials Littlewood
polynomials. A Littlewood polynomial of degree N — 1 has Lo norm on the unit
circle equal to v/N. Many of the questions raised concern comparing the behavior
of these polynomials in other norms to the Ly norm. One of the older and more
intriguing of these asks whether such polynomials can be ”"flat”. Specifically, do
there exist two positive constants C; and C5 so that for each IV there is Littlewood
polynomial P(z) of degree N — 1 with

Cl\/ﬁ < |p(z)| < CQ\/N

for each z of modulus 17

The size of the L, norm of Littlewood polynomials has been studied from a
number of points of view. The problem of minimizing the L, norm has also attracted
a lot of attention. (e.g. see [3] - [6])

Mabhler raised the question of maximizing the Mahler measure of Littlewood
polynomials. The Mahler measure is the limit of the L, norm on the circle as
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p — 07 and one would expect this to be closely related to the minimizing problem
for the Ly norm above (see [9]).
Let P(x) be a cyclotomic polynomial of degree N — 1, that is

P(x) = ao+arz+-+an_1zV7l a, €2

and all the roots of P(x) are of modulus one. For convenience, we also let n = N —1
so that n is the degree and N is the length of the polynomial P(x). Let ®,,(z) be
the mth irreducible cyclotomic polynomial, that is,
m
Op(x):= [[ (¢-&)
j=1
(3,m)=1
whose roots are the primitive mth roots of unity. Here (j,m) = ged(j, m) and
gm = e27ri/m'
By a classical result of Kronecker, polynomials with integer coefficients having
minimal Mahler measure 1 are precisely cyclotomic polynomials, or z™.
In [2], P. Borwein and K.K. Choi addressed the question of characterizing the
cyclotomic Littlewood polynomials of even degree and showed that all cyclotomic
polynomials with odd coefficients are characterized as follows.

Theorem 1.1. Let N = 2!M with t > 0 and (2, M) = 1. A polynomial, P(z),
with odd coefficients of degree N — 1 is cyclotomic if and only if

e(d e(2d e(2tt1q
Pa) =+ [[ 25?@)@557 (x) - 253, ¥ (a),

aM
and the e(d)’s satisfy the condition
t+1 +
i . 2 ford| M, d>1;
d)+) 27 "e(2'd) = ’ ’
e(d) ; e(2'd) {Qt—l ford=1.

Furthermore, if N is odd, then any polynomial, P(x), with odd coefficients of even
degree N — 1 is cyclotomic if and only if

Pa)=+ [] @)
d|N,d>1

where the e(d)’s are non-negative integers.

They also gave an explicit formula for the number of such polynomials. Their
analysis in [2] was based on a careful treatment of Graeffe’s root squaring algorithm.
It transpires that all cyclotomic Littlewood polynomials of fixed degree have the
same fixed point on iterating Graeffe’s root squaring algorithm. This gives a char-
acterization of all cyclotomic polynomials with odd coefficients.

Among the polynomials with odd coefficients, we are particularly interested in
Littlewood polynomials, i.e., with 41 coefficients. As a corollary of Theorem 1.1,
Borwein and Choi obtained the characterization of all Littlewood cyclotomic poly-
nomials of even degree.

Theorem 1.2. Suppose N is odd. A Littlewood polynomial, P(x), of degree N — 1
is cyclotomic if and only if

P(z) = £®,, (£2)P,, (£2P*) - - - D, (F£aPrP2Pr-1))

where N = p1ps - - - pr and the p; are primes, not necessarily distinct.
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The authors in [2] conjectured that Theorem 1.2 also holds for polynomials of
odd degree. They computed up to degree 210 (except for the case n = 191).
The computation was based on computing all cyclotomic polynomials with odd
coeflicients of a given degree and then checking which were actually Littlewood and
checking that this set matched the set generated by the conjecture. For example,
for n = 143 there are 6773464 cyclotomic polynomials with odd coefficients of which
416 are Littlewood.

Conjecture 1.3. A Littlewood polynomial, P(x), of degree N — 1 is cyclotomic if
and only if

P(x) = +®,, (+z)®,,(£2P) - -- &, (£xPrP2Prot)

where N = p1ps - - - pr and all p; are primes, not necessarily distinct.

In this article, we prove the conjecture is true for polynomials of degree n =
29p% — 1 with odd prime p or for separable polynomials of any odd degree.

Theorem 1.4. Conjecture 1.3 is true for separable Littlewood cyclotomic polyno-
mials.

Theorem 1.5. Conjecture 1.3 is true for the Littlewood cyclotomic polynomials of
degree N — 1 where N = 2%pP and p is an odd prime.

Here we recall that a separable polynomial is a polynomial with no repeated
roots.

In [12], R. Thangadurai proves that Conjecture 1.3 is true for separable poly-
nomials of degree n = 2"p! — 1. There is apparently a typographical error in the
abstract of [12] where the word "separable” is forgotten to be written and the
separability in fact is assumed in his proof. Our results improve Thangadurai’s
result.

2. SEPARABLE POLYNOMIALS

Let P(z) = ap+a1x+ -+ apz™, a; =+1 and N =n+1=2'M with 21 M be
a Littlewood polynomial of degree N — 1. We also assume that P(z) is a product
of cyclotomic polynomials. Without loss of generality, assume ag = a; = +1, by
replacing by —P(x) or P(—x) if necessary. Now consider

Qz) = —0u(x)P(x)
= (1-2)P(z)
= ao+ (a1 —ag)r+ -+ (ay—1 —ay_2)zV P —ay_1zV
(2.1) = bo+bx+---F by

with by = ag =1 and by = —ay—1 = 1 but by, by, ..., by_1 € {—2,0,2} because
a; = £1. Also since a; = 1, so by = 0. We now suppose that

a0:a1:~~~:ai_1:1 and ai:—l

for some ¢ > 2 (If such ¢ does not exist, the result becomes trivial because P(z) =
142+ -4 ™). This corresponds to

(2'2) by = 1, by=---=b;_1 =0 and b, =-2.
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By Theorem 1.1, we have the factorization of Q(z) into cyclotomic polynomials
t+1 (2ld)
Q) = [T T 252" @
d|M 1=0

where for any d|M

t4+1
(2.3)  e(d) +e(2d) + 2e(4d) + - - + 2'e(21d) =Y ¢(2")e(2'd) = 2".

1=0

Let S; be the sum of the jth power of all the roots of Q(x). Since the sum of
the jth power of all the roots of ®,,(z) is

em () = Z 51}#
h=1
(h,m)=1
where ¢,,(j) is the Ramanujan’s sum, so
41
(2.4) Si=> > e d)exqg(i).
d|M 1=0

Since P(z) is a product of cyclotomic polynomials, it follows that zN~"1P(z) =
+P (1) and consequently we may write Newton’s identity (e.g. p.5 of [8]) as

Sij+b1Si—1+--+bj—151 +7b; =0
for j <n.

For j =1, we have S7 4+ b; = 0. However, b; = 0 and hence S; = 0.
For ¢ > 2 and j = 2, we have by = by = 0 and so

SQ == —blSl - 262 == 0

Inductively, we have

(2.5) Sl == Si—l =0.
For j =1, we have
(2.6) S; = —ib; = 2i.

In order to prove Conjecture 1.3 for our cases, we aim to obtain some ”periodic”
properties for S;.

The following two lemmas are elementary results about the greatest common
divisor which are useful later.

Lemma 2.1. Let N and k be positive integers. Then for any d|N, we have
(d, k) = (d,(N,k)).

Proof. For any d | N, we first see that since (N, k) | k, so
(d, (N, k)) | (d, k).

On the other hand, since d|N so (d, k)|(N, k). Thus (d, k)|(d, (N, k)). This proves
the lemma. (]

For the remainder of this section, we write the length N of P(x) as N = 2! M
with M odd.

Lemma 2.2. If 2!t { k, then (241d, k) = (2!71d, (N, k)) for any d | M.
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Proof. Let d|M. Since (N, k)|k, we first have
(2"d, (N, k) | (2114, k).
It remains to prove that
(2.7) (2171, k) | (271, (N, k).
Let p be an odd prime. If p* | (2%1d, k) then p® | (d, k). Clearly, p® | (N, k). Thus
p* | (2°71d, (N, k).

If 2% | (2!+1d, k) then 2% | k. Because 271t k we get a < t. Since N = 2!M, so
2% | N and hence 2% | (N, k). Therefore, 2 | (2871d, (N, k)). This proves (2.7). O

It is well known (e.g. Theorem 272 of [10]) that

%) o =1 () 0 (o (k)

where p(n) is the Mobius function and ¢(n) is Euler’s totient function. We note
from (2.8) that if (¢, m1) = (¢, m2) then

(2.9) Cq(ma) = cq(mo).

We next establish some ”periodic” properties for S;.

Lemma 2.3. If 2!*1 { k, then we have
Sk == S(N,k:)'

Proof. In view of Lemma 2.1 (for 0 < j < t) and Lemma 2.2 (for j = ¢t + 1), if
201 ¥ k., then (27d, k) = (27d, (N, k)) for j =0,1,--- ,t+1 and d | M. Hence from
(2.4) we have

t+1

Seo= D> e(@d)eyqlk)

d|M =0
t+1

= 3 @ d)eaal(N. k)

d|M 1=0

= SN

Lemma 2.4. If 2" | k and k < N — 1, then Sy = 0.

Proof. Let k = 2!T'k/. Then for any 0 < j <t+1 and d | M, we have

i) = 1 (rggy ) 900 (0 ((22ddk>>>
d

Joeoa (o k)))

I
=
7 N\
—
S~
>~
~
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It thus follows that from (2.4) that

t+1
S o= Y. Y e(@d)caialk)
d|M j=0
t+1 , ]
= D > e(@d)p(27)calk)
d|M j=0
t+1
= > ca(k) e d)p(2)
d|M j=0
= 2> ca(k)
d|M

by (2.3). We note that k # 0 (mod M); otherwise N|k and k > N. The lemma
now follows from the fact that _; ,, ca(k) =0 for k # 0 (mod M). O

Lemma 2.5. For the integer i defined in (2.2), we have i | N.

Proof. Since S; = 2i # 0, by Lemma 2.4, 2/ ti. By Lemma 2.3, S; = Sy . If
(N,i) < then Sy = 0% S; by (2.2). Hence (NV,i) =i and i | N. O

We end this section by proving Theorem 1.4.

Proof of Theorem 1.4. Suppose P(z) is a separable cyclotomic Littlewood polyno-
mial of degree N — 1 with N = 2!M ¢ > 1 and odd integer M (for the case t = 0,
the result follows from Theorem 1.2). Then
e(d e(2d e(2tt1d
P(x) =[] 2)”(@) @577 - @57, @
d|M

where e(l) is either 0 or 1 (because P(x) is separable) and satisfies

t+1 + .
. . 2 it d| Md>1;
d +§ 20 1e(24d) = ’ '
(d) — «(2'd) {2t—1 if d=1.

For d = 1, we have
e(1) +e(2) +2e(4) + -+ 2'e(2") = 2! — 1.

Since e(j) is either 0 or 1, so we must have e(2¢+1) = 0 and

e(l) +e(2) =e(4) =e(8) =---=e(2t) = 1.
Hence by the well-known property of ®,,(z) that for & > 1,
o (2) = By(a” ),
we have
oD ()05 (2) - 022 V(2) = 0D ()05 (2)Dy(x) - Do ()
= Py(ta)Fy (x2)

for some polynomial F(z) in Z[z]. For d > 1, we have

e(d) + e(2d) + 2e(4d) + - - - + 2'e(21T1d) = 2"
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So we have either
e(2Td) =1 and e(d) =--- =e(2'd) =0

or

e(2Td) =0 and e(d) =---=e(2%d) = 1.

So @Z(d) (x)‘bggd) (z)- - @;S%:;d)(m) is either

t

Dyer1q(a) = Doa(z?)

or
By(x)Pog(z) - - Porg(z) = Fo(x?)

for some Fy(z) in Z[z]. In either case, it is in the form of Fy(22) for some Fy(z) in
Z[z]. Therefore,

P(z) = ®y(£x)F(2?)
for some polynomial F(x) in Z[z]. Hence induction applies to F'(x) and this proves
Theorem 1.4. d

3. THE CASE OF N = 2%p” AND PROOF OF THEOREM 1.5

As we mention in §2, we aim to obtain some ”periodic” properties for S;. We
wish to show that (c.f. (2.5))

S1=-=8-1=0
Si+1 :"':SQi—IZO
SNji-1)ig1 = =SN-1=0
i.e.
(3.10) S; =0 forall j#0 (mod i).
Suppose (3.10) is proved. Then we claim that
(3.11) b =0 forall j 20 (mod 7).

If (3.11) holds then one can easily observe that the coefficients of P(x) are equal
in runs of length i, which implies that the polynomial (1 + 2 + --- + 2'~1) can be
factored out and this gives

Plz)=(1+4z+ -+ P (a?)

for some cyclotomic Littlewood polynomial P;(z) of degree N/i — 1. Hence from
this, we can apply the induction to Pj(x) on the degree.
To prove the claim (3.11) from (3.10), by Newton’s identity, if j £ 0 (mod ),

then we have
j—1

Sj + Z blijl +jb; = 0.
=1
For1 <1< j—1,either ] Z0 (mod i) or j —1 # 0 (mod 7) because j Z 0 (mod 7).
By (3.10) and the induction assumption, we have S;_; = 0 for 1 <1 < j — 1.
Hence S; + jb; = 0. From (3.10) again, b; = 0. This proves the claim (3.11).
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From now on, we may assume the set
(3.12) E={0<k<N:S5 #0,itk}

is non-empty and let j be the least positive integer in this set. From the definition
of j, we have, if there exists [ < j such that S; # 0, then |l.

Lemma 3.1. Let i be defined in (2.2) and j be the least positive integer of the set
E defined in (3.12). Then we have

(i) JjIN,

) by =0, for any k < j and i tk,
(iii) S = —jb;,

) Si+j #0,

)

Proof. (i) Since S; # 0, so 27! { j by Lemma 2.4 and hence by Lemma 2.3,
Sj = Sy,ny- So, if (j,N) < j then by the definition of j, we have i | (j,N). It
follows that 7 | 7 which contradicts the definition of j. Therefore, (j, N) = j and
hence j | N.

(ii) For any k < j and i 1 k, by the definition of j, we have Sj, = 0. By Newton’s
identity,

Sk +01Sk—1+ -+ bi—1Sk—(i—1) + biSk—i + biy1Sk—(ig1) + -+ br—151 + kb = 0.

Since i t k, so either ¢ { I or ¢ 1 k — 1. That is either b, = 0 or Sy_; = 0 by the
definition of j and the induction assumption. So S + kby = 0 and hence b; = 0.
(iii) By Newton’s identity, we have
i1
Sj + Zblsjfl —l—jbj =0
1=1
and by (ii), so
Sj + Z bilsjfil + jbj =0.
1<IS(i-1)/1
But i1 j — il because i { j, so Sj_;; = 0. Thus S; + jb; = 0 and hence S; = —jb;,.
(iv) We first note that i + j < N from (i). By Newton’s identity, we have

i—1 j—i—1 1—1

Sivi+ Y biSiyi 1+ + Y b+ bSi+ Y bigiSici + (i + j)big; = 0.
=1 =1 =1

Now we note that since by =---=b;_1 =0, so

1—1
> biSipj=0.
=1

For1<l<j—i—1,theni+1{<j. Ifi{l, then we have b;y; =0 by (ii). If 4|l
then ¢ { j — I and by the definition of j, we have S;_; = 0. Thus we have

j—i—1

> biSi=0.
=1

For 1 <1 <i—1, we have i {7 — [ and hence S;_; = 0. We conclude that
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Since S; = 2i and S; = —jb; by (2.6) and (iii), we get

Sij = =i+ J)(2b; + bitj)-
Suppose Si4; = 0. Then 2b; + b;1; = 0. Since by = %1, so i + j # N and hence
bi+j € {—2,0,+2}. Because b; # 0, so b;+; # 0 and hence

biyj =£2=2 (mod4).
Therefore,
0 = bit;+2b; (mod4)
2+2b; (mod 4).

It follows that 1 +b; = 0 (mod 2) and hence b; = 1 (mod 2). This contradicts
b; € {~2,0,+2}.

(v) Since Si1+; # 0 and i + j < N, we have 21 { (i + j) by Lemma 2.4 and
Sitj = S(N,i+j) by Lemma 2.3. If k = (N,i+j) < i+ j then since i +j < 2j, every
proper divisor of i 4 j is less than j. In particular, k < j but S, = S;1; # 0 by the
definition of j. So i|k and hence i|j. This contradiction shows that k = (N,i+j) =
i+ j and (i + j)|N. 0

Proof of Theorem 1.5. Let i and j be as above. Since i, | N, we have i = 2%1p5
and j = 2°2p% where 0 < aj,00 < a and 0 < 1,8, < 8. Since i { j, either
"1 > ag and B > (17 or "as > a1 and B > [B2”. In both cases, one finds that
i+ j has a factor of the form 2" + p® with r and s positive. By Lemma 3.1 (v),
(i+3) | N, but (2" +p®) { 29p®. This is a contradiction. Thus we conclude that the
set E defined in (3.12) is empty and as we explained before, P(z) can be written
as
Pl)=1+x+- - +2"HP(z")

for some cyclotomic Littlewood polynomial P;(z) of degree N/i — 1. So one can
complete the proof of Conjecture 1.3 for N = 2%p” by induction. This proves
Theorem 1.5. ]
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