ON THE DISTRIBUTION OF POINTS IN PROJECTIVE SPACE
OF BOUNDED HEIGHT

KWOK-KWONG CHOI

ABSTRACT. In this manuscript, we consider the uniform distribution of points
in compact metric spaces. We assume that there exists a probability measure
on the Borel subsets of the space which is invariant under a suitable group
of isometries. In this setting we prove the analogue of the Weyl’s Criterion
and the Erdos-Turan inequality by using orthogonal polynomials associated
with the space and the measure. In particular, we discuss the special case of
projective space over completions of number fields in some detail. An invariant
measure in these projective spaces is introduced and the explicit formulas for
the orthogonal polynomials in this case are given. Finally, using the analogous
Erdos-Turdn inequality, we prove that the set of all projective points over
the number field with bounded Arakelov height is uniformly distributed with
respect to the invariant measure as the bound increases.

1. INTRODUCTION

Let k be an algebraic number field, v a place of k and k,, the completion of k£ with
respect to v. Let || - ||, be an absolute value from v which extends the Euclidean
absolute value on k, if v|oo and the usual p-adic absolute value if v|p. We also use
a second absolute value determined by

"

[ lo =1+ 17
where d = [k : Q] and d, = [k, : Q,]. We note that the product formula holds
for the absolute values | - |,. We extend both absolute values to a norm on finite
dimensional vector spaces over k, as follows. For any column vector

Qo
aq

On_1
in kY, define

{32520 las 12372 if v]eo,

maxo<j<n_i |ljlle if v{ oo,

and
d

laly = [lelo” (1.2)
in both the infinite and finite cases.
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Let PV¥-*(k,) denote the N-dimensional projective space over k, and write
[, a1, -+, an_,] for the homogeneous coordinates of a generic element in PY (k).
We let the quotient map ¢ : kY — {0} — PV~*(k,) be
Plap, a1, ay_y) = [, ap, o+ oy

As in [1], [5] and [9], one can define a projective metric on P¥~'(k,) as follows. If
a and 3 belong to PV~'(k,), then we define

e A Bl
Ay(o, B) 1= e 1.3
N PR (1)
and
la A Blo
5.(cr, B) =
@B Jalial,
where A is the wedge product. It follows from (1.2) that
doy
oo(a, B) = Ay(a, B) @ . (1.4)

Clearly, the projective metrics are well-defined on P¥~*(k,). It can also be shown
that the induced metric topology coincides with the quotient topology determined

by ¢.
For any M x N matrix A over k,, we extend | - |, to A by setting

|Al, :=sup{|Aal|, : @ € kY, ||, < 1}.
If v{oo and A = (a;;) we find that
|A|, = max{|a;;j|, : 1 <i<M,1<j <N}
If v]oo let A* denote the complex conjugate transpose of A and let
0< M <l <Ay
denote the eigenvalues of the positive semi-definite matrix A*A. Then we have
Al = AR

Let GL(N,k,) and PGL(N, k,) be the general linear group and the projective
general linear group of N x N non-singular matrices over k,, respectively. Then we
define a map 7, : GL(N, k,) — [1,00) by

1o(A) = |Afo| A7,

Since 0, (@A) = n,(A) for all « € k¥, so 1, is also well-defined as a map from
PGL(N, k,) into [1,00). It was shown in [5] that for any A in PGL(N, k) and «, 8
in P¥-*(k,), we have

1 (A) 6y (a, B) < 6y (Ac, AB) < 1y(A)dy(a, B). (1.5)

Furthermore, the identity
5u(ct, B) = 5, (Acr, AB) (1.6)

holds for all & and B in P¥~*(k,) if and only if ,(A) = 1. The inequalities (1.5) are
best possible and the identity (1.6) shows that the group of isometries on PV ~*(k,)
is given by

ISO(N, k) :={A € PGL(N, ky) : n,(A) = 1}.
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In view of (1.4), ISO(N,k,) is also the group of isometries for A, (e, 3). More-
over, by writing A=! = adjA/det A, it is easy to show that if A is an element in
PGL(N, ky), then

Aly A|N
A <y < JAb (17)
|det A|vﬁ |det Alv
If B belongs to P¥~*(k), then we define its height by
H(B) =] 18I, (1.8)

where the product is over all places v of k. In view of the product formula, the height
function is well-defined on PV~*(k). To illustrate a basic Diophantine inequality
in this setting, we state the following projective form of Dirichlet’s Theorem (e.g.
Theorem 1 of [1] or Theorem 1 of [5]).

Dirichlet’s Theorem. Let o belong to PY~*(k,), T belong to k, and assume that
1 < |7|y. Then there exists B in PN~*(k) such that

(i) H(B) < cp(N)|7|F 1,
(i) dv(er,B) < ex(N){ITl H(B)}

where
dy

cr(N) = 2| A2 [T ra(N)F,
w|oo
Ay is the discriminant of k and
7T_%{F(%N + 1)}% if w 1s real,
Tw(N) =
(27)7%{F(N + 1)}ﬁ if w is complex.

Here || - || denotes the usual absolute value on C. This form of Dirichlet’s Theorem
states that every a in P¥~'(k,) can be well approximated by a rational point 8
in PV-'(k) with low height H(B). So it suggests that with respect to a suitable
measure, the rational points with low height should be distributed quite uniformly.
Our main objective in this paper is to show that the set {3 € P¥~'(k) : H(B) < H}
as H — oo is p!Y-uniformly distributed where the invariant measure p!Y will be
defined in section 2. Instead of proving the above qualitative result, we in fact are
able to obtain a quantitative bound for the discrepancy of the set of the rational
points with bounded height.

In the classical theory of uniform distribution mod one, one can obtain an esti-
mate for the discrepancy by using the Erdds-Turdn inequality and estimating the
resulting exponential sums. In our situation, we use Vaaler’s approximation in [15]
and certain orthonormal polynomials in place of the exponential function as it oc-
curs in the classical case. First we obtain an analogue of the Erdos-Turdn inequality
for a general compact metric spaces in section 3. Then in section 4 we concentrate
on the projective space PY~'(k,) and determine an explicit representation of the
orthonormal polynomials in this case. If v is an infinite place, the orthonormal
polynomials can be expressed in terms of the usual Jacobi polynomials. In the final
section, we estimate the summation of the orthonormal polynomials over the set of
rational points with low height and then apply the Erdos-Turan inequality to prove
our main result.
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2. INVARIANT MEASURE ON P¥~!(k,)

In this section we first introduce a o-algebra on P¥~*(k,) which contains all the
Borel sets in PY~*(k,) and then, by using Haar measure on k%, we define a positive
measure on this g-algebra. We will show that this measure is invariant under the
group of isometries ISO(N, k).

As in [2], we select a Haar measure (3, on the additive group of k, in the following
manner:

(i) if v|oo and k, = R, then [, is the usual Lebesgue measure on R,
(ii) if v|oo and k, = C, then (3, is the usual Lebesgue measure on C multiplied
by 2,
(ifi) if v 1 00, we require that 8,(0,) = | Dy ||9/2, where O, := {a € ky : |||y <
1} and D, is the local different of k at v.
We denote the open and closed balls with center o and radius r with respect to ||- ||,
in kY — {0} by B(a,7) and D(a,r) respectively. Also, B (c,r) and D (e, 7) denote
the projective open and closed balls with center o and radius r with respect to
A, (a, B) in P¥1(k,) respectively. We write 32 for the N-fold product of measures
0B,. From the way we have normalized 3, we find that

BY(D(0,1)) = ry(N) =¥,

at each infinite place v of k. Since 3% is invariant under translation, it follows that
for any a € kY, we have

Y (B(e, 1)) = B (D(ax, 1)) = ry(N) (2.1)
at each infinite place v of k. If v { 0o, by (iii) above, we have for any « € kY
By (D(a, 1)) = [| DY /2. (2-2)

For convenience, we denote 32 (D(0,1)) by b,(N). So, from (2.1) and (2.2),
ro(N)~BN if v)oo,
by(N) = (2.3)
IDollo ™/?  if vt .
Let B be the o-algebra of all Borel sets in kY — {0}. Define a collection, M, of
subsets in PY~*(k,) by
M i= {A CPY (k) : 61 (A) € B).
Then it is clear that M is a o- algebra in P¥=*(k,) containing all the Borel sets in
P¥=1(k,). We now define a measure ;LU on PY=*(k,) by: if A € M, then

nl (8) = 5 A (67 (4) N DL ). (2.4)

It is straightforward to show that (PY~*(k,), M, YY) is a measure space and

o (P (ky)) = 1.
Since Haar measure on k, is unique up to a nonzero scalar multiple, pl' is inde-
pendent of our choice of 3,. It also follows from the definition (2.4) that if F is a
ulN-integrable function on P¥~*(k,), then

Nig)— L N
/IPN‘l(ku) PP (B) = by(N) /D(o,l) Flgla)lafiy (=) (2:5)
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It is convenient to state the following formula for changing of coordinates. This will

be used frequently later. Let f be 3¥-integrable and B be an element in GL(N, k).
Then we have

Fle)agy(e) = |det BlY [ F(Bajdsy (). (2.6)

kN

The next lemma shows that pl¥ is invariant under the group of isometries
ISO(N, ky).

Lemma 2.1. Let A be an element in PGL(N,k,) and F be a non-negative '’y -
integrable function on P¥~*(k,). Then we have

In particular, if A belongs to ISO(N, k), then

/ F(AB)dY (8) = / F(B)du (B)
]P)Nf 1 (k’u)

[PNfl(k.v)

for any non-negative pl -integrable function F on P¥~'(k,). Consequently, ulY is
invariant under ISO(N, k,).

Proof. Suppose F is a non-negative u/Y-integrable function on P¥~*(k,). By (2.5)
and (2.6), we have

/ F(AB)dLY (8)
PN—1(k,)

= 1 (0] N (8%
- /D o, FlAS(@)I @0
1

= ) /kgv{o} F(6(A@))  Xp(o,1y (A Aa)dBY (o)

1 _
= %(Wdet/%/kg}'{o} F(¢(a)) 'XD(O,I)(A 10‘)6151];\](0‘)

1
_ 1 .
by (N)] det A[d /0<|A1% ., F@lends (@)
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Since |[A" |, < |A7Y, ]y, sO by (1.7), (2.5) and (2.6),

/ F(AB)dY (8)
PN-1 (kv)

I N
> AT /0 o Flotea (@)

_ 1 / F(6(a)) - Xp(oy(@)dBY (cr)
kN —{o}

by(N)| det A[f|A=H[

|detA1;f/ N
= L b F(B)duY (8
AT oy, - P10 (B)

> (AN / F(B)dyi (8)

PN-1(k,)

= @[ PEw )

This proves the first inequality in (2.7). The second inequality follows from the first
inequality if we replace F by FoA and A by A~!. Clearly the remaining assertions
of Lemma 2.1 can be deduced directly from (2.7) if n,(A) = 1. O

With respect to this invariant measure, a sequence {oay}7°, in P¥="(k,) is .-
uniformly distributed if

. L B o 9y
Jdm g s = [ e, 23)

Nﬁl(k’l))

for all real-valued continuous functions f on P¥~!(k,). The main result of this
manuscript is the following theorem.

Theorem 2.2. The set {3 € P¥~'(k): H(B) < H} as H — oo is puYY -uniformly
distributed.

We will also prove a quantitative result compared with qualitative Theorem 2.2.
In Theorem 5.11 at the end of this manuscript, we give an explicit estimation of
the discrepancy for the set of all rational points with low height.

We finish this section by proving some formulae for the measures of the pro-
jective balls in P¥~*(k,). These formulae are essential when we compute certain
orthonormal polynomials for PY~"(k,) in section 4. We first note that the measures
of the projective balls are independent of their centers. For, if 8, and 3, belong
to PV'(k,) and 0 < r < 1, since ISO(N, k,) acts transitively on P¥~*(k,) (e.g.
Lemma 2.7 in [14]), so there is an isometry A such that A3, = 3;. Hence by
Lemma 2.1,

py (B (By,7)) = ' (B(ABy, 7)) = 1) (B (By, 7))

Similarly, we have pY (D (81,7)) = u2Y (D (B,,7)).

Next we divide our considerations into two cases : v|oo and v t co. We first
suppose that v|oo. Of course, in this case, uY (B(8,r)) = pulY(D(B,r)). So, we
only need to consider D (3, 7). Then we have the following lemma.
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Lemma 2.3. Let v|oo. For any B in PY~*(k,) and 0 <r <1, we have
r o gN-2 : ~
2 Jo E=zdr ifk, =R,
py (D(B,r)) = (2.9)
Py if k2 C,
where ¢; = ¢1(N) := W%F(%)/F(%),

Proof. Since the measures of the projective balls are independent of their centers,

without loss of generality, we can assume that 8 = ey := [1,0,---,0]. It is clear
that (2.9) is true for » = 0 and r = 1 because
1 N 2 c

V1-— ac2 T2
Thus we assume 0 < r < 1.
In view of (1.3),

¢~ (D(eq,7)) N D(0,1)

N—-1

= (Oé(),"' aaNfl)Ekqj;v_{O}:ZHaszSmin{l

j=1

sleolls 1= llaoll3}

Let Dy_,(c,7) be the closed ball in k¥ ~! with center o and r. Hence,

py (D (ex,7))

= 1 N-1 (D (0 T”‘“””)) d
bv(N) {/|0‘0|U§(1—r2)§ ﬁq) N-1 ) m ﬁv(ao)

o Y (D (0.V/T= Tl dmao)} (2.10)
(1—-72)2 <J|ag]|» <1
So, in view of (2.1), (2.3) and (2.6), (2.10) becomes

N1,
o (N)Ndv ( 2 ) 2 v/ N-1)d
llao | ¥ =% 3, (e
ro(N — 1)(N=1)ds 1—r2 el <(1—r2)% o)

. (1~ flao2) 5" &as, (ao>}
(1-72)2 <Jlawollv <1

TU(N)Nd” 7“2 N;

If k£, 2R, then d, = 1. Thus,

g,
I +12}. (2.11)

[N
v[Z

=" N-1 2 2
I1:2\/0 tidt:N(].*T)

and

1 T N
_ ¢
I, = 2 1— 1) 5 dt = / S
’ /(1r2>%( ) (1—1¢2)1/2
N-—1) (7 N2

2 2
= 777,N71(17T2)%+ ( dt.

N )y G-epn
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Hence (2.9) follows from (2.10), (2.11) and the fact that
N-1 7o (N)N 1

N r,(N—1)N-1 "~ ¢

for k, = R.
If k, 2 C, then d, = 2. Then,
I = 2/ (2? + y*)N tdady
@2 4y?<1-r2
_ 2£(1 _ ,],,Q)N
N
and
L, = 2/ (1— (2 +y*)N dzdy
1-r2<z24y2<1
2
N
Therefore, (2.9) follows from (2.10), (2.11) and the fact that
ro(IN)2N _ N
ro(N —1)2(N=1) — 27
for k, = C. O

Next we consider the case v { co. Let

Po={acky:|al, <1}

be the maximal ideal in O,. Since || - ||, is discrete for v t 0o, so P, is a principal
ideal. If P, = (m,), then we say that m, is a prime element for || - ||,. It is clear
that

|75 ||» = max{||ally : & € Py}

As is well known (see for example Chapter 4 in [3]), for any o € k) := k — {0},
o = um)® for some unit w in O, and some rational integer m. Thus |||, = || ||
and therefore the multiplicative value group of k, is

{lalle o €k} = {|Imlly" : m € Z}.
It turns out that
{Au(e, B) : e # B} = {[|mo|l" : m > 0}

Thus, if we are considering the projective balls in P¥~*(k,) for v { co, we may
assume that the radius has the form |7, ||, m > 0. Moreover, if we let 0 <r <1
and assume that

ol < < ol
for some m > 1, then
B(a,r) = {BeP"'(k): Av(a,B) <r}

{B P (k) : Ap(e, B) < [Imoll"}
= D(e[Imlly")-

This shows that we only need to consider D (e, r) with r = ||m,||7*,m > 0.
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Lemma 2.4. Let v 1 oo and 7, be a prime element for || - ||,. For any B €
PN (ky),r = |72 and m > 0, we have

—1)d 1 ” T || i
N (N 1) v vily
oy D H, r)) =1 —
( ( )) 1 ” HNd,,

Proof. As before, we can assume that 3 = e; and 0 < r < 1. In view of (1.3), we
have

57D (e1,) = {0+ an_s) € kY — {0} : sl < rllaclly 1 < < N — 1.
Thus, by (2.2) and (2.6)
(

NU(D 61,7’))
= bv(lN)Biv(qb*l(D (e1,7)) N D(0,1))
- ﬁ /D(O 1) Xomt (0 er, 1)) (@) (@)

(2.12)

I/ 4B, (a) p dBu(a)

i< Jllasllo<rllaoll,

1 /
bo(N) Jjjaolln<t

1
= v ky : v < Nﬁld
oY) /|ao|u<16 ({a €k el < rllaoll )™ dBy(ao)
1 J P
= _— » v ®1J 1,/2 N ld 3
o (el I )
1
= DN [ g (g e (203
b’U(N) [leollo<1
To evaluate the last integral, we divide the set {ag € ky : |||, < 1} into a disjoint
union of {ag € ky & | T |5 < |laollo < ||mollf} for i =0,1,---. So the last integral

in (2.13) is equal to

= 3 | N /” 4B, (o)
1=0

mollut <llaollo <ol

oo
= D Imlli ™Vl [ 1Dull5 /2 — ol D 1Do 1572}

=0
= (L= [ Do 272 [
=0
1— Iy d
_ ollo’ gy, jjder2. 2.14
D (2.1)
Therefore, (2.12) follows from (2.3), (2.13) and (2.14). O

3. UNIFORM DISTRIBUTION IN A COMPACT METRIC SPACE

We will actually prove a quantitative form of Theorem 2.2. We are able to give
an explicit bound for the discrepancy of the set of rational points with low height
for the infinite places and then Theorem 2.2 follows as a corollary. Toward this
end, we prove an analogue of the Erdos-Turan inequality for the projective space
P¥=!(k,). In fact we establish such a result for a general compact metric space.
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In this section, we consider uniform distribution in a compact metric space. Let
X be a compact Hausdorff space and p be a regular Borel probability measure in
X. The sequence {z;};°, of elements in X is said to be p-uniformly distributed in
X if

L—so00

g
i 73 (o) = IREL (3.1)

for all real-valued continuous functions of X.
We further assume that X is a metric space with metric d. And we assume that
the p-measure of both an open ball and a closed ball is independent of its center:

w(Ba(w,7)) = w(Ba(y,7)) and  p(Da(z,7)) = p(Da(y,r))

for any z,y in X and r > 0 where By(z,r) and Dg(x,r) are the open and closed balls
in X with center x and radius r respectively. Then by approximating continuous
functions by a finite linear combination of characteristic functions of Borel sets in
X, it follows that a sequence {z;};°, is p-uniformly distributed if and only if

L
3" X, () = p(Dala, ) (3.2

L—o0
=1

for any = in X and r > 0 where yg is the characteristic function of the set FE.
Similarly, a sequence of {z;}7°, is p-uniformly distributed if and only if

L

lim > XBatar) (@) = p(Ba(z, 7)) (3.3)
=1

L—oo L

for any x in X and r > 0.
It is sometimes more convenient to consider normalized functions when we study
their Fourier series. We define f : R — C to be normalized if

. 1
Jdim A f (o )+ o - )} = f() (3.4)
We also define the normalized characteristic function of a ball with center x and
radius r by
if d(z,y) <,
if d(z,y) =r, (3.5)
if d(z,y) > 7.

X (z,r) (y) =

O = =

Thus, X (4, (y) = ${XBu(e.) W) + XDa(z,r) ()} and hence in view of (3.2) and (3.3),
we have

Lemma 3.1. The sequence {x;}7°, is p-uniformly distributed if and only if

L
. 1
lim L;X(m,r)(xl)/xX(m,r)(x)d:u

L— 00

In the remainder of this section, we are going to prove an analogue of Weyl’s
criterion and the Erdos-Turdn inequality for a general compact metric space. It is
well known that (e.g. Theorem 1.3 of Chapter 4 in [8]) if X is also a group, then
we can obtain results analogous to Weyl’s criterion by using the group characters.
However, in our case, we are going to employ orthonormal polynomials.
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Let w be a regular Borel probability measure on [—1, 1]. Define the inner product
by

1
< fig = / 3

for any f and g in L*(w). {Q“(x)}22, is said to be the set of orthonormal poly-
nomials with respect to w if Q¥ (x) is polynomial of degree n with positive leading
coefficient and satisfies

1 ifm=n,

0 ifm#n. (8:6)

< Q:}naQ:: >= 57nn = {
Suppose the set of orthonormal polynomials with respect to w exists. Let T, (x)
be the m-th Chebysheff polynomial so that T,,(cosf) = cosm#f. Since every poly-
nomial can be expressed as a linear combination of Q%, we write T,,, as

Tu(a) =) Qs () (3.7)
n=0

where t7" :=< T,,,, Q¥ > for m,n > 0. In view of (3.6), if m < n, then
t=0. (3.8)

In [15], J. Vaaler showed how to construct a trigonometric polynomial approx-
imation to a function by using Beurling’s extremal function. He also used this
approximation to give an improved version of the classical Erdés-Turdn inequality.
In this section, we will employ Vaaler’s approximation to prove the analogous Erdos-
Turdn inequality. In [7], P. Grabner used a similar idea to obtain the Erdds-Turdn
inequality for the N-dimensional sphere.

We first recall some definitions used in Vaaler’s approximation. Let M be a
positive integer. We write e(z) := ¢*™* and define

M
ja@)i= 3 T (m)e(ma) (3.9)
m=—M
where
1 if m=0,
Tars1(m) = g (1= A';lll)cot T 1\‘471‘1 it0<|m| <M,
0 otherwise

and the periodic Fejer kernel
M o~
kar(x) =Y Kya(m)e(ma) (3.10)
m=—M

where

M+1

. —dml i < M
KM+1(m)3={O Im| < M,

otherwise.

It is easy to prove that

1 sinmt(M + 1)z 2
= . 11
Faa () M+1 ( sin Tz ) (3.11)
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‘We now suppose that g : R — C has period 1 and bounded variation on each closed
interval of length 1. We also assume that g satisfies the normalizing condition (3.4).
Let Vy(x) be the total variation of g on [—3,z]. We write (dVy) * kas(z) for the
convolution

(dV,) % kna () = / oar ( — £)dV, (8). (3.12)
Then the trigonometric polynomial
g inl@)i= [ o®ialo vy (3.13)

will give a good approximation to g. In view of Theorem 19 in [15], we have

< 55 V) * (@) (3.14)

lg(x) = g% jm ()
for any real number z. Inequality (3.14) is essential in our proof of the Erdds-
Turdn type inequality. We are going to use (3.14) to approximate the normalized
characteristic function.
Let

G(m) = /_E g(B)e(—mt)dt  and AV, (m) = /_E e(—mt)dV,(t)

W=

be the m-th Fourier coefficients of g and dV, respectively. If g is an even function,
then

g(m)=g(-m) and  dV,(m) = dV,(—m). (3.15)

Now we suppose that g is an even function. Since g*jjs is an even trigonometric
polynomial, it can be written as a finite linear combination of T}, (cos 2wz). Hence,
in view of (3.7), g * jas can also be written as a linear combination of Q¥ (cos 27rz).
From (3.9) and (3.13), for any real number z,

g% ju(e) = / o(t)jn (e — t)dt



ON THE DISTRIBUTION OF POINTS IN PROJECTIVE SPACE OF BOUNDED HEIGHT 13

Using (3.7), (3.8) and (3.15)

M
g*ju(z) = Z M+1(m)g(m) cos 2mrma

m=1
M m
= 9(0)+2 > Jasa(m)gm) > Q% (cos 2ma)
J\bel n=0
= G0+ Y A (9)Q% (cos 2ma) (3.16)
where
M )
AN (g) =2 Z v (m)g(m)ty (3.17)
m=1

for n > 0. Similarly, we can also write (dV;) * kar(x) as a linear combination of
Q¥ (cos 2wz). Using (3.7), (3.8), (3.10) and (3.12), for any real number z, we have

(dVg) * k() )+ Z BM(9)Q% (cos 27x) (3.18)

where

BM(g):=2 Z Kpg1 (m)dV,(m)e™ (3.19)

for any n > 0.

Lemma 3.2. Suppose w is a reqular Borel probability measure in [—1,1] and the set
of orthonormal polynomials, {Q%}22_,, with respect to w exists. Let f be normalized,
w-measurable and of bounded variation on [—1,1]. Let {x;};°, be a sequence of real
numbers in [—1,1]. Suppose

g(z) = f(cos2mz).

Then for any L, M > 1, we have

1< !
MR IR

1 M M M
< Dl Bl flaio)+ 2oL

L

3 Q)

=1

(3.20)

n=1

where AM(g) and BM (g) are defined in (3.17) and (3.19) respectively.
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Proof. Lemma 3.2 is a direct consequence of (3.14). For any L, M > 1,
1 & !
I~ [ fwd
1=1 -1
1 i (cos’lxl) 1 (cosflt)d
L& or LN e
L
1 . cos~ o
i3 5—219 * Ja ( or
1

)‘/ﬂ*]M(%;t)dw
. “lx cos™!
X {il;(dvg)*m(coz l)+/ (dVy) * ke (— t)dw}, (3.21)

1
X
2M +2

IN

+

s 1 71—
by (3.14). In view of (3.6) and (3.16), the first term in the right hand side of (3.21)
is equal to

M 1 L 1
ZA?f(g){ ZQ:{(IZ)—/ Q:j(t)dw}|
n=0 =1 -1

il

. (3.22)

M 1 L
PR BLEACH
n=1 =1

Similarly, from (3.6) and (3.18), the second term in the right hand side of (3.21) is
equal to

1 1 M 1 &
M3 {2(Vg(2)+B¥(9))+§B%(9)L;Qz(m)}. (3.23)
Therefore, (3.20) follows from (3.21), (3.22) and (3.23). O

We return to consideration of a general compact metric space. Let (X,d, u) be
an infinite compact metric space with regular Borel measure p such that

(a) p(X)=1,
(b) 0 <d(x,y) <1 for any z,y in X,
(¢) the p-measures of balls in X are independent of their centers.

Fixing x¢ in X, we define for any open interval U in [—1,1],

wm=§4awmmmwwm} (3.24)

where sgn(t) is +1,0 and —1 according as t > 0,¢t = 0 and ¢ < 0 respectively and
the above integral is a Riemann-Stieltjes integral on [—1, 1]. In view of (¢) above, w
is independent of the choice of zp in X. From (3.24), we see that if f is integrable,

then
[ s
-1
1
= %/0 {£(t) + f(=t)}dp(Da(xo,1)). (3.25)

In particular, we have w([—1,1]) = u(Dg4(xo,1)) = uw(X) = 1 and if f is an odd
function then | 711 f(t)dw = 0. We suppose that the set of orthonormal polynomials,

1 0
3| FOaDia.0) =5 [ HOdDateo. )
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{Q¥}>2 ,, with respect to w exists. We write Q¥ := Q. + Q, where Q. and Q, are
the polynomials consisting of the even and odd terms in (% respectively. If n is
even, then deg(Q,) < n and in view of (3.6) and (3.25), we have

0=< Q%aQo >=< Qe + Qo;Qo >=< QOaQO >

This implies that , = 0 and hence Q¥ is even. Similarly, if n is odd, then Q¥ is
odd. Also, since Tp,,(—x) = (—=1)"T;,(x), we have

o= L ()@ )

-1

- % / {Ton(2)Q52 () + T (—2)Q53 (=) dpu(Da(wo, 1))
0

14 (=1)mtn 1 "
= P @@ @)n(Dateo. 1)
0
for any m,n > 0. We conclude that if m + n is odd
tm = 0. (3.26)

Next we apply Lemma 3.2 to the normalized characteristic function. Let 0 <
r <1 and

F0) = 3 0 (0 + Xrn (),
Then we have by (3.5)
X (@) = 5 00 (A, 9)) + Xior (A, 1))
= fda,y)).

If u(Dg(z0,t)) is continuous at r as a function of ¢ on [0, 1], then the characteristic
functions x(_,,) and x|, are Riemann-Stieltjes integrable on [-1,1] and

1
/X(y,r)(x)du = /*{XBd(y,r)(x)+XDd,(y,r)($)}du
X X 2

/l{x( oy (8) 4 X[ (B) o

/ £(t)

Thus, in view of Lemma 3.2, we have

L

1

ZZX(yr)(l‘l) - /XX(y,r)(a:)du
=1

1

+Z{|AnM(g)l+|Ej\4+l} ZQ“’ (z1,y ‘ (3.27)
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where g(z) = ${X(—rr) + X[=rs}(cos2mz). We should remark here that when
r = 1, f does not satisfy the normalizing condition (3.4). However, (3.14) still
holds for g(x) by computing both sides of (3.14) directly. Hence (3.27) still holds
for r = 1.

Since g(z) is an even function and g(3 —z) = g(x), it follows that if m is odd, then

4(m) = dV,(m) = 0. Hence, in view of (3.17), (3.19) and (3.26), we have AM (g)
and BM(g) are zero when n is odd. Therefore, we have the following theorem.

Theorem 3.3 (Erdos-Turdn Inequality). Suppose (X,d, p) is an infinite compact
metric space with reqular Borel measure p satisfying conditions (a), (b) and (¢) and
{z1}52, is a sequence in X. Let w(x) be defined as in (3.24) and suppose the set of
orthonormal polynomials, {Q%(x)}52,, with respect to w exists. For any y in X,
0<r<1land L,M >1, if u(Dg(z0,t)) is continuous at r, we have

L 1 M
1 [Ve(3) + By (9)]

(M/2]

B
+ Z {Azn 2|A24n+1 } ZQ% (z1,y

where g(x) = ${X(—r,r) + X[—rr }(cos 2mz), AN (g) and Bﬁ/[(g) are defined in (3.17)
and (3.19) respectively.

. (3.28)

In order to deduce Weyl’s criterion from the above theorem, we must have
o Va3 + B (9)]

M—oc0 M + 1
The following lemma gives an explicit bound for this.

=0.

Lemma 3.4. Under the same the hypotheses in Theorem 3.3, for sufficiently small
€ > 0, we have

V,(5) + B (o)l
< 4 <1 + % + M{p(Da(xo,r +€)) — p(Da(xo, 7 — e))}) . (3.29)

Proof. For 0 < r < 1, we let r = cos 276 for some 6 in (0, 4) and assume 0 < € < 6.

Then V,(z) is a step function on [—5, 5] having jump 1 at four points 6 and

+(3 — 0) only. In view of (3.6), (3.12), (3.18) and (3.25), we have

V() + BY(9)

1 —1y
= /(dVg)*kI\/[(CO;7T )dw

-1

_ /_11 {/_ kM(COZ:t —x)dVg(x)}dw

! -y 1 -1
- /{kM(COS o = 0) + k(2
0

t
+0)+

2T 2 2
cos ¢ cos 1t 1
(% = 0) k(= L) bauDutan,t). (330
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On the other hand, in view of (3.11), we have
kar(¢) < 1+ min{M, (2]¢])~"} (3.31)

for M > 1 and ¢ € R. Here ||z|| := min({z},1 — {z}) is the distance from z to the
nearest integer.

Since both || 25— byl 1—0| and || L L +0| are greater than 6 for any ¢ in [0, 1],
the contribution of the ﬁrst two 1ntegrands in the right hand side of (3.30) is less
than

2/1(1 + (20) V) du(Dy(zo,t)) = 2(1 + (20)71), (3.32)
0

by (3.31). Next we consider

1 cos_1
/O K ( — 60)du(Dg(xo,t))

] ot

For t € [0,7 — €] or t € [r + ¢, 1], we have

)du(Da(xo,t))-

H os™ 1t ” _ |cos_1 t cos™'t cosTlr
21 o
It follows from (3.31) that

1 _
/ k:M(COS t — 0)dp(Dg(xo,1))

{/ / } du(Dd(:vo, ))+/T:rs(1+M)dM(Dd(x07t))

< 1+ 7 + (1 4+ M){u(Dg(zo,r + €)) — u(Dg(zg,r — €))}. (3.33)

IN

Similarly, we have

/ na (& 7115 +0)dw(t)
< 1+ T4 (U M) {u(Da(o, r+ ) = u(Dalwo,r = )} (334)

Therefore, from (3.30), (3.32), (3.33) and (3.34)
v(3)
< 201+ (20)7) + 201+ 2) + 201+ M){a(Da(@o,7 + €)) = p(Dalao, 7~ )}

+ By (9)

< 4 (1 + % + M{p(Da(xo,r+ €)) — p(Da(xo,r — e))}) .

This proves (3.29) for 0 < r < 1. The case r = 1 can be proved in a similar
manner. (]

Theorem 3.5 (Weyl’s Criterion). Suppose (X,d,u),w(z) and Q% (z) satisfy the
conditions in Theorem 3.3. We also assume that p(Dg(xo,t)) is continuous on
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[0,1]. Then the sequence (x;):2, is p-uniformly distributed if and only if

L—00

L
tim_ 3" @5, (d(r1, ) = 0 (3.35)
=1

foranyy € X andn > 1.

Proof. Suppose (3.35) holds for any y € X and n > 1. The result follows from
Lemma 3.1, Theorem 3.3 and Lemma 3.4 by letting e = M ~'/2 and M, L — occ.
Conversely, suppose the sequence {z;}7°; is p-uniformly distributed. Then (3.35)
follows from (3.1) and the fact that

1
[ @i min= [ g0 -0,
X -1
for any y € X and n > 1. 0

4. UNIFORM DISTRIBUTION IN PV~*(k,)

In this section, we concentrate on the projective spaces over number fields again
and compute the orthonormal polynomials for this case. In view of Lemmas 2.3,
2.4 and §2.2 in [11], the set of orthonormal polynomials exists. We denote the set
of orthonormal polynomials for P¥~*(k,) by {QN*(x)}>2 ;.

We first consider the case v|oo. According to Lemma 2.3, we should divide our
consideration into two cases: k, 2 R and k, = C.

For k, = R, from (2.9), we have

BB = > @)
remE T e '

For any o, 3 > —1 and n > 0, let pLep) (x) be the Jacobi’s polynomials and for
A > —3 and n > 0, let C;)(z) be the ultraspherical polynomials (c.f (4.3.3) and
(4.7.1) in [11]). Note that C,(z) is Jacobi’s polynomials with & = 8 = A — 3 and
suitable normalization. In particular, we have CY(cos6) = 2 cosnf and C}(cos ) =
W. Like cosine and sine functions, Jacobi’s polynomials satisfy the addition
theorem ((4.10.20) in [11]), namely,

P{B) (2] cos By cos By + re'® sin 0y sin O] — 1)

= Z Z al*h) (sin B sin B2)™ ! (cos B cos Gg)m_lPr(L(ifnm+l’ﬁ+m_l)(cos 2607) x

m,n,l
m=0 [=0

a+m m— a—p— m— - -
X P,Ejn T l)(COS 292)131( o l)(27"2 = 1)r™ I%Cﬁhl(cos ?),
p (4.2)
where
(@ _ (m+1+a)l(n+m+a+8+H0(m+a)
m,n,l Fn+a+B+)l(n+l+a+1)

rG+0r'n+p+1)Cn-—m+1)
F'm+p+1)I'(n—1+6+1)

and the limit relation

lim %Cﬁ(cos @) = {

—0

2cosng n=1,2---,
1 n =0,
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is used when 8 = 0. In particular, for the ultraspherical polynomials, we have

C(cos B cos ¢ + sin fsin ¢ cos 1))

= O (cos 0)CX (cos ¢) + Z bg\yn(sin O)ijl‘ij (cosf) x
j=1

x (sin QS)jC:L\t? (cos @) A

A+ —1 sy
ﬁcj (COb ¢), (43)

where
T(2A\)2%(T(5 + A)?*T(n—j + 1)
(T(A)2C(n+ 5+ 2)) ’

subject to the same limit relation above. It is easy to show that

A
bjn =

(,0) (n+m—|—a

m—l1
Ut S\ T 1) and b}, < 2% (4.4)

for &« > 0 and 2X € N. Also in view of (7.32.2) and (7.33.1) in [11], if o, 8 > 0 and
A> %, then we have

PO @)] < (o)™, [P (@) < CELIREL gymesten
and

CR@)] < (en)?7, O (2)] < 22(en) ! (4.5)

for any || < 1 and n > 1. These estimations will be frequently used in the next
section.

The next lemma shows that the orthonormal polynomials for the case k, = R
can be expressed in terms of the ultraspherical polynomials.

Lemma 4.1. Suppose v|co and k, = R. Then for n >0

a,J;’C:T_Q (V1—1x2) ifn is even,
Q" (x) = (4.6)

N
2

aNzC? (V1—22) ifn is odd,

where o) =1 and forn > 1

N

(—1)"51{ S (N”*?)}f if n is odd,

N+2n—2 n—1

sz

= (-1)En27% if n is even and N = 2,

_1
(-1)% {NfQ_n272 (N+:73)} ’ if n is even and N > 3.
Proof. In view of the uniqueness of the orthonormal polynomials, it suffices to show
that polynomials in (4.6) satisfy condition (3.6) because Q¥ (z) is a polynomial of
degree n with positive leading coefficient. First of all, since QY¥(z) is odd and even

according as n is odd and even, so < Qé\f;f(x), Qé\;il(x) >= 0 for any m,n > 0 by



20 KWOK-KWONG CHOI

(3.25). Now we consider
< Qo (2), Q2" () >

1 N—2 N-—2
= 0,00, Com (VI=22)Cop7 (VI = 2?)du

N 1 noo 2 N-2

204%7 o N_2 N2 T
= —zm_on C 2 \/1-3}20 2 \/1—332 —dx
¢ 0 2m ( ) 2n ( )m

N N 1 N—2 N-—2 _
- 22m%n / Co,2 (2)Cy2 (x)(1— 2?) " da
(&1 1

- 6mn7

by (3.25), (4.1), (4.3.3) and (4.7.1) in [11]. Similarly, we can prove that
< Qonlir (), Qo1 () >= .
This completes the proof of the lemma. O
For k, = C, from (2.9), we have
du (D (B,t)) = 2(N — D)2V =3dt.

In a manner which is similar to the case k, = R, QY:?(x) can be expressed in terms
of the Jacobi’s polynomials.

Lemma 4.2. Suppose v|oo and k, = C. Then for any m >0
BNPYONTD (922 1) ifp=2m,

Qp(x) = (4.7)
N PON (222 1) ifn=2m +1,

NJ=

N _ [ N4n—1
where 3, = (TZ)
Proof. The proof is similar to that of Lemma 4.1. O

When v is a finite place, the orthonormal polynomials in this case are more
complicated and we are not able to represent them in terms of familiar polynomials.
Since the explicit formula for these polynomials doesn’t contribute to our proof of
the main theorem, we just state the following recursive relation for Q¥ (x) without
proof. Such a proof can be found in [4].

Let

noim 1 [ [Z DR HCRON T ang g ] N D

Ay

for any m > 0 and n > —1.

Lemma 4.3. For n > 2, we have

QN (1) = an1 {2 QY () — —— QN ()}

Qp—2

1
and Q)" (z) =1, QY (x) = (i) ® . Here

0
Boal

n—1
_ QZnQGn—464n+2ﬂ4n
a2p =

V40 203, 1 |13

Nl
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and

1
2
_ O 1200 Bant4Ban2
A2n41 = ’

g 0 a1 = [ 22 [0

forn > 0.
We conclude this section by proving the Weyl’s Criterion for P¥~*(k,).

Theorem 4.4 (Weyl’s Criterion). Let {a;}i°, be a sequence in PN~'(k,). Then
{ay}52, is ubY -uniformly distributed if and only if

L
. 1 v
Jim IE_I Q5" (Av(cr,8)) =0 (4.8)
for any B in PN*(k,) and n > 1.

Proof. For v|oo, since p2Y(D(B,t)) is continuous on [0,1], so (4.8) follows from
Theorem 3.5. For v { 0o, we recall that

{Au(e, B) e # B} = {[[moly" : m > 0}
Thus for any 8 € P¥~'(k,) and m > 0, we have

(o).

my(QX) = m—
XD(ﬁ’Ilﬂv”‘U)( ) X(ﬁ7“ﬂ'vu2v 1(1_,’_”71_@“1)))

m—1
Since p (D (3,1)) is constant on (||m, |7, ||, [|771), so if we take r = 1Tl (1 4

|7sllv) and e = ImL22 (1 — 1z )1,) in (3.29), then

1 M 1
Vo(z) + Bo ()l _40+5) 2__ e
M+1 M+1 = (1= fmllo)llml[* (M + 1)
as M — oo. Hence, by (3.28), for any 8 € P¥~'(k,) and m,n > 1, (4.8) implies

L
. 1 m
Py ZH XD (8, 1m 1) () = 1(D (B, [l [17)).

Hence, from (3.1) and (3.2), {a;}52, is ' -uniformly distributed if and only if (4.8)
holds. This completes the proof of Theorem 4.4. O

5. RATIONAL POINTS WITH LOw HEIGHT

We now come to the proof of Theorem 2.2. For v|oo, in view of Weyl’s Criterion,
we are going to establish the following result.

Theorem 5.1. Suppose v|oo. Let H > 1 and n be a positive integer. Then for any
B in PV~*(k,), we have

Y QYA B) = O NI EN L Hlog H))  (5.1)

acPN "1 (k)
H(a)<H

where the implicit constant depends only on k and N.
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Although using a slightly different definition of height, S. Schanuel in [10] (also
see Theorem 5.3 in [6] and Theorem 1 in [13]) proved the following asymptotic
formula for the number of rational points with low height,

Y 1=cHY 4+ OHN + Hlog H), (5.2)
aecPVN (k)
H(a)<H
where
Nro nrri+re—1 T1 T2
c2 = ea(N, ) = hR2Y™2 N (XE/(N)) (V(2N)) .
w|[Ag[= G (N)
Here h is the class number, r; and ro are the number of real and complex em-
beddings respectively from k into C, R is the regulator, w is the number of roots
of unity of k, () is the Dedekind zeta function of k and V(I) is the I-dimensional
volume of the unit ball in R!. Then Theorem 2.2 follows from Theorem 4.4, (5.2)
and Theorem 5.1.
Let

(5.3)

O :={a€k:|al, <1foral v, vtoo}

be the ring of integers in k. If v is a finite place of k, then we define
B :={ae€ Dy : o, <1}

Then {P, : v1{ oo} is the set of all prime ideals in Oy. In view of the fundamental
theorem of ideals in k, every non-zero fractional ideal 95 in k can be written uniquely
as a product of prime ideals such that

B= [ ¥
vtoo
for m, € Z and m, = 0 for almost all but finitely many v. Furthermore, we have
B={aeck:|a|, <|m|y for all v, v{oo}.
If we denote the norm N(B,) of P, by ¢, then
NEB)=[[N®B)™ =] e

vtoo vfoo

and ¢, = HWUH;dfl'
Let @« — o (1 < i < d) denote the embeddings from k into C, ordered so

that the first 71 are real and at72) = () for r1 +1 < < r; + ro, where @ is the
complex conjugate of a and d = r; + 2rs. If @ = (ag,-++ ,ay_;)! is an element in
kYN, then we let

al = (aff, - all,)".

where o means the transpose of a. Hence if v is an infinite place of k, then
llall, = [|a|| for some 1 < i < 71 + ry where || - || is the usual Euclidean norm
over C.

Given a non-zero element a in kY, we let < a > be the fractional ideal in k
generated by its components «q, -+ ,ay_;. For each finite place v, we let ||a|, =

|70y || for some m,, € Z. Then

<a> = {ack:|al, <||m i for all v, v oo}

= JI®

vtoo
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It follows that

N<a>) = J]lmll;m™*
vfoo
= J[llely*
vfoo
and hence
r1+72 ]
H(a)=N(<a>)"" ] lla®|*
i=1
where

1 if1<i<r,
e; =
! 2 ifr+1<i<r 4+
It will be convenient to write

r1+7r2

Heofe) = [] Jla®
i=1

(5.4)

so that
H(a)! = N(< a>)"Hy(a). (5.5)
Let p be the Mobius function on ideals in Oy.

Lemma 5.2. Let F : PY='(k) — C be a bounded function and |F(a)| < M for
any o in PY=1(k). Then for any H > 1 we have

Y Flay= Y w@ ) x

acPN (k) CCOy BCO
H(a)<H N(e)<H? N(B)<H?/N(€)
> F([a,1]) + OMHN DY) (5.6)
ac(B~HN-1

Hoo(a,1)<H?/N(B¢)

where € C Oy means that the summation runs over all integral ideals in Oy and
the implicit constant depends only on k.

Proof. For any non-zero o = (apg, - ,an_5)" € kN 71, we define
T(a):={ack:aac ON '}
Then ¥(a) is a fractional ideal in k. Let
T(a) == F(ax) N O
So, T(a) =< (e, 1) >~1. Hence from (5.2), (5.4) and (5.5), we have

> Fla) = > F(leg1]) + O(MHNDY)

acPN"1(k) [e,1]ePN 1 (k)
H(a)<H H(a,1)<H
— > F([a,1]) + O(MHWN=Y9) (5.7)
ackN—1t

N(T*(e))Hoo (a,1)<H?
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For any fractional ideal 4l in k, we define

AWH) = Y Fllen1]) (5:8)

ackMN1?
T(a) D4
Hoo (o, 1)<H/N(81)

and

AU, H) = > F([ex, 1]). (5.9)

ackN~1
T ()=
Hoo (o, 1)<SH/N(Y)

Using an argument similar to that used to prove Lemma 1 in [13], we have
ML H) =" p(@AUE™, H/N(C)). (5.10)
¢|u

Note that if & € Oy, then in view of (5.9), A(L, H) = 0. So, by (5.10),

> F(le, 1))

ackN—1
N(T* () Hoo (ex,1)<H?

= Z Z F(le, 1])

UC O ., ackM 1 T (a)=4
NEO<SH® g (a,1)<H®/N(80)

= ) AWHY
UCO,
N@W<H?
= Y Y uoxwe HYN(@)
UCO, U
N@W<H?
= D w@® Y A®BHYNQ) (5.11)
€CHy BCO
N(e)<H? N(B)<H?!/N(€)
where U = BC.
Now suppose 9B is a fractional ideal in k. Then we claim that
ac(®HY 1 ifandonly if B C F(a). (5.12)
For, if & = (g, ,an_»)t € (BN 1 then
;B C Oy

forall 0 < 7 < N —2. So, B C T(a). Conversely, if B C T(a), then for any
b € B, we have b € DkN_l and hence ba; € Oy forall j =0,--- , N —2. Therefore
a;B C Oy forall j =0,---, N — 2 and this implies that a € (B~1)V 1.

Finally, in view of (5.8) and (5.12), we get

A(B, HYN(€)) = > F([er, 1)), (5.13)
ag(BHN !
Heo(a,1)SH®/N(BE)

Therefore, (5.6) follows from (5.7), (5.11) and (5.13). O
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Lemma 5.2 suggests that we should investigate the sum

S(B,X,F):= >  F(a) (5.14)
ag(B~) !
Hoo(a,1)<X

for any X > 1, 1 > 2 and integral ideal %6 in 9. For a € C, we choose the range
of the argument of «a so that 0 < arg(a) < 27 and for any y = (y1,%2)" € R?, we
let arg(y) := arg(y; + iy2). Then we define

SHB, X, y,7,0) 1= Card {or = (.- )" € (B 1 o] <y,
Heo(o,v) < X,0 < arg(a("),) < 9} (5.15)

forany 1 <r <r;+ry,y>0,0<6<27and~in k° s > 1. Suppose the values
of F(a) depend only on ||a(™|. Then

s, X, F) = Y G(la™)

ac(B~ -t
Hoo(a,1)<X

— | Glasies.X,p.1,2m) (5.16)
0

where G(||a”|)) := F(a) and G(y) is continuous on (0,00). In order to estimate
SL(B, X,y,~,0), we follow the argument in [13] and first show that this is equal to
the number of lattice points inside some domain in R'. Then we use Theorems 4
and 5 in [13] to estimate the number of such lattice points. Lemma 5.3 below gives us
an asymptotic estimation for SL(B, X, y,~, ). Before we state the lemma, we need
to introduce some notations. For any o € 3, := {(c1,¢c2, - ,cm) @ ¢; € {1,2}}
and x > 0, we let

D,(z) :=queR™: H(u? + 1)71 <z land0< u;, Vj
j=1

and
fi(x) :=x/-~-/Hu3—cj71duj (5.17)
Do(x) =

for any [ > 1. Note that if x > 1, then ff,(;v) =0 for any o. For 1 <r <7y + ro,
we let

Op 1= (617 oty Cp—1,Cpg1, aer1+r2)
be an element in ¥, ,,, ;. If d =1, ie., r =1 and rp = 0, then we understand
that
I
o, () = zX[0,1) (). (5.18)
Let
Eld = {(al,ag, ce ,ad)t S erl X (CQZTQ COp 4 = Oy gty 1< < 7“2} s

where a; € R for 1 < i <7 and a; € C' for 1 +1 < i < d. We then define
p: k! — EM by
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and 1 : B4 — R! by
QlJ(Oéh"' 7ad) = (ﬂl)"' 7167‘1-&-r2)t

where 3, ;== a; for 1 <i <7y,
Bi = (Big, - 751([—1))t
forry +1 <4 <ry+rand B;; := (R(ej), S(ej)) for 0 < j <1 —1. Note that
1 o p embeds k! into R,
Next we suppose that A is a lattice in R'. Let A; < --- < \; be the successive

minima of A with respect to the unit ball in R!. Let {y,,--- ,¥,} be a corresponding
set of linearly independent vectors in A such that

ly;ll = A
for 1 < j <. Define

l—1
AT = AN PRy,
j=1

for 1 <i<1Il—1. Let by,---,b; be a basis for A. If 7 is some m-element subset
of {1,---,1}, then we write V; for the space spanned by the vectors b; for j € 7
and V- for the space spanned by the remaining vectors b;. We also denote the
orthogonal complement of a subspace, V, in R by V+ and the orthogonal projection
of a domain, D, onto V by D(V).

Lemma 5.3. Suppose B is an integral ideal in Oy and 1 < r < ry +1ry. Let v
be an element in k*,s > 1 such that 1 < ||[¥9|| for any 1 < j <7y +ro. For any
X>1L1>1andy >0 we let

du.

0
Then for any 0 < 0 < 2w, we have

S8, X, y,~,0)

Gl u? +1)%F Hy uler—1
P ayndy o= [T g (SO

r1+re
= c3N(£B)lAJHOO(7)l1X+O<N(%)l«liX > f},(Xl)> (5.19)

m=1 0€%p,
where the implicit constant depends only on k and [,
¢ = ca(k 1) = V(D)™ 2V (20)"22" | A2,
and A = A(0,r) is 1 or % according as 1 <r <ry orry +1<r <ry+rs.
Proof. We first suppose that 1 +1 <7 <7y +7ro. If we let A := 10 p((B~1)!) and
for any 0 < ¢ < 2w

ri+r2

D) :={(Br, Bryyry) R T UG + 147177 < X,

i=1
”ﬁr” < yao < arg(/@r(lfl)) < ¢}7
where 8, = (8,0, - aIBi(lfl))t and 8;; € R2 for r; +1 <i <7 +rpand j =
0,---,1—1, then
S;7H(B, X, y,7,0) = Card{A N D(6)},
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by (5.15). In view of Lemma 1 in [12], p((B~1)!) is a lattice in E!4 and
det(p((B1)") = N(B~) det(p(D})) = N(B~)![| A2,
Since ¢ is a bijective linear transformation with determinant 272, we have
det(A) = (N(B1)2772[|Ax]|>)"

If we set u; = ||B;|| for 1 <4 <y + 73 and use polar coordinates for each 3,, then
the {d-dimensional volume of D() is

r1+re
wvoreven: [ [ ) [T et

2m et
ML 42 12)%i /2 < x =
0<u;,Vi
0 1412 l
= vy even ) [ [ T] b (5:20
A i=1

where

r1+72
A= {u ERMT 0 <y, Vi, 0 <up < g/ [ WP +1)7 < X/HOO('y)} .

i=1

In view of (5.17), we have

T1+72
le,;—l
A =1

_ X /Tm” ff,, ((u2 + 1)?Hoo(7)> uler—ler "
Heo(v) Jo ' X (w?+1)%

= JH(y)'X. (5.21)

Now we apply Lemma 10 in [12] and Theorem 5 in [13] and in view of (5.20) and
(5.21) we get

Sl“(% X,y ~.0)
Vol(D & VOl{(D(9))(VE)}
~ det(A (Z XT: det( A (ld m))

_ Vol(D®) |, [ Vm(D(27))
= T + 0 (;‘W)
-1 d-1

= N(B)ATH()' X +0 [ YN Vinass (DEm))N(B)™ 7 | (5.22)

m=0 j=0

because D(0) C D(27) and D(2) is a coordinate domain. Next we analyze the
error term in (5.22). If we replace all |[¥)|| by 1 and remove the conditions
18, <yand 0 < arg(B,_1)) < 27 in D(27), then each summand in V;(D(27))

becomes larger. As proving (5.20), every summand in V;(D(27)) is < X fL(X 1)
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for some o € ¥, and 1 < m < r; + 7. Hence the error term in (5.22) is

r1+r2

<N@®)'ix YOS fhxh. (5.23)

m=1 c€X,,
Therefore, (5.19) follows from (5.22) and (5.23). This proves (5.19) for r; +1 <
r<ry+rs.
If 1 <r < rq, then the condition 0 < arg(al(g) < @ can be removed because
ozl(i)Q is real. So, S!TY(B, X,y,v,0) = SF(B, X,y,v,27) and this proves (5.19)
for 1 <r <rq. O

It follows from the Dedekind-Weber theorem that for y > 0,

ST 1= hsey + 0y ), (5.24)
BCO,
N(®B)<y
where
2T1+7’27T?”2R
o wlAfE

Lemma 5.4. Let G : [0,00) — C be bounded, differentiable and |G'(¢)|| be in-
tegrable on [0,00). Suppose ||G(t)|| < M and [;°||G'(t)||dt < M'. Then for any
X>1L,1>1and 1 <r <ry-+ry, we have

Y STHBX/N(®B),G(le])
BCOy
N(B)<X
I+1 > yler=1 I41_1
=X Gly)—————=d M+ MHYX'*a), (5.25
x| ) g+ O + MOX1H), (3.2
where the implicit constant depends only on k,l and G, and
eshx " T(IT(S)

cy = ca(k,lr) = H AP
R

i=1
Proof. We first suppose d > 2. By (5.16),
S8, X/N(B), G(|la"]]) = / G(y)dS, ™! (B, X/N(B),y, 1,27).
0

Hence from Lemma 5.3, we have

S (%8, X/N(B),G(lla"])) = esN(B)' 71X x

e 2 er/2 le,—1
P (R DTNy
/0 G(y) o ( X (y2 + 1)67‘/2 dy +

/ " Gy)do (N(%)“ilX i > f£<N<%>X1>>. (5.26)
0

m=1 ceX,,

Next we consider the following summation which appears on the right hand side of
(5.26) when we sum over B C Oy, N(B) < X. For simplicity, we temporarily fix

y > 0 and let
2 er/2
_oa (D) P
) = i, (),
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for 0 < x < X. Then, by (5.24), we have
> N(®B)TF(N(B))

BCO,
N(B)<X
X
= ] e 3
0 BCO
N(B)<z

X X
= h%/o 27 f(z)de + O </0 gl=d ’dcfvxl_lf(x) da:) (5.27)

because f(X) = 0 for any 0 and y > 0. For any 0 € %,,,1 < m < r; + ry and
0<s<1,by (5.17), we have

/f )~

1 er/2 m
(Vs Dl +X) / zl=s // Hul»ciflduidx
0

((y2+1)er/22 X~ 1)1 L

y24nTer/2 ) (w4 Tei/? -
= (¥ +1e”%xlg/m /‘l/ 2! da [ [ ul " dus
i=1

B 1 X e T (le; /2)0(es(1 — 8)/2)
B l+1—s{(y2+1)ez"} H A(c;(I1+1—-15)/2)

(5.28)

because [, (1122);“ du = gl(ﬂ’&l:r(g)) for any p,q > 0. In view of Lemma 13 in [12],
we have fL'(z) < 0 and hence the error term in (5.27) is

<</f gt1mad

< ((X)) o0

by (5.28). Combining (5.27), (5.28) and (5.29), we now have, for any y > 0,

Y. N(®)TN(B)

BCO,
N(B)<X
! -3
_ Cq X X d
- o () +0<((y2+1w) ) (%30
Thus by (5.26),
o0 le,—1
, yler
S S XN G ) = X [T Gy +
BCO, 0 (> +1) =
N(B)<X

N
+O | MXHd M+ M) Y N(®B “"XHZWZJ” )

BCOg m=1 oceX¥,,
N(B)<X
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Using an argument as in our proof of (5.30), we can show that the second error
term in the last equation is < (M + M’)X'*1=4. This proves (5.25) for d > 2.
The case d = 1 can be proved in a similar manner. (I

Forany N >2,n>1,z>1and 8 in kN, we let

TN (x,8) = > SN(B,2/N(B),Q2" (8u(@1).(8.1)). (5.31)
BCOy
N(B)<z

Since v|oo, so v corresponds to some embedding of &k into C such that
el = [l

for any a € k. From now on, we fix r so as to correspond with this embedding of
k into k,.

We will prove Theorem 5.1 by induction on N > 2. The following lemma shows
that it is true for N = 2 and this starts our initial inductive step.

Lemma 5.5. Suppose v|oo. Let B be an element in k and n be a positive integer.
Then for any X > 1, we have

T2(X,B) < no"X?d (5.32)
where the implicit constant depends only on k.

Proof. We first consider the case that k, = R. In this case, by (4.6)

Q3 (Au((@1),(8.1) = a3, 0%, (VI—AZ (). (.1)))

and (") is real for any « in k. Hence if we let # and ¢ be the angles in [0, 1] such
that

(r) (r)
cosf = ——2 and cos ¢ 1= s

L+ [at] VIO

then
a3 41|

1—-A2((e,1),(8,1)) = = || cos(f — @)||.
V=A@, (30) = e o s = leas(0 = )]

Since CY,(cos¢) = 2 cosmyp and C}, (cos ) = W, so we have

1
CY, (V1=2Z((a1),(3,1))) = CF, (cos ) cos 2n¢p + —Ca, _;(cos ) sin O sin 2né.
n
(5.33)

Because C3,,_;(x) is odd, when we sum over o € B!, the second term in (5.33)
vanishes. So, from (4.6), (5.14), (5.31) and (5.33), we have

THX,8) = a3,(cos2nd) Y S*(B,X/N(B),Gi(|aM])

BCOy
N(B)<X

< n| Y SB.X/NB),C(a])

BCO,
N(B)<X
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t

where Gy (t) = C3, (\/m

using

). By putting G(t) = G1(t) and I = 1 in Lemma 5.4 and

> 1
/O Gilt) 7yt =,

(5.32) follows from (5.25) because ||G1(t)|| < 1/n and [° [|G1(t)||dt < n. This
proves (5.32) for k, = R. Similarly, if k, = C, then by (4.7) and the fact that
PT(LO’O)(:v) = C¥ (), we have

20 (Au((@),(51) =
1
= 035,07 (283 ((a.1),(8,1)-1)

33, PO (222 ((a,1),(8,1)-1)

and we let
o™ = plewl and 5(T) — eriwz

for p1,p2 > 0 and 1,92 € [0,27). We also let 6; € [0, 7] such that cos6; = ZZE
for i = 1,2. Thus by the addition theorem (4.3),
1
O (1-223 ((n1),(8,1)))
= C’,% (cos 61 cos B2 + sin 6 sin O cos(1 — 12))
1 1 LBt . .
= (i (cos01)Cy (cos ) + 2 Z b3, sin? 6 sin O x
j=1
(5.34)

X2 (cos 0,)CE 1 (cos ) cos (1 — 1)),

Since C’?(m) is odd if j is odd, so the contribution corresponding to the odd j on
the left hand side of (5.34) will be zero when we sum over a € B!, Hence from

(4.4), (4.5) and (4.7), we have

T2(X,0)<nt| S 528, X/N(B),Go([la™]))| +n? (2en)>" x

BCO
N(B)<X

[n/2]

x> > > H (o)) cos 2j(arg(a(™) — 4p2)|  (5.35)

J=1| BCO ac®B
N(B)<X Hoo(a,1)<X/N(B)

1 2% 1.
where Go(t) = C7 (gﬁ) and H,(t) = {%} Cﬁj;j (i;}) By putting G(t) =
Go(t) and | = 1 in Lemma 5.4, the first term on the right hand side of (5.35) is

< n3 X2 3 because
o t
Gy(t)—=——=dt = 0.
|, ey
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Next we consider the second term in the right hand side of (5.35). By Lemma 5.3,

we have
> > cos 2j (arg(a") — ¢s)

BEOE  aeB ™ [ |<y
N(B)<X g, (a,1)<X/N(B)

2w
= Z /O c0s 25 (1 — 1p2)dS? (B, X /N (B),y,1, 1))

BCOg
N(B)<X
.\ r1+r2
< Y O N®)TIX ) Y fAN(B)XTY
BCOg m=1 og€X,,
N(B)<X
< X?¥a,

Therefore the double summation over B and « in the second term in (5.35) is equal
to

/ooo Hy(w)d > S cos2j(arg(al”) — )

BCOk  aeB o<y
N(B)=X H,,(a,1)<X/N(B)

< j(en)4j+2X2_§

by (4.5). This shows that the second term in (5.35) is < n5" X2~ 7 and so proves

(5.32) for k, =2 C. O
Lemma 5.6. Suppose vjoo and N > 2. Let B be an element in kN7, n be a
positive integer. Then for any X > 1, we have,

TN(X,8) < n®N-DnxN—g, (5.36)

where the implicit constant depends only on k and N.

Proof. We prove the lemma by induction on N. The case N = 2 is true because
of Lemma 5.5. Now we suppose the assertion of the lemma is true for NV — 1 for
N > 3.

Let k, =2 R. Then

| 25" o7 + 1
I(e®, 1|2 (8, 1|2
|| cos @ cos ¢ + sin 0 sin ¢ cos 1|2,

1- Ag((a’ 1)7 (ﬂv 1))

(r) (r) N—1 (r)a(r)

oo} _ Bo _ Dl o B+l
Mo €089 = gy and cosy = S e® oy
0<0,6,0 <mand & = (1, - ,an_s), B = (B1, -+ ,Bx_2). So by (4.3) and

(4.6), we have

for

where cosf =

QYU (A ((@1),(8,1)))
N—2

= a0y (VI—A2((a1),(B.D))

N—3+42j N-3

C' : (COS¢)7

J

2n
= o Z b sn sin’ Osin? ¢C,, 2 j+J (cos0)C,, 2 jﬂ (cos @)

N-3
Jj=0
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where b, 3 = 1. Since C, 2 . " (x) is odd if j is odd, so as before,
0,2n 2n—j

n

TN(X,B) < (5en)N =3+ Z Z Z X

j=0 %ggk a/G %71)N—2
N(B)SX [ (o, 1)<X/N(B)

NG
X Q)M (Au((e, 1), (1)) SR (”7'> (5.37)

a0€%71
Hoo (g, 1)< X/N(B)

i . . u+2‘
where 7; := [[(@/ @, 1)| for 1 < i < ry +rz and Fy(t) = {q o2 o, (ﬁ%)

Now using Lemma 5.3 and (4.5), the summation over g in (5.37) is

= [ Bwask® 0N @) o 2).20

_ < _Fi) 2 VY H (o 1
= ok, )X ; (yzﬂ)%fa,‘((y +1)2Hoo(a/, 1)N(B)X " )dy +
r1+72
+O(( + 1)(2en)VTHUN(®B)TIX Y YT fUN(B)X1))(5.38)
m=1 oc€X,,

So, in view of (5.37) and (5.38), we have

T,Y(X,B) < (5en)N ~3Hinx )"

- L(y) en 2N —4+8n %
/ T Z(y)dy‘ + (5en)

§=0 2+ 1)
r1+7r2
_1 N(*B
<Y Y weixy Y aEh G
BCOg = %*1)1\’*2 m=1 c€X,,

N(B)<X g (a/,1)<X/N(B)

where
Yy = > > Q3 U (AL((e, 1), (8, 1)) x
%gok ale(%—l)N72
N(B)SX [ (o ,1)<X/N(B)
<f2, (0 + DF Hooled ON(B)X )
For j > 1,

S0 = [ 2D w8

1
< ek [ o

0

‘ X N-1-1
o e (XY
(y*>+1)2

st 24 13
—fo (4 +1)20)
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by the inductive hypothesis, f;T/(x) < 0 and (5.28). So for j > 1, we have
< F; . o R
/ 23(’#) . Z(y)dy < (+ 1)9(N72)JXN717§/ I J(CUL\L dy
o (+1)2 SO
< (f+ 1)9N=2i(2ep)N-3+4) x N=1-3 (5.40)
by (4.5). By using Lemma 5.4 and the fact that

< I
/ O(y)Ndy:O,
o (WP+1)z

we can show that (5.40) is also true for j = 0. Hence the first term in the right
side of (5.39) is < n®WN-1nxXN=4  Using a similar argument as in our proof of
(5.30), we can show that the second term in the right hand side of (5.39) is also
< n®WN=DnxN=3  This proves (5.36) for k, = R. The proof in the case k, = C is
similar to the above proof but instead of using (4.3), we employ (4.2). O

Proof of Theorem 5.1 : First of all, by Dirichlet’s Theorem, if we let 7 € k,
such that |7, > H'#, then there is a B, € P¥=*(k) such that

_a
Av(B,By) <l ™ <H™'
because H(3) > 1. So,

S QN(A(.8)

acPN (k)
H(a)<H

= D Qo (Au(aBy) FO NI N A(B,By))
acPVN (k) acPVN (k)
H(e)<H H(a)<H

= Y QNU(Aa,By)) + OOV DNt (5.41)
acPN (k)
H(a)<H

by (5.2) and (4.5).
Without loss of generality, we may assume that 8; = (6o, ,By_2,1). Hence
from Lemmas 5.2 and 5.6

> QN (A(enBy)

acPV (k)
H(a)<H

= Y WOTYHYN(@), ) + O NI N1
CCO
N(e)<H?

< pdN-Un | gNd-1 Z \|M((’3)||1+H(N—1)d
N—1
cco, N@)Ta

N(¢)<H?
< n'W=Un(gNd=1 4 Hlog H).

Therefore, (5.1) follows from this and (5.41). This completes the proof of Theorem
5.1.
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It remains to consider the case vt oo. In this case the orthonormal polynomials
are unfamiliar and it is not known if there is an addition theorem for these polyno-
mials. Of course this was essential to our argument establishing the inductive step
in the proof of Theorem 5.1. Therefore in our proof of Theorem 2.2 for v { co we
estimate the number of the rational points with low height inside a projective ball
directly.

Theorem 5.7. Suppose v ¥ co. Let B be an element in PY~*(k,) and m be a
positive integer. Then for any H > 1, we have

> @ (@)

acPN (k)
H(a)<H

1- dv
— 02||7-‘-1)||T(N71)dv {1 |||7TT||]|\1])d }HNd 4 O(HNd71 4 Hlog H) (542)
— ([Tl
where co is defined in (5.3) and the implicit constant depends only on k and N.
Consequently Theorem 2.2 for v t oo follows immediately from (2.12), (3.2), (5.2)

and Theorem 5.7. Before we prove Theorem 5.7, we first establish some preliminary
lemmas.

Lemma 5.8. Suppose v{oco. Then for any x > 1, we have

Z 1= hse(l — g Va + Oz 7)

(%7‘]311):1

where the summation is over all integral ideals in Oy, relatively prime to P, and
having norm less than or equal to x.

Proof. Let F(j) and F*(j) denote the number of integral ideals in O}, with norm
equal to 7 and the number of integral ideals relatively prime to 3, with norm equal
to j, respectively. For any s > 1, the Dedekind zeta function of k is given by

Gls)= 3 N(B).
BCOg

Then we have

Jj=1 7
and
s FrO)
Y. N®)T=) —
BCO, =

(‘37‘1311):1
By the Euler product formula,

s U (1 NEp) )

.]S

j=1
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where the product is over all prime ideals in Oy, distinct from 3,,. Hence, we have

F(]) if gy Jf]a
F(j) = |
FG) - F(L) i qlj.
Therefore,
DYool = Y ()
(%7‘]311):1 j<lzx
N(B)<z
= Y FG) - > F()
j<w i<E
_ -1 1-1
- h%(lf%) )I+O(IE d)
by (5.24). This proves Lemma 5.8. O
Lemma 5.9. Suppose v{oo. Let B = (Bo, - ,Pn_2)" be an element in kN =1 such

that |[(B, 1]l =1 and m > 1. Then we have

Ay((a,1),(8,1)) < [Imolly
if and only if
llej = Bijllo < llmoll3

for0<j<N—2and any a = (g, -+ ,an_n)t in kN1
Proof. We first note that

laiBi — a;Bille = lleiB; — BB + BiB — ;Bill
max{||B;[lvllci = Billv, | Billvlla; — B;llo}
max{|la; = Billv, [l = Bjllo}-

Also, if [|a; — Billv < |||, then ||(ex, 1)]] = 1. This proves the “if” part.
Suppose A, ((e,1),(8,1)) < ||my||*, then we claim that ||(e,1)|, = 1. For, if
(e, 1)||» > 1, then there is jo such that ||e||, = ||y, |lo > 1. Hence

INIA

A1), (8.1) > 1o Dile
gl
= 1.
This contradicts A,((ea,1),(8,1)) < |7 ||7* < 1. Therefore, ||(a,1)]|, = 1 and
hence

lej = Billo < Au((e,1),(8,1)) < [l
for any 0 < j < N — 2. This completes the proof of the lemma. O

Lemma 5.10. Let m be a positive integer and 3 an element in Dy. Suppose v is
a finite place of k and B is an integral ideal in Oy such that

® = T wi-
wfoo
where my, > 0 and my, = 0 for all but finitely many w. Then we have

{ae® ! la=pll < Im )i} =By [ B +6.
wH#v
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Proof. Suppose a € B [, B, + 6 C B~ Then we let o = v + 3 for some
v € BY [usp Bu™ s0 that [|7]ly < [[my[[i". Thus,

llev = Bllo = [I7llo < o[-

Conversely, suppose a € B! and [la — ||, < [|m,[|;*. Since € O € B!, s0
a — f3 belongs to B~ NP™ which is equal to P Hw;év B, ™. This completes the
proof of the lemma. |

Proof of Theorem 5.7 :

The proof is similar to the proof of Theorem 5.1. First of all we show that we
can assume 3 € PY~'(k). In view of Dirichlet’s Theorem, if 3, € P¥~*(k,) and
0 < ¢, then there is 35 in PY~*(k) such that

Ay(By,8y) <e.
So, i 0 < € < w21 (1 — [fma]l), then

D (B, [moll5") = D (B, [|mo[[5")-

Hence, without loss of generality, we may assume that 3 = (3',1) where 3 is in
EN=1and ||B]l, = 1. If we let

B=[[Bw (my=0)

wfoo

be an integral ideal in Oy, then in view of Lemmas 5.9 and 5.10, for z > 1,

SN (B, x, xp (8 1) m ) = > 1
ac(B HN L H  (e,1)<z
Al,((a,l),(ﬁ/,l))fﬂwvHT

- Z 1

ae(® HN " Ho(a, )<z
=Bl <[l 17"

- > o
ae(B NPV 44,
Hoo(a,1)<u

We now apply the embeddings p and v defined in this section. Using the remark
after Theorem 5 in [13], we get

SN(B, 2z, X0 (8, mlm))
- T
YyE(A+epop(B'))NDy
(N=1)d—1

~ Vol(Dy)
= Gera) 9 ;

Vi(Da)
det(A—((N-Dd-D

(5.43)

where A = 10 p((B~1 NP7)V 1) is a lattice in RV—D9 and

r1+T2 )
D=y e RV T (ly, 1P+ 17 <
j=1
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Using Lemma 1 in [12] and the multiplicity of the norm, we have

det(A) = {N(BOE2T|A2 N
= {gtm2TN(B) T A Y (5.44)
As before,
Vol(D,)
r1+72
= ((N=1V(N=1))"((2N = 2)V(2N — 2))™ / T WP
D,(z-1) I=!
= ((N=1)V(N=1))"((2N —2)V(2N —2))2zf¥ "' (2~ 1) (5.45)
where 0 = (€1, ,€r4rp) and fY¥~(x) is defined in (5.17).

Combining (5.43)-(5.45), we have
> SN(B2/N(B), xp (8, m )

BCO,
N(B)<z
T N(B)N [ (N(B)/x) N1
= G (N-1)m Z (N—1)m, —|—O(I d)
v BCOy, Qv
N(B)<z
x 1
= S N-Dm Z PRe
N
N(B)q!
< Ny (NP o (5.46)
(%7q3v):1
N(B)<z/q,

N

cs = cs(N, k) := 20NV | AL |7 T5 (N = V(N — 1)) (2N — 2)V (2N — 2))"

and the error term is treated as in (5.30).
We now need to estimate the summation over B on the right hand side of (5.46).
By Lemma 5.8, this summation over ‘B is

/;:i} tN72fN71(%)d Z 1
0 7 €
(%7mv)=1
N(B)<t

x

o [ N et
ot — g [ N2 (e
0

+0 /“T t1—a
0

N-1-1%
Using (5.28), the error term in (5.47) is < (qi,) * and the first integral in
(5.47) is equal to

(2)N—1 & <2<N —Nl‘)/%)v - 1>>m ' <27r<N J—V‘S%Q = 2))@ |

d N g onr td
4y no1 Wy
Iy

dt) . (5.47)
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Hence by (5.3), (5.46) and (5.47)
> SN(B2/N(B), xb (8, m )

BCO,
N(B)<z
QEN 1
= CzCk(N)(l—qv_l)m Z g, N+ 0N a)
Qv 0<i< Jose

log qv

N

= GV -¢ )0 - ¢ ) g + 0V,
Qv
Therefore, by Lemma 5.2,
Y. @i (@)

acPN (k)
H(a)<H

iy { 1l u(©)
R : n
T & N
N(¢)<H?

+O(HN! + Hlog H)

1- dv
CQH7T11||:;n(N71)dU { ||7rv|]|\';;d }HNd + O(HNd71 + HlOgH),
1 — o[l
because ¢, = ||7,||; % . This proves (5.42) and completes the proof of Theorem 5.7.
Next, we give the estimation for the discrepancy. For any sequence {ay}2, in
P~¥-*(k,) and L >, we define the discrepancy for {a;}7°, to be

Dy :=sup {
where the supremum is taken over all 8 € PY~'(k,) and 0 <r < 1.

If k, = R, then using Lemma 3.4 with e = M~ 3, Theorem 3.3, (4.5) and Lemmas
3.3.3, 4.2.2 in [4], we can show that

L
1
=) x T(az)—/ X(g,r)(@)dp, ()
I UNICIEY (e

[M/2] L
D<M 5 +M= mZ:l i;c&;“mml,m)| . (5.48)
Similarly, if k, & C, then we have
. (M72]) L N
D < M= + mz::l 7 EQQ,; (Ay(au, B))] (5.49)

In particular, we consider the set of all rational points with low height and for
any H > 1, we let

Dip=swt | 3wl 31 [ x @)

acPV (k) acPV (k)
H(a)<H H(o)<H

where the supremum is taken over all 8 € PY~*(k,) and 0 <r < 1.
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Theorem 5.11. Let H > 1. For v|oo, we have

loglog H s
D; —_ 5.50
< { log H } (5.50)
for k, 2R and
loglog H z
D; _— 5.1
o< { log H } (5.51)
for k, =2 C. Forv{ oo, we have
log H
* —1
Proof. By letting M = M%’ (5.50) and (5.51) follow form (5.48),(5.49)

and Theorem 5.1. Finally, in view of (3.5), (5.52) follows from Theorem 5.7. (]

We make one final remark here concerning our choice of height function. If we
use the Weil height in which the [°°-norm is used at the infinite places in (1.1)
rather than the I2-norm, then the set of rational points with low Weil height is no
longer ;Y- uniformly distributed. This suggests that the height defined in (1.8) is
more natural in the projective setting.

The author wishes to thank Professor J. Vaaler for his valuable advice about
this paper.
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