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Abstract. In this manuscript, we consider the uniform distribution of points

in compact metric spaces. We assume that there exists a probability measure

on the Borel subsets of the space which is invariant under a suitable group
of isometries. In this setting we prove the analogue of the Weyl’s Criterion

and the Erdös-Turán inequality by using orthogonal polynomials associated

with the space and the measure. In particular, we discuss the special case of
projective space over completions of number fields in some detail. An invariant

measure in these projective spaces is introduced and the explicit formulas for
the orthogonal polynomials in this case are given. Finally, using the analogous

Erdös-Turán inequality, we prove that the set of all projective points over

the number field with bounded Arakelov height is uniformly distributed with
respect to the invariant measure as the bound increases.

1. Introduction

Let k be an algebraic number field, v a place of k and kv the completion of k with
respect to v. Let ‖ · ‖v be an absolute value from v which extends the Euclidean
absolute value on kv if v|∞ and the usual p-adic absolute value if v|p. We also use
a second absolute value determined by

| · |v := ‖ · ‖
dv
d
v ,

where d = [k : Q] and dv = [kv : Qv]. We note that the product formula holds
for the absolute values | · |v. We extend both absolute values to a norm on finite
dimensional vector spaces over kv as follows. For any column vector

α =


α0

α1

...
αN−1


in kNv , define

‖α‖v :=


{
∑N−1

j=0 ‖αj‖2v}1/2 if v|∞,

max0≤j≤N−1 ‖αj‖v if v -∞,
(1.1)

and

|α|v := ‖α‖
dv
d
v . (1.2)

in both the infinite and finite cases.
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Let PN−1(kv) denote the N -dimensional projective space over kv and write
[α0, α1, · · · , αN−1] for the homogeneous coordinates of a generic element in PN−1(kv).
We let the quotient map φ : kNv − {0} −→ PN−1(kv) be

φ(α0, α1, · · · , αN−1) := [α0, α1, · · · , αN−1].

As in [1], [5] and [9], one can define a projective metric on PN−1(kv) as follows. If
α and β belong to PN−1(kv), then we define

∆v(α,β) :=
‖α ∧ β‖v
‖α‖v‖β‖v

(1.3)

and

δv(α,β) :=
|α ∧ β|v
|α|v|β|v

where ∧ is the wedge product. It follows from (1.2) that

δv(α,β) = ∆v(α,β)
dv
d . (1.4)

Clearly, the projective metrics are well-defined on PN−1(kv). It can also be shown
that the induced metric topology coincides with the quotient topology determined
by φ.

For any M ×N matrix A over kv, we extend | · |v to A by setting

|A|v := sup{|Aα|v : α ∈ kNv , |α|v ≤ 1}.

If v -∞ and A = (aij) we find that

|A|v = max{|aij |v : 1 ≤ i ≤M, 1 ≤ j ≤ N}.

If v|∞ let A∗ denote the complex conjugate transpose of A and let

0 ≤ λ1 ≤ λ2 ≤ · · · ≤ λN
denote the eigenvalues of the positive semi-definite matrix A∗A. Then we have

|A|v = λ
dv
2d
N .

Let GL(N, kv) and PGL(N, kv) be the general linear group and the projective
general linear group of N ×N non-singular matrices over kv, respectively. Then we
define a map ηv : GL(N, kv) −→ [1,∞) by

ηv(A) := |A|v|A−1|v.

Since ηv(αA) = ηv(A) for all α ∈ k∗v , so ηv is also well-defined as a map from
PGL(N, kv) into [1,∞). It was shown in [5] that for any A in PGL(N, kv) and α,β
in PN−1(kv), we have

ηv(A)−1δv(α,β) ≤ δv(Aα, Aβ) ≤ ηv(A)δv(α,β). (1.5)

Furthermore, the identity

δv(α,β) = δv(Aα, Aβ) (1.6)

holds for all α and β in PN−1(kv) if and only if ηv(A) = 1. The inequalities (1.5) are
best possible and the identity (1.6) shows that the group of isometries on PN−1(kv)
is given by

ISO(N, kv) := {A ∈ PGL(N, kv) : ηv(A) = 1}.
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In view of (1.4), ISO(N, kv) is also the group of isometries for ∆v(α,β). More-
over, by writing A−1 = adjA/ detA, it is easy to show that if A is an element in
PGL(N, kv), then

|A|v
|detA|

1
N
v

≤ ηv(A) ≤ |A|Nv
|detA|v

. (1.7)

If β belongs to PN−1(k), then we define its height by

H(β) =
∏
v

|β|v, (1.8)

where the product is over all places v of k. In view of the product formula, the height
function is well-defined on PN−1(k). To illustrate a basic Diophantine inequality
in this setting, we state the following projective form of Dirichlet’s Theorem (e.g.
Theorem 1 of [1] or Theorem 1 of [5]).

Dirichlet’s Theorem. Let α belong to PN−1(kv), τ belong to kv and assume that
1 ≤ |τ |v. Then there exists β in PN−1(k) such that

(i) H(β) ≤ ck(N)|τ |N−1
v ,

(ii) δv(α,β) ≤ ck(N){|τ |vH(β)}−1,
where

ck(N) := 2‖∆k‖
1
2d

∏
w|∞

rw(N)
dw
d ,

∆k is the discriminant of k and

rw(N) :=


π−

1
2 {Γ( 1

2N + 1)} 1
N if w is real,

(2π)−
1
2 {Γ(N + 1)} 1

2N if w is complex.

Here ‖ · ‖ denotes the usual absolute value on C. This form of Dirichlet’s Theorem
states that every α in PN−1(kv) can be well approximated by a rational point β
in PN−1(k) with low height H(β). So it suggests that with respect to a suitable
measure, the rational points with low height should be distributed quite uniformly.
Our main objective in this paper is to show that the set {β ∈ PN−1(k) : H(β) ≤ H}
as H −→ ∞ is µNv -uniformly distributed where the invariant measure µNv will be
defined in section 2. Instead of proving the above qualitative result, we in fact are
able to obtain a quantitative bound for the discrepancy of the set of the rational
points with bounded height.

In the classical theory of uniform distribution mod one, one can obtain an esti-
mate for the discrepancy by using the Erdös-Turán inequality and estimating the
resulting exponential sums. In our situation, we use Vaaler’s approximation in [15]
and certain orthonormal polynomials in place of the exponential function as it oc-
curs in the classical case. First we obtain an analogue of the Erdös-Turán inequality
for a general compact metric spaces in section 3. Then in section 4 we concentrate
on the projective space PN−1(kv) and determine an explicit representation of the
orthonormal polynomials in this case. If v is an infinite place, the orthonormal
polynomials can be expressed in terms of the usual Jacobi polynomials. In the final
section, we estimate the summation of the orthonormal polynomials over the set of
rational points with low height and then apply the Erdös-Turán inequality to prove
our main result.
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2. Invariant Measure on PN−1(kv)

In this section we first introduce a σ-algebra on PN−1(kv) which contains all the
Borel sets in PN−1(kv) and then, by using Haar measure on kNv , we define a positive
measure on this σ-algebra. We will show that this measure is invariant under the
group of isometries ISO(N, kv).

As in [2], we select a Haar measure βv on the additive group of kv in the following
manner:

(i) if v|∞ and kv ∼= R, then βv is the usual Lebesgue measure on R,
(ii) if v|∞ and kv ∼= C, then βv is the usual Lebesgue measure on C multiplied

by 2,
(iii) if v -∞, we require that βv(Ov) = ‖Dv‖dv/2v , where Ov := {α ∈ kv : ‖α‖v ≤

1} and Dv is the local different of k at v.
We denote the open and closed balls with center α and radius r with respect to ‖·‖v
in kNv −{0} by B(α, r) and D(α, r) respectively. Also, B (α, r) and D (α, r) denote
the projective open and closed balls with center α and radius r with respect to
∆v(α,β) in PN−1(kv) respectively. We write βNv for the N-fold product of measures
βv. From the way we have normalized βv we find that

βNv (D(0, 1)) = rv(N)−dvN ,

at each infinite place v of k. Since βNv is invariant under translation, it follows that
for any α ∈ kNv , we have

βNv (B(α, 1)) = βNv (D(α, 1)) = rv(N)−dvN (2.1)

at each infinite place v of k. If v -∞, by (iii) above, we have for any α ∈ kNv ,

βNv (D(α, 1)) = ‖Dv‖Ndv/2v . (2.2)

For convenience, we denote βNv (D(0, 1)) by bv(N). So, from (2.1) and (2.2),

bv(N) =


rv(N)−dvN if v|∞,

‖Dv‖Ndv/2v if v -∞.
(2.3)

Let B be the σ-algebra of all Borel sets in kNv − {0}. Define a collection, M, of
subsets in PN−1(kv) by

M := {A ⊆ PN−1(kv) : φ−1(A) ∈ B}.
Then it is clear that M is a σ-algebra in PN−1(kv) containing all the Borel sets in
PN−1(kv). We now define a measure µNv on PN−1(kv) by: if A ∈M, then

µNv (A) :=
1

bv(N)
βNv (φ−1(A) ∩D(0, 1)). (2.4)

It is straightforward to show that (PN−1(kv),M, µNv ) is a measure space and

µNv (PN−1(kv)) = 1.

Since Haar measure on kv is unique up to a nonzero scalar multiple, µNv is inde-
pendent of our choice of βv. It also follows from the definition (2.4) that if F is a
µNv -integrable function on PN−1(kv), then∫

PN−1(kv)

F (β)dµNv (β) =
1

bv(N)

∫
D(0,1)

F (φ(α))dβNv (α). (2.5)
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It is convenient to state the following formula for changing of coordinates. This will
be used frequently later. Let f be βNv -integrable and B be an element in GL(N, kv).
Then we have

∫
kNv

F (α)dβNv (α) = |detB|dv
∫
kNv

F (Bα)dβNv (α). (2.6)

The next lemma shows that µNv is invariant under the group of isometries
ISO(N, kv).

Lemma 2.1. Let A be an element in PGL(N, kv) and F be a non-negative µNv -
integrable function on PN−1(kv). Then we have

ηv(A)−Nd
∫

PN−1(kv)

F (β)dµNv (β)

≤
∫

PN−1(kv)

F (Aβ)dµNv (β) ≤ ηv(A)Nd
∫

PN−1(kv)

F (β)dµNv (β). (2.7)

In particular, if A belongs to ISO(N, kv), then

∫
PN−1(kv)

F (Aβ)dµNv (β) =
∫

PN−1(kv)

F (β)dµNv (β)

for any non-negative µNv -integrable function F on PN−1(kv). Consequently, µNv is
invariant under ISO(N, kv).

Proof. Suppose F is a non-negative µNv -integrable function on PN−1(kv). By (2.5)
and (2.6), we have

∫
PN−1(kv)

F (Aβ)dµNv (β)

=
1

bv(N)

∫
D(0,1)

F (Aφ(α))dβNv (α)

=
1

bv(N)

∫
kNv −{0}

F (φ(Aα)) · χD(0,1)(A−1Aα)dβNv (α)

=
1

bv(N)|detA|dv

∫
kNv −{0}

F (φ(α)) · χD(0,1)(A−1α)dβNv (α)

=
1

bv(N)|detA|dv

∫
0<|A−1α|v≤1

F (φ(α))dβNv (α).
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Since |A−1α|v ≤ |A−1|v|α|v, so by (1.7), (2.5) and (2.6),∫
PN−1(kv)

F (Aβ)dµNv (β)

≥ 1
bv(N)|detA|dv

∫
0<|α|v≤|A−1|−1

v

F (φ(α))dβNv (α)

=
1

bv(N)|detA|dv|A−1|Ndv

∫
kNv −{0}

F (φ(α)) · χD(0,1)(α)dβNv (α)

=
|detA−1|dv
|A−1|Ndv

∫
PN−1(kv)

F (β)dµNv (β)

≥ ηv(A−1)−Nd
∫

PN−1(kv)

F (β)dµNv (β)

= ηv(A)−Nd
∫

PN−1(kv)

F (β)dµNv (β).

This proves the first inequality in (2.7). The second inequality follows from the first
inequality if we replace F by F ◦A and A by A−1. Clearly the remaining assertions
of Lemma 2.1 can be deduced directly from (2.7) if ηv(A) = 1. �

With respect to this invariant measure, a sequence {αl}∞l=1 in PN−1(kv) is µv-
uniformly distributed if

lim
L−→∞

1
L

L∑
l=1

f(αl) =
∫

PN−1(kv)

f(α)dµNv (α), (2.8)

for all real-valued continuous functions f on PN−1(kv). The main result of this
manuscript is the following theorem.

Theorem 2.2. The set {β ∈ PN−1(k) : H(β) ≤ H} as H −→ ∞ is µNv -uniformly
distributed.

We will also prove a quantitative result compared with qualitative Theorem 2.2.
In Theorem 5.11 at the end of this manuscript, we give an explicit estimation of
the discrepancy for the set of all rational points with low height.

We finish this section by proving some formulae for the measures of the pro-
jective balls in PN−1(kv). These formulae are essential when we compute certain
orthonormal polynomials for PN−1(kv) in section 4. We first note that the measures
of the projective balls are independent of their centers. For, if β1 and β2 belong
to PN−1(kv) and 0 ≤ r ≤ 1, since ISO(N, kv) acts transitively on PN−1(kv) (e.g.
Lemma 2.7 in [14]), so there is an isometry A such that Aβ2 = β1. Hence by
Lemma 2.1,

µNv (B (β1, r)) = µNv (B (Aβ2, r)) = µNv (B (β2, r)).

Similarly, we have µNv (D (β1, r)) = µNv (D (β2, r)).
Next we divide our considerations into two cases : v|∞ and v - ∞. We first

suppose that v|∞. Of course, in this case, µNv (B (β, r)) = µNv (D (β, r)). So, we
only need to consider D (β, r). Then we have the following lemma.
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Lemma 2.3. Let v|∞. For any β in PN−1(kv) and 0 ≤ r ≤ 1, we have

µNv (D (β, r)) =


2
c1

∫ r
0

xN−2
√

1−x2 dx if kv ∼= R,

r2(N−1) if kv ∼= C,

(2.9)

where c1 = c1(N) := π
1
2 Γ(N−1

2 )/Γ(N2 ).

Proof. Since the measures of the projective balls are independent of their centers,
without loss of generality, we can assume that β = e1 := [1, 0, · · · , 0]. It is clear
that (2.9) is true for r = 0 and r = 1 because∫ 1

0

xN−2

√
1− x2

dx =
c1
2
.

Thus we assume 0 < r < 1.
In view of (1.3),

φ−1(D (e1, r)) ∩D(0, 1)

=

(α0, · · · , αN−1) ∈ kNv − {0} :
N−1∑
j=1

‖αj‖2v ≤ min{ r2

1− r2
‖α0‖2v, 1− ‖α0‖2v}

 .

Let DN−1(α, r) be the closed ball in kN−1
v with center α and r. Hence,

µNv (D (e1, r))

=
1

bv(N)

{∫
‖α0‖v≤(1−r2)

1
2

βN−1
v

(
DN−1

(
0,

r‖α0‖v√
1− r2

))
dβv(α0)

+
∫

(1−r2)
1
2<‖α0‖v≤1

βN−1
v

(
DN−1

(
0,
√

1− ‖α0‖2v
))

dβv(α0)

}
. (2.10)

So, in view of (2.1), (2.3) and (2.6), (2.10) becomes

rv(N)Ndv

rv(N − 1)(N−1)dv

{(
r2

1− r2

)N−1
2 dv ∫

‖α0‖v≤(1−r2)
1
2

‖α0‖(N−1)dv
v dβv(α0)

+
∫

(1−r2)
1
2<‖α0‖v≤1

(1− ‖α0‖2v)
N−1

2 dvdβv(α0)

}

:=
rv(N)Ndv

rv(N − 1)(N−1)dv

{(
r2

1− r2

)N−1
2 dv

I1 + I2

}
. (2.11)

If kv ∼= R, then dv = 1. Thus,

I1 = 2
∫ (1−r2)

1
2

0

tN−1dt =
2
N

(1− r2)
N
2

and

I2 = 2
∫ 1

(1−r2)
1
2

(1− t2)
N−1

2 dt = 2
∫ r

0

tN

(1− t2)1/2
dt

= − 2
N
rN−1(1− r2)

1
2 +

2(N − 1)
N

∫ r

0

tN−2

(1− t2)1/2
dt.
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Hence (2.9) follows from (2.10), (2.11) and the fact that

N − 1
N

· rv(N)N

rv(N − 1)(N−1)
=

1
c1

for kv ∼= R.
If kv ∼= C, then dv = 2. Then,

I1 = 2
∫
x2+y2≤1−r2

(x2 + y2)N−1dxdy

=
2π
N

(1− r2)N

and

I2 = 2
∫

1−r2<x2+y2≤1

(1− (x2 + y2))N−1dxdy

=
2π
N
rN .

Therefore, (2.9) follows from (2.10), (2.11) and the fact that

rv(N)2N

rv(N − 1)2(N−1)
=
N

2π

for kv ∼= C. �

Next we consider the case v -∞. Let

P v = {α ∈ kv : ‖α‖v < 1}

be the maximal ideal in Ov. Since ‖ · ‖v is discrete for v - ∞, so P v is a principal
ideal. If P v = (πv), then we say that πv is a prime element for ‖ · ‖v. It is clear
that

‖πv‖v = max{‖α‖v : α ∈ P v}.
As is well known (see for example Chapter 4 in [3]), for any α ∈ k∗v := k − {0},
α = uπmv for some unit u in Ov and some rational integer m. Thus ‖α‖v = ‖πv‖mv
and therefore the multiplicative value group of kv is

{‖α‖v : α ∈ k∗v} = {‖πv‖mv : m ∈ Z}.

It turns out that

{∆v(α,β) : α 6= β} = {‖πv‖mv : m ≥ 0}.

Thus, if we are considering the projective balls in PN−1(kv) for v - ∞, we may
assume that the radius has the form ‖πv‖mv ,m ≥ 0. Moreover, if we let 0 < r ≤ 1
and assume that

‖πv‖mv < r ≤ ‖πv‖m−1
v

for some m ≥ 1, then

B (α, r) = {β ∈ PN−1(kv) : ∆v(α,β) < r}
= {β ∈ PN−1(kv) : ∆v(α,β) ≤ ‖πv‖mv }
= D (α, ‖πv‖mv ).

This shows that we only need to consider D (α, r) with r = ‖πv‖mv ,m ≥ 0.
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Lemma 2.4. Let v - ∞ and πv be a prime element for ‖ · ‖v. For any β ∈
PN−1(kv), r = ‖πv‖mv and m > 0, we have

µNv (D (β, r)) = r(N−1)dv
1− ‖πv‖dvv

1− ‖πv‖Ndvv

. (2.12)

Proof. As before, we can assume that β = e1 and 0 < r < 1. In view of (1.3), we
have

φ−1(D (e1, r)) = {(α0, · · · , αN−1) ∈ kNv − {0} : ‖αj‖v ≤ r‖α0‖v, 1 ≤ j ≤ N − 1}.
Thus, by (2.2) and (2.6)

µv(D (e1, r))

=
1

bv(N)
βNv (φ−1(D (e1, r)) ∩D(0, 1))

=
1

bv(N)

∫
D(0,1)

χφ−1(D (e1,r))(α)dβNv (α)

=
1

bv(N)

∫
‖α0‖v≤1


N−1∏
j=1

∫
‖αj‖v≤r‖α0‖v

dβv(αj)

 dβv(α0)

=
1

bv(N)

∫
‖α0‖v≤1

βv({α ∈ kv : ‖α‖v ≤ r‖α0‖v})N−1dβv(α0)

=
1

bv(N)

∫
‖α0‖v≤1

{(r‖α0‖v)dv‖Dv‖dv/2v }N−1dβv(α0)

=
1

bv(N)
(r‖Dv‖1/2v )(N−1)dv

∫
‖α0‖v≤1

‖α0‖(N−1)dv
v dβv(α0). (2.13)

To evaluate the last integral, we divide the set {α0 ∈ kv : ‖α0‖v ≤ 1} into a disjoint
union of {α0 ∈ kv : ‖πv‖i+1

v < ‖α0‖v ≤ ‖πv‖iv} for i = 0, 1, · · · . So the last integral
in (2.13) is equal to

=
∞∑
i=0

‖πv‖i(N−1)dv
v

∫
‖πv‖i+1

v <‖α0‖v≤‖πv‖iv
dβv(α0)

=
∞∑
i=0

‖πv‖i(N−1)dv
v {‖πv‖idvv ‖Dv‖dv/2v − ‖πv‖(i+1)dv

v ‖Dv‖dv/2v }

= (1− ‖πv‖dvv )‖Dv‖dv/2v

∞∑
i=0

‖πv‖iNdvv

=
1− ‖πv‖dvv

1− ‖πv‖Ndvv

‖Dv‖dv/2v . (2.14)

Therefore, (2.12) follows from (2.3), (2.13) and (2.14). �

3. Uniform Distribution in a Compact Metric Space

We will actually prove a quantitative form of Theorem 2.2. We are able to give
an explicit bound for the discrepancy of the set of rational points with low height
for the infinite places and then Theorem 2.2 follows as a corollary. Toward this
end, we prove an analogue of the Erdös-Turán inequality for the projective space
PN−1(kv). In fact we establish such a result for a general compact metric space.
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In this section, we consider uniform distribution in a compact metric space. Let
X be a compact Hausdorff space and µ be a regular Borel probability measure in
X. The sequence {xl}∞l=1 of elements in X is said to be µ-uniformly distributed in
X if

lim
L−→∞

1
L

L∑
l=1

f(xl) =
∫
X

f(x)dµ (3.1)

for all real-valued continuous functions of X.
We further assume that X is a metric space with metric d. And we assume that

the µ-measure of both an open ball and a closed ball is independent of its center:

µ(Bd(x, r)) = µ(Bd(y, r)) and µ(Dd(x, r)) = µ(Dd(y, r))

for any x, y in X and r ≥ 0 where Bd(x, r) and Dd(x, r) are the open and closed balls
in X with center x and radius r respectively. Then by approximating continuous
functions by a finite linear combination of characteristic functions of Borel sets in
X, it follows that a sequence {xl}∞l=1 is µ-uniformly distributed if and only if

lim
L−→∞

1
L

L∑
l=1

χDd(x,r)(xl) = µ(Dd(x, r)) (3.2)

for any x in X and r > 0 where χE is the characteristic function of the set E.
Similarly, a sequence of {xl}∞l=1 is µ-uniformly distributed if and only if

lim
L−→∞

1
L

L∑
l=1

χBd(x,r)(xl) = µ(Bd(x, r)) (3.3)

for any x in X and r > 0.
It is sometimes more convenient to consider normalized functions when we study

their Fourier series. We define f : R −→ C to be normalized if

lim
h−→0+

1
2
{f(x+ h) + f(x− h)} = f(x). (3.4)

We also define the normalized characteristic function of a ball with center x and
radius r by

χχ(x,r)(y) :=


1 if d(x, y) < r,
1
2 if d(x, y) = r,
0 if d(x, y) > r.

(3.5)

Thus, χχ(x,r)(y) = 1
2{χBd(x,r)(y)+χDd(x,r)(y)} and hence in view of (3.2) and (3.3),

we have

Lemma 3.1. The sequence {xl}∞l=1 is µ-uniformly distributed if and only if

lim
L−→∞

1
L

L∑
l=1

χχ(x,r)(xl) =
∫
X

χχ(x,r)(x)dµ.

In the remainder of this section, we are going to prove an analogue of Weyl’s
criterion and the Erdös-Turán inequality for a general compact metric space. It is
well known that (e.g. Theorem 1.3 of Chapter 4 in [8]) if X is also a group, then
we can obtain results analogous to Weyl’s criterion by using the group characters.
However, in our case, we are going to employ orthonormal polynomials.



ON THE DISTRIBUTION OF POINTS IN PROJECTIVE SPACE OF BOUNDED HEIGHT 11

Let ω be a regular Borel probability measure on [−1, 1]. Define the inner product
by

< f, g >:=
∫ 1

−1

f(t)ḡ(t)dω

for any f and g in L1(ω). {Qωn(x)}∞n=1 is said to be the set of orthonormal poly-
nomials with respect to ω if Qωn(x) is polynomial of degree n with positive leading
coefficient and satisfies

< Qωm, Q
ω
n >= δmn :=

{
1 if m = n,
0 if m 6= n.

(3.6)

Suppose the set of orthonormal polynomials with respect to ω exists. Let Tm(x)
be the m-th Chebysheff polynomial so that Tm(cos θ) = cosmθ. Since every poly-
nomial can be expressed as a linear combination of Qωn , we write Tm as

Tm(x) =
m∑
n=0

tmn Q
ω
n(x) (3.7)

where tmn :=< Tm, Q
ω
n > for m,n ≥ 0. In view of (3.6), if m < n, then

tmn = 0. (3.8)

In [15], J. Vaaler showed how to construct a trigonometric polynomial approx-
imation to a function by using Beurling’s extremal function. He also used this
approximation to give an improved version of the classical Erdös-Turán inequality.
In this section, we will employ Vaaler’s approximation to prove the analogous Erdös-
Turán inequality. In [7], P. Grabner used a similar idea to obtain the Erdös-Turán
inequality for the N -dimensional sphere.

We first recall some definitions used in Vaaler’s approximation. Let M be a
positive integer. We write e(x) := e2πix and define

jM (x) :=
M∑

m=−M
ĴM+1(m)e(mx) (3.9)

where

ĴM+1(m) :=


1 if m = 0,
πm
M+1 (1− |m|

M+1 ) cot πm
M+1 + |m|

M+1 if 0 < |m| ≤M,

0 otherwise

and the periodic Fejer kernel

kM (x) :=
M∑

m=−M
K̂M+1(m)e(mx) (3.10)

where

K̂M+1(m) :=

{
1− |m|

M+1 if |m| ≤M ,
0 otherwise.

It is easy to prove that

kM (x) =
1

M + 1

(
sinπ(M + 1)x

sinπx

)2

. (3.11)
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We now suppose that g : R −→ C has period 1 and bounded variation on each closed
interval of length 1. We also assume that g satisfies the normalizing condition (3.4).
Let Vg(x) be the total variation of g on [− 1

2 , x]. We write (dVg) ∗ kM (x) for the
convolution

(dVg) ∗ kM (x) :=
∫ 1

2

− 1
2

kM (x− t)dVg(t). (3.12)

Then the trigonometric polynomial

g ∗ jM (x) :=
∫ 1

2

− 1
2

g(t)jM (x− t)dt (3.13)

will give a good approximation to g. In view of Theorem 19 in [15], we have

|g(x)− g ∗ jM (x)| ≤ 1
2M + 2

(dVg) ∗ kM (x) (3.14)

for any real number x. Inequality (3.14) is essential in our proof of the Erdös-
Turán type inequality. We are going to use (3.14) to approximate the normalized
characteristic function.

Let

ĝ(m) :=
∫ 1

2

− 1
2

g(t)e(−mt)dt and d̂Vg(m) :=
∫ 1

2

− 1
2

e(−mt)dVg(t)

be the m-th Fourier coefficients of g and dVg respectively. If g is an even function,
then

ĝ(m) = ĝ(−m) and d̂Vg(m) = d̂Vg(−m). (3.15)

Now we suppose that g is an even function. Since g∗jM is an even trigonometric
polynomial, it can be written as a finite linear combination of Tm(cos 2πx). Hence,
in view of (3.7), g ∗ jM can also be written as a linear combination of Qωn(cos 2πx).
From (3.9) and (3.13), for any real number x,

g ∗ jM (x) =
∫ 1

2

− 1
2

g(t)jM (x− t)dt

=
M∑

m=−M
ĴM+1(m)e(mx)

∫ 1
2

− 1
2

g(t)e(−mt)dt

=
M∑

m=−M
ĴM+1(m)ĝ(m)e(mx).
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Using (3.7), (3.8) and (3.15)

g ∗ jM (x) = ĝ(0) + 2
M∑
m=1

ĴM+1(m)ĝ(m) cos 2πmx

= ĝ(0) + 2
M∑
m=1

ĴM+1(m)ĝ(m)Tm(cos 2πx)

= ĝ(0) + 2
M∑
m=1

ĴM+1(m)ĝ(m)
m∑
n=0

tmn Q
ω
n(cos 2πx)

= ĝ(0) +
M∑
n=0

AMn (g)Qωn(cos 2πx) (3.16)

where

AMn (g) := 2
M∑
m=1

ĴM+1(m)ĝ(m)tmn (3.17)

for n ≥ 0. Similarly, we can also write (dVg) ∗ kM (x) as a linear combination of
Qωn(cos 2πx). Using (3.7), (3.8), (3.10) and (3.12), for any real number x, we have

(dVg) ∗ kM (x) = Vg(
1
2

) +
M∑
n=0

BMn (g)Qωn(cos 2πx) (3.18)

where

BMn (g) := 2
M∑
m=1

K̂M+1(m)d̂Vg(m)tmn (3.19)

for any n ≥ 0.

Lemma 3.2. Suppose ω is a regular Borel probability measure in [−1, 1] and the set
of orthonormal polynomials, {Qωn}∞n=1, with respect to ω exists. Let f be normalized,
ω-measurable and of bounded variation on [−1, 1]. Let {xl}∞l=1 be a sequence of real
numbers in [−1, 1]. Suppose

g(x) = f(cos 2πx).

Then for any L,M ≥ 1, we have∣∣∣∣∣ 1L
L∑
l=1

f(xl)−
∫ 1

−1

f(t)dω

∣∣∣∣∣
≤
|Vg( 1

2 ) +BM0 (g)|
M + 1

+
M∑
n=1

{
|AMn (g)|+ |BMn (g)|

2(M + 1)

} ∣∣∣∣∣ 1L
L∑
l=1

Qωn(xl)

∣∣∣∣∣ (3.20)

where AMn (g) and BMn (g) are defined in (3.17) and (3.19) respectively.
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Proof. Lemma 3.2 is a direct consequence of (3.14). For any L,M ≥ 1,∣∣∣∣∣ 1L
L∑
l=1

f(xl)−
∫ 1

−1

f(t)dω

∣∣∣∣∣
=

∣∣∣∣∣ 1L
L∑
l=1

g(
cos−1 xl

2π
)−

∫ 1

−1

g(
cos−1 t

2π
)dω

∣∣∣∣∣
≤

∣∣∣∣∣ 1L
L∑
l=1

g ∗ jM (
cos−1 xl

2π
)−

∫ 1

−1

g ∗ jM (
cos−1 t

2π
)dω

∣∣∣∣∣+
1

2M + 2
×

×

{
1
L

L∑
l=1

(dVg) ∗ kM (
cos−1 xl

2π
) +

∫ 1

−1

(dVg) ∗ kM (
cos−1 t

2π
)dω

}
, (3.21)

by (3.14). In view of (3.6) and (3.16), the first term in the right hand side of (3.21)
is equal to∣∣∣∣∣

M∑
n=0

AMn (g)

{
1
L

L∑
l=1

Qωn(xl)−
∫ 1

−1

Qωn(t)dω

}∣∣∣∣∣
=

∣∣∣∣∣
M∑
n=1

AMn (g)
1
L

L∑
l=1

Qωn(xl)

∣∣∣∣∣ . (3.22)

Similarly, from (3.6) and (3.18), the second term in the right hand side of (3.21) is
equal to

1
2M + 2

{
2(Vg(

1
2

) +BM0 (g)) +
M∑
n=1

BMn (g)
1
L

L∑
l=1

Qωn(xl)

}
. (3.23)

Therefore, (3.20) follows from (3.21), (3.22) and (3.23). �

We return to consideration of a general compact metric space. Let (X, d, µ) be
an infinite compact metric space with regular Borel measure µ such that

(a) µ(X) = 1,
(b) 0 ≤ d(x, y) ≤ 1 for any x, y in X,
(c) the µ-measures of balls in X are independent of their centers.

Fixing x0 in X, we define for any open interval U in [−1, 1],

ω(U) =
1
2

∫
U

d{sgn(t)µ(Dd(x0, |t|))} (3.24)

where sgn(t) is +1, 0 and −1 according as t ≥ 0, t = 0 and t < 0 respectively and
the above integral is a Riemann-Stieltjes integral on [−1, 1]. In view of (c) above, ω
is independent of the choice of x0 in X. From (3.24), we see that if f is integrable,
then ∫ 1

−1

f(t)dω =
1
2

∫ 1

0

f(t)dµ(Dd(x0, t))−
1
2

∫ 0

−1

f(t)dµ(Dd(x0, |t|))

=
1
2

∫ 1

0

{f(t) + f(−t)}dµ(Dd(x0, t)). (3.25)

In particular, we have ω([−1, 1]) = µ(Dd(x0, 1)) = µ(X) = 1 and if f is an odd
function then

∫ 1

−1
f(t)dω = 0. We suppose that the set of orthonormal polynomials,
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{Qωn}∞n=1, with respect to ω exists. We write Qωn := Qe +Qo where Qe and Qo are
the polynomials consisting of the even and odd terms in Qωn respectively. If n is
even, then deg(Qo) < n and in view of (3.6) and (3.25), we have

0 =< Qωn , Qo >=< Qe +Qo, Qo >=< Qo, Qo > .

This implies that Qo = 0 and hence Qωn is even. Similarly, if n is odd, then Qωn is
odd. Also, since Tm(−x) = (−1)mTm(x), we have

tmn =
∫ 1

−1

Tm(x)Qωn(x)dω

=
1
2

∫ 1

0

{Tm(x)Qωn(x) + Tm(−x)Qωn(−x)}dµ(Dd(x0, t))

=
1 + (−1)m+n

2

∫ 1

0

Tm(x)Qωn(x)dµ(Dd(x0, t))

for any m,n ≥ 0. We conclude that if m+ n is odd

tmn = 0. (3.26)

Next we apply Lemma 3.2 to the normalized characteristic function. Let 0 <
r ≤ 1 and

f(t) :=
1
2
{χ(−r,r)(t) + χ[−r,r](t)}.

Then we have by (3.5)

χχ(y,r)(x) =
1
2
{χ(−r,r)(d(x, y)) + χ[−r,r](d(x, y))}

= f(d(x, y)).

If µ(Dd(x0, t)) is continuous at r as a function of t on [0, 1], then the characteristic
functions χ(−r,r) and χ[−r,r] are Riemann-Stieltjes integrable on [−1, 1] and∫

X

χχ(y,r)(x)dµ =
∫
X

1
2
{χBd(y,r)(x) + χDd(y,r)(x)}dµ

=
∫ 1

−1

1
2
{χ(−r,r)(t) + χ[−r,r](t)}dω

=
∫ 1

−1

f(t)dω.

Thus, in view of Lemma 3.2, we have∣∣∣∣∣ 1L
L∑
l=1

χχ(y,r)(xl)−
∫
X

χχ(y,r)(x)dµ

∣∣∣∣∣
=

∣∣∣∣∣ 1L
L∑
l=1

f(d(xl, y))−
∫ 1

−1

f(t)dω

∣∣∣∣∣
≤
|Vg( 1

2 ) +BM0 (g)|
M + 1

+

+
M∑
n=1

{
|AMn (g)|+ |BMn (g)|

2(M + 1)

} ∣∣∣∣∣ 1L
L∑
l=1

Qωn(d(xl, y))

∣∣∣∣∣ (3.27)



16 KWOK-KWONG CHOI

where g(x) = 1
2{χ(−r,r) + χ[−r,r]}(cos 2πx). We should remark here that when

r = 1, f does not satisfy the normalizing condition (3.4). However, (3.14) still
holds for g(x) by computing both sides of (3.14) directly. Hence (3.27) still holds
for r = 1.

Since g(x) is an even function and g( 1
2−x) = g(x), it follows that if m is odd, then

ĝ(m) = d̂Vg(m) = 0. Hence, in view of (3.17), (3.19) and (3.26), we have AMn (g)
and BMn (g) are zero when n is odd. Therefore, we have the following theorem.

Theorem 3.3 (Erdös-Turán Inequality). Suppose (X, d, µ) is an infinite compact
metric space with regular Borel measure µ satisfying conditions (a), (b) and (c) and
{xl}∞l=1 is a sequence in X. Let ω(x) be defined as in (3.24) and suppose the set of
orthonormal polynomials, {Qωn(x)}∞n=1, with respect to ω exists. For any y in X,
0 < r ≤ 1 and L,M ≥ 1, if µ(Dd(x0, t)) is continuous at r, we have∣∣∣∣∣ 1L

L∑
l=1

χχ(y,r)(xl)−
∫
X

χχ(y,r)(x)dµ

∣∣∣∣∣ ≤ |Vg( 1
2 ) +BM0 (g)|
M + 1

+

+
[M/2]∑
n=1

{
|AM2n(g)|+ |BM2n(g)|

2(M + 1)

} ∣∣∣∣∣ 1L
L∑
l=1

Qω2n(d(xl, y))

∣∣∣∣∣ , (3.28)

where g(x) = 1
2{χ(−r,r) +χ[−r,r]}(cos 2πx), AMn (g) and BMn (g) are defined in (3.17)

and (3.19) respectively.

In order to deduce Weyl’s criterion from the above theorem, we must have

lim
M−→∞

|Vg( 1
2 ) +BM0 (g)|
M + 1

= 0.

The following lemma gives an explicit bound for this.

Lemma 3.4. Under the same the hypotheses in Theorem 3.3, for sufficiently small
ε > 0, we have

|Vg(
1
2

) +BM0 (g)|

≤ 4
(

1 +
1
ε

+M{µ(Dd(x0, r + ε))− µ(Dd(x0, r − ε))}
)
. (3.29)

Proof. For 0 < r < 1, we let r = cos 2πθ for some θ in (0, 1
4 ) and assume 0 < ε < θ.

Then Vg(x) is a step function on [− 1
2 ,

1
2 ] having jump 1 at four points ±θ and

±( 1
2 − θ) only. In view of (3.6), (3.12), (3.18) and (3.25), we have

Vg(
1
2

) +BM0 (g)

=
∫ 1

−1

(dVg) ∗ kM (
cos−1 t

2π
)dω

=
∫ 1

−1

{∫ 1
2

− 1
2

kM (
cos−1 t

2π
− x)dVg(x)

}
dω

=
∫ 1

0

{
kM (

cos−1 t

2π
+

1
2
− θ) + kM (

cos−1 t

2π
+ θ)+

+kM (
cos−1 t

2π
− θ) + kM (

cos−1 t

2π
− 1

2
+ θ)

}
dµ(Dd(x0, t)). (3.30)
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On the other hand, in view of (3.11), we have

kM (φ) ≤ 1 + min{M, (2‖φ‖)−1} (3.31)

for M ≥ 1 and φ ∈ R. Here ‖x‖ := min({x}, 1− {x}) is the distance from x to the
nearest integer.

Since both ‖ cos−1 t
2π + 1

2 −θ‖ and ‖ cos−1 t
2π +θ‖ are greater than θ for any t in [0, 1],

the contribution of the first two integrands in the right hand side of (3.30) is less
than

2
∫ 1

0

(1 + (2θ)−1)dµ(Dd(x0, t)) = 2(1 + (2θ)−1), (3.32)

by (3.31). Next we consider∫ 1

0

kM (
cos−1 t

2π
− θ)dµ(Dd(x0, t))

=
{∫ r−ε

0

+
∫ r+ε

r−ε
+
∫ 1

r+ε

}
kM (

cos−1 t

2π
− θ)dµ(Dd(x0, t)).

For t ∈ [0, r − ε] or t ∈ [r + ε, 1], we have

‖cos−1 t

2π
− θ‖ = |cos−1 t

2π
− θ| = |cos−1 t

2π
− cos−1 r

2π
| ≥ ε

2π
.

It follows from (3.31) that∫ 1

0

kM (
cos−1 t

2π
− θ)dµ(Dd(x0, t))

≤
{∫ r−ε

0

+
∫ 1

r+ε

}
(1 +

π

ε
)dµ(Dd(x0, t)) +

∫ r+ε

r−ε
(1 +M)dµ(Dd(x0, t))

≤ 1 +
π

ε
+ (1 +M){µ(Dd(x0, r + ε))− µ(Dd(x0, r − ε))}. (3.33)

Similarly, we have∫ 1

−1

kM (
cos−1 t

2π
− 1

2
+ θ)dω(t)

≤ 1 +
π

ε
+ (1 +M){µ(Dd(x0, r + ε))− µ(Dd(x0, r − ε))}. (3.34)

Therefore, from (3.30), (3.32), (3.33) and (3.34)

Vg(
1
2

) +BM0 (g)

≤ 2(1 + (2θ)−1) + 2(1 +
π

ε
) + 2(1 +M){µ(Dd(x0, r + ε))− µ(Dd(x0, r − ε))}

≤ 4
(

1 +
1
ε

+M{µ(Dd(x0, r + ε))− µ(Dd(x0, r − ε))}
)
.

This proves (3.29) for 0 < r < 1. The case r = 1 can be proved in a similar
manner. �

Theorem 3.5 (Weyl’s Criterion). Suppose (X, d, µ), ω(x) and Qωn(x) satisfy the
conditions in Theorem 3.3. We also assume that µ(Dd(x0, t)) is continuous on
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[0, 1]. Then the sequence (xl)∞l=1 is µ-uniformly distributed if and only if

lim
L−→∞

1
L

L∑
l=1

Qω2n(d(xl, y)) = 0 (3.35)

for any y ∈ X and n ≥ 1.

Proof. Suppose (3.35) holds for any y ∈ X and n ≥ 1. The result follows from
Lemma 3.1, Theorem 3.3 and Lemma 3.4 by letting ε = M−1/2 and M,L −→ ∞.
Conversely, suppose the sequence {xl}∞l=1 is µ-uniformly distributed. Then (3.35)
follows from (3.1) and the fact that∫

X

Qω2n(d(x, y))dµ =
∫ 1

−1

Qω2n(t)dω = 0,

for any y ∈ X and n ≥ 1. �

4. Uniform Distribution in PN−1(kv)

In this section, we concentrate on the projective spaces over number fields again
and compute the orthonormal polynomials for this case. In view of Lemmas 2.3,
2.4 and §2.2 in [11], the set of orthonormal polynomials exists. We denote the set
of orthonormal polynomials for PN−1(kv) by {QN,vn (x)}∞n=1.

We first consider the case v|∞. According to Lemma 2.3, we should divide our
consideration into two cases: kv ∼= R and kv ∼= C.

For kv ∼= R, from (2.9), we have

dµNv (D (β, t)) =
2
c1
· tN−2

√
1− t2

dt. (4.1)

For any α, β > −1 and n ≥ 0, let P (α,β)
n (x) be the Jacobi’s polynomials and for

λ > − 1
2 and n ≥ 0, let Cλn(x) be the ultraspherical polynomials (c.f (4.3.3) and

(4.7.1) in [11]). Note that Cλn(x) is Jacobi’s polynomials with α = β = λ − 1
2 and

suitable normalization. In particular, we have C0
n(cos θ) = 2

n cosnθ and C1
n(cos θ) =

sin(n+1)θ
sin θ . Like cosine and sine functions, Jacobi’s polynomials satisfy the addition

theorem ((4.10.20) in [11]), namely,

P (α,β)
n (2| cos θ1 cos θ2 + reiφ sin θ1 sin θ2|2 − 1)

=
n∑

m=0

m∑
l=0

a
(α,β)
m,n,l(sin θ1 sin θ2)m+l(cos θ1 cos θ2)m−lP (α+m+l,β+m−l)

n−m (cos 2θ1)×

×P (α+m+l,β+m−l)
n−m (cos 2θ2)P (α−β−1,β+m−l)

l (2r2−1)rm−l
β +m− l

β
Cβm−l(cosφ),

(4.2)

where

a
(α,β)
m,n,l =

(m+ l + α)Γ(n+m+ α+ β + 1)Γ(m+ α)
Γ(n+ α+ β + 1)Γ(n+ l + α+ 1)

×

× Γ(β + 1)Γ(n+ β + 1)Γ(n−m+ 1)
Γ(m+ β + 1)Γ(n− l + β + 1)

and the limit relation

lim
β−→0

β + n

β
Cβn(cosφ) =

{
2 cosnφ n = 1, 2, · · · ,
1 n = 0,
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is used when β = 0. In particular, for the ultraspherical polynomials, we have

Cλn(cos θ cosφ+ sin θ sinφ cosψ)

= Cλn(cos θ)Cλn(cosφ) +
n∑
j=1

bλj,n(sin θ)jCλ+j
n−j (cos θ)×

× (sinφ)jCλ+j
n−j (cosφ)

2λ+ 2j − 1
2λ− 1

C
λ− 1

2
j (cosψ), (4.3)

where

bλj,n =
Γ(2λ)22j(Γ(j + λ))2Γ(n− j + 1)

(Γ(λ))2Γ(n+ j + 2λ)
,

subject to the same limit relation above. It is easy to show that

a
(α,0)
m,n,l �

(
n+m+ α

n−m+ 1

)m−l
and bλj,n �λ 22j (4.4)

for α ≥ 0 and 2λ ∈ N. Also in view of (7.32.2) and (7.33.1) in [11], if α, β ≥ 0 and
λ ≥ 1

2 , then we have

|P (α,β)
n (x)| ≤ (en)max(α,β), |P (α,β)

n

′
(x)| ≤ α+ β + n+ 1

2
(en)max(α,β)+1

and

|Cλn(x)| ≤ (en)2λ−1, |Cλn
′
(x)| ≤ 2λ(en)2λ+1 (4.5)

for any |x| ≤ 1 and n ≥ 1. These estimations will be frequently used in the next
section.

The next lemma shows that the orthonormal polynomials for the case kv ∼= R
can be expressed in terms of the ultraspherical polynomials.

Lemma 4.1. Suppose v|∞ and kv ∼= R. Then for n ≥ 0

QN,vn (x) =


αNn C

N−2
2

n (
√

1− x2) if n is even,

αNn xC
N
2
n−1(
√

1− x2) if n is odd,

(4.6)

where αN0 = 1 and for n ≥ 1

αNn :=



(−1)
n−1

2

{
N−1

N+2n−2

(
N+n−2
n−1

)}− 1
2

if n is odd,

(−1)
n
2 n2−

1
2 if n is even and N = 2,

(−1)
n
2

{
N−2

N+2n−2

(
N+n−3

n

)}− 1
2

if n is even and N ≥ 3.

Proof. In view of the uniqueness of the orthonormal polynomials, it suffices to show
that polynomials in (4.6) satisfy condition (3.6) because QN,vn (x) is a polynomial of
degree n with positive leading coefficient. First of all, since QN,vn (x) is odd and even
according as n is odd and even, so < QN,v2m (x), QN,v2n+1(x) >= 0 for any m,n ≥ 0 by
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(3.25). Now we consider

< QN,v2m (x), QN,v2n (x) >

= αN2mα
N
2n

∫ 1

−1

C
N−2

2
2m (

√
1− x2)C

N−2
2

2n (
√

1− x2)dω

=
2αN2mα

N
2n

c1

∫ 1

0

C
N−2

2
2m (

√
1− x2)C

N−2
2

2n (
√

1− x2)
xN−2

√
1− x2

dx

=
αN2mα

N
2n

c1

∫ 1

−1

C
N−2

2
2m (x)C

N−2
2

2n (x)(1− x2)
N−3

2 dx

= δmn,

by (3.25), (4.1), (4.3.3) and (4.7.1) in [11]. Similarly, we can prove that

< QN,v2m+1(x), QN,v2n+1(x) >= δmn.

This completes the proof of the lemma. �

For kv ∼= C, from (2.9), we have

dµNv (D (β, t)) = 2(N − 1)t2N−3dt.

In a manner which is similar to the case kv ∼= R, QN,vn (x) can be expressed in terms
of the Jacobi’s polynomials.

Lemma 4.2. Suppose v|∞ and kv ∼= C. Then for any m ≥ 0

QN,vn (x) =


βNn P

(0,N−2)
m (2x2 − 1) if n = 2m,

βNn xP
(0,N−1)
m (2x2 − 1) if n = 2m+ 1,

(4.7)

where βNn =
(
N+n−1
N−1

) 1
2
.

Proof. The proof is similar to that of Lemma 4.1. �

When v is a finite place, the orthonormal polynomials in this case are more
complicated and we are not able to represent them in terms of familiar polynomials.
Since the explicit formula for these polynomials doesn’t contribute to our proof of
the main theorem, we just state the following recursive relation for QN,vn (x) without
proof. Such a proof can be found in [4].

Let

αnm := 1− ‖πv‖2n(n−1)+m+((n+1)N−n)dv
v and βm := 1− ‖πv‖m+(N−1)dv

v

for any m ≥ 0 and n ≥ −1.

Lemma 4.3. For n ≥ 2, we have

QN,vn (x) = an−1{xQN,vn−1(x)− 1
an−2

QN,vn−2(x)}

and QN,v0 (x) ≡ 1, QN,v1 (x) ≡
(
α0

0β2

β0α0
2

) 1
2
x. Here

a2n =

{
αn4nα

n−1
6n−4β4n+2β4n

αn−1
4n−4α

n
6n+2β

2
2n‖πv‖2nv

} 1
2
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and

a2n+1 =

{
αn6n+2α

n
4nβ4n+4β4n+2

αn−1
6n−4α

n+1
4n+4(1− ‖πv‖2n+2

v )2‖πv‖2n+(N−1)dv
v

} 1
2

,

for n ≥ 0.

We conclude this section by proving the Weyl’s Criterion for PN−1(kv).

Theorem 4.4 (Weyl’s Criterion). Let {αl}∞l=1 be a sequence in PN−1(kv). Then
{αl}∞l=1 is µNv -uniformly distributed if and only if

lim
L−→∞

1
L

L∑
l=1

QN,v2n (∆v(αl,β)) = 0 (4.8)

for any β in PN−1(kv) and n ≥ 1.

Proof. For v|∞, since µNv (D (β, t)) is continuous on [0, 1], so (4.8) follows from
Theorem 3.5. For v -∞, we recall that

{∆v(α,β) : α 6= β} = {‖πv‖mv : m ≥ 0}.

Thus for any β ∈ PN−1(kv) and m > 0, we have

χD (β,‖πv‖mv )(α) = χχ
(β,
‖πv‖

m−1
v
2 (1+‖πv‖v))

(α).

Since µNv (D (β, t)) is constant on (‖πv‖mv , ‖πv‖m−1
v ), so if we take r = ‖πv‖m−1

v

2 (1 +

‖πv‖v) and ε = ‖πv‖m−1
v

4 (1− ‖πv‖v) in (3.29), then

|Vg( 1
2 ) +BM0 (g)|
M + 1

≤
4(1 + 1

ε )
M + 1

≤ 32
(1− ‖πv‖v)‖πv‖m−1

v (M + 1)
−→ 0

as M −→∞. Hence, by (3.28), for any β ∈ PN−1(kv) and m,n ≥ 1, (4.8) implies

lim
L−→∞

1
L

L∑
l=1

χD (β,‖πv‖mv )(αl) = µ(D (β, ‖πv‖mv )).

Hence, from (3.1) and (3.2), {αl}∞l=1 is µNv -uniformly distributed if and only if (4.8)
holds. This completes the proof of Theorem 4.4. �

5. Rational Points with Low Height

We now come to the proof of Theorem 2.2. For v|∞, in view of Weyl’s Criterion,
we are going to establish the following result.

Theorem 5.1. Suppose v|∞. Let H ≥ 1 and n be a positive integer. Then for any
β in PN−1(kv), we have∑

α∈PN−1(k)
H(α)≤H

QN,v2n (∆v(α,β)) = O(n9(N−1)n(HNd−1 +H logH)) (5.1)

where the implicit constant depends only on k and N .
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Although using a slightly different definition of height, S. Schanuel in [10] (also
see Theorem 5.3 in [6] and Theorem 1 in [13]) proved the following asymptotic
formula for the number of rational points with low height,∑

α∈PN−1(k)
H(α)≤H

1 = c2H
Nd +O(HNd−1 +H logH), (5.2)

where

c2 = c2(N, k) :=
hR2Nr2Nr1+r2−1(V (N))r1(V (2N))r2

w‖∆k‖
N
2 ζk(N)

. (5.3)

Here h is the class number, r1 and r2 are the number of real and complex em-
beddings respectively from k into C, R is the regulator, w is the number of roots
of unity of k, ζk is the Dedekind zeta function of k and V (l) is the l-dimensional
volume of the unit ball in Rl. Then Theorem 2.2 follows from Theorem 4.4, (5.2)
and Theorem 5.1.

Let
Ok := {α ∈ k : ‖α‖v ≤ 1 for all v, v -∞}

be the ring of integers in k. If v is a finite place of k, then we define

Pv := {α ∈ Ok : ‖α‖v < 1}.
Then {Pv : v -∞} is the set of all prime ideals in Ok. In view of the fundamental
theorem of ideals in k, every non-zero fractional ideal B in k can be written uniquely
as a product of prime ideals such that

B =
∏
v-∞

Pmv
v

for mv ∈ Z and mv = 0 for almost all but finitely many v. Furthermore, we have

B = {α ∈ k : ‖α‖v ≤ ‖πv‖mvv for all v, v -∞}.
If we denote the norm N(Pv) of Pv by qv, then

N(B) =
∏
v-∞

N(Pv)mv =
∏
v-∞

qmvv

and qv = ‖πv‖−dvv .
Let α −→ α(i), (1 ≤ i ≤ d) denote the embeddings from k into C, ordered so

that the first r1 are real and α(i+r2) = α(i) for r1 + 1 ≤ i ≤ r1 + r2, where α is the
complex conjugate of α and d = r1 + 2r2. If α = (α0, · · · , αN−1)t is an element in
kN , then we let

α(i) = (α(i)
0 , · · · , α(i)

N−1)t.
where αt means the transpose of α. Hence if v is an infinite place of k, then
‖α‖v = ‖α(i)‖ for some 1 ≤ i ≤ r1 + r2 where ‖ · ‖ is the usual Euclidean norm
over C.

Given a non-zero element α in kN , we let < α > be the fractional ideal in k
generated by its components α0, · · · , αN−1. For each finite place v, we let ‖α‖v =
‖πv‖mvv for some mv ∈ Z. Then

< α > = {α ∈ k : ‖α‖v ≤ ‖πv‖mvv for all v, v -∞}
=

∏
v-∞

Pmv
v .
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It follows that

N(< α >) =
∏
v-∞

‖πv‖−mvdvv

=
∏
v-∞

‖α‖−dvv

and hence

H(α)d = N(< α >)−1
r1+r2∏
i=1

‖α(i)‖ei

where

ei :=

{
1 if 1 ≤ i ≤ r1,
2 if r1 + 1 ≤ i ≤ r1 + r2.

It will be convenient to write

H∞(α) :=
r1+r2∏
i=1

‖α(i)‖ei (5.4)

so that

H(α)d = N(< α >)−1H∞(α). (5.5)

Let µ be the Möbius function on ideals in Ok.

Lemma 5.2. Let F : PN−1(k) −→ C be a bounded function and ‖F (α)‖ ≤ M for
any α in PN−1(k). Then for any H ≥ 1 we have∑
α∈PN−1(k)
H(α)≤H

F (α) =
∑

C⊆Ok

N(C)≤Hd

µ(C)
∑

B⊆Ok

N(B)≤Hd/N(C)

×

∑
α∈(B−1)N−1

H∞(α,1)≤Hd/N(BC)

F ([α, 1]) +O(MH(N−1)d), (5.6)

where C ⊆ Ok means that the summation runs over all integral ideals in Ok and
the implicit constant depends only on k.

Proof. For any non-zero α = (α0, · · · , αN−2)t ∈ kN−1, we define

T(α) := {a ∈ k : aα ∈ ON−1
k }.

Then T(α) is a fractional ideal in k. Let

T∗(α) := T(α) ∩Ok.

So, T∗(α) =< (α, 1) >−1. Hence from (5.2), (5.4) and (5.5), we have∑
α∈PN−1(k)
H(α)≤H

F (α) =
∑

[α,1]∈PN−1(k)
H(α,1)≤H

F ([α, 1]) +O(MH(N−1)d)

=
∑

α∈kN−1

N(T∗(α))H∞(α,1)≤Hd

F ([α, 1]) +O(MH(N−1)d). (5.7)
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For any fractional ideal U in k, we define

λ(U, H) :=
∑

α∈kN−1

T(α)⊇U
H∞(α,1)≤H/N(U)

F ([α, 1]) (5.8)

and

λ(U, H) :=
∑

α∈kN−1

T∗(α)=U
H∞(α,1)≤H/N(U)

F ([α, 1]). (5.9)

Using an argument similar to that used to prove Lemma 1 in [13], we have

λ(U, H) =
∑
C|U

µ(C)λ(UC−1, H/N(C)). (5.10)

Note that if U 6⊆ Ok, then in view of (5.9), λ̄(U, H) = 0. So, by (5.10),∑
α∈kN−1

N(T∗(α))H∞(α,1)≤Hd

F ([α, 1])

=
∑

U⊆Ok

N(U)≤Hd

∑
α∈kN−1,T∗(α)=U

H∞(α,1)≤Hd/N(U)

F ([α, 1])

=
∑

U⊆Ok

N(U)≤Hd

λ(U, Hd)

=
∑

U⊆Ok

N(U)≤Hd

∑
C|U

µ(C)λ(UC−1, Hd/N(C))

=
∑

C⊆Ok

N(C)≤Hd

µ(C)
∑

B⊆Ok

N(B)≤Hd/N(C)

λ(B, Hd/N(C)) (5.11)

where U = BC.
Now suppose B is a fractional ideal in k. Then we claim that

α ∈ (B−1)N−1 if and only if B ⊆ T(α). (5.12)

For, if α = (α0, · · · , αN−2)t ∈ (B−1)N−1, then

αjB ⊆ Ok

for all 0 ≤ j ≤ N − 2. So, B ⊆ T(α). Conversely, if B ⊆ T(α), then for any
b ∈ B, we have bα ∈ ON−1

k and hence bαj ∈ Ok for all j = 0, · · · , N −2. Therefore
αjB ⊆ Ok for all j = 0, · · · , N − 2 and this implies that α ∈ (B−1)N−1.

Finally, in view of (5.8) and (5.12), we get

λ(B, Hd/N(C)) =
∑

α∈(B−1)N−1

H∞(α,1)≤Hd/N(BC)

F ([α, 1]). (5.13)

Therefore, (5.6) follows from (5.7), (5.11) and (5.13). �
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Lemma 5.2 suggests that we should investigate the sum

Sl(B, X, F ) :=
∑

α∈(B−1)l−1

H∞(α,1)≤X

F (α) (5.14)

for any X ≥ 1, l ≥ 2 and integral ideal B in Ok. For α ∈ C, we choose the range
of the argument of α so that 0 ≤ arg(α) < 2π and for any y = (y1, y2)t ∈ R2, we
let arg(y) := arg(y1 + iy2). Then we define

Slr(B, X, y,γ, θ) := Card
{
α = (α0, · · · , αl−2)t ∈ (B−1)l−1 : ‖α(r)‖ ≤ y,

H∞(α,γ) ≤ X, 0 ≤ arg(α(r)
n−2) ≤ θ

}
(5.15)

for any 1 ≤ r ≤ r1 + r2, y > 0, 0 ≤ θ ≤ 2π and γ in ks, s ≥ 1. Suppose the values
of F (α) depend only on ‖α(r)‖. Then

Sl(B, X, F ) =
∑

α∈(B−1)l−1

H∞(α,1)≤X

G(‖α(r)‖)

=
∫ ∞

0

G(y)dSlr(B, X, y, 1, 2π), (5.16)

where G(‖α(r)‖) := F (α) and G(y) is continuous on (0,∞). In order to estimate
Slr(B, X, y,γ, θ), we follow the argument in [13] and first show that this is equal to
the number of lattice points inside some domain in Rld. Then we use Theorems 4
and 5 in [13] to estimate the number of such lattice points. Lemma 5.3 below gives us
an asymptotic estimation for Slr(B, X, y,γ, θ). Before we state the lemma, we need
to introduce some notations. For any σ ∈ Σm := {(c1, c2, · · · , cm) : cj ∈ {1, 2}}
and x > 0, we let

Dσ(x) :=

u ∈ Rm :
m∏
j=1

(u2
j + 1)

cj
2 ≤ x−1 and 0 ≤ uj ,∀j


and

f lσ(x) := x

∫
· · ·
∫

Dσ(x)

m∏
j=1

u
lcj−1
j duj (5.17)

for any l ≥ 1. Note that if x ≥ 1, then f lσ(x) = 0 for any σ. For 1 ≤ r ≤ r1 + r2,
we let

σr := (e1, · · · , er−1, er+1, · · · , er1+r2)
be an element in Σr1+r2−1. If d = 1, i.e., r1 = 1 and r2 = 0, then we understand
that

f lσ1
(x) = xχ[0,1](x). (5.18)

Let

Eld :=
{

(α1,α2, · · · ,αd)t ∈ Rlr1 × C2lr2 : αr1+i = αr1+r2+i, 1 ≤ i ≤ r2

}
,

where αi ∈ Rl for 1 ≤ i ≤ r1 and αi ∈ Cl for r1 + 1 ≤ i ≤ d. We then define
ρ : kl −→ Eld by

ρ(α) := (α(1), · · · ,α(d))t
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and ψ : Eld −→ Rld by

ψ(α1, · · · ,αd) := (β1, · · · ,βr1+r2)t

where βi := αi for 1 ≤ i ≤ r1,

βi := (βi0, · · · ,βi(l−1))
t

for r1 + 1 ≤ i ≤ r1 + r2 and βij := (<(αij),=(αij)) for 0 ≤ j ≤ l − 1. Note that
ψ ◦ ρ embeds kl into Rld.

Next we suppose that Λ is a lattice in Rl. Let λ1 ≤ · · · ≤ λl be the successive
minima of Λ with respect to the unit ball in Rl. Let {y1, · · · ,yl} be a corresponding
set of linearly independent vectors in Λ such that

‖yj‖ = λj

for 1 ≤ j ≤ l. Define

Λ−i := Λ ∩
l−i⊕
j=1

Ryj

for 1 ≤ i ≤ l − 1. Let b1, · · · , bl be a basis for Λ. If τ is some m-element subset
of {1, · · · , l}, then we write Vτ for the space spanned by the vectors bj for j ∈ τ
and Vτ∗ for the space spanned by the remaining vectors bj . We also denote the
orthogonal complement of a subspace, V , in Rl by V ⊥ and the orthogonal projection
of a domain, D, onto V by D(V ).

Lemma 5.3. Suppose B is an integral ideal in Ok and 1 ≤ r ≤ r1 + r2. Let γ
be an element in ks, s ≥ 1 such that 1 ≤ ‖γ(j)‖ for any 1 ≤ j ≤ r1 + r2. For any
X ≥ 1, l ≥ 1 and y > 0 we let

J = J(X, y,γ, r, l) :=
∫ y

‖γ(r)‖

0

f lσr

(
(u2 + 1)

er
2 H∞(γ)
X

)
uler−1

(u2 + 1)
er
2
du.

Then for any 0 ≤ θ ≤ 2π, we have

Sl+1
r (B, X, y,γ, θ)

= c3N(B)l∆JH∞(γ)l−1X +O

(
N(B)l−

1
dX

r1+r2∑
m=1

∑
σ∈Σm

f lσ(X−1)

)
(5.19)

where the implicit constant depends only on k and l,

c3 = c3(k, l) = (lV (l))r1(2lV (2l))r22lr2‖∆k‖−
l
2 ,

and ∆ = ∆(θ, r) is 1 or θ
2π according as 1 ≤ r ≤ r1 or r1 + 1 ≤ r ≤ r1 + r2.

Proof. We first suppose that r1 + 1 ≤ r ≤ r1 + r2. If we let Λ := ψ ◦ ρ((B−1)l) and
for any 0 ≤ φ ≤ 2π

D(φ) := {(β1, · · · ,βr1+r2) ∈ Rld :
r1+r2∏
i=1

(‖βi‖2 + ‖γ(i)‖2)
ei
2 ≤ X,

‖βr‖ ≤ y, 0 ≤ arg(βr(l−1)) ≤ φ},

where βi = (βi0, · · · ,βi(l−1))t and βij ∈ R2 for r1 + 1 ≤ i ≤ r1 + r2 and j =
0, · · · , l − 1, then

Sl+1
r (B, X, y,γ, θ) = Card{Λ ∩D(θ)},
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by (5.15). In view of Lemma 1 in [12], ρ((B−1)l) is a lattice in Eld and

det(ρ((B−1)l)) = N(B−1)l det(ρ(Ol
k)) = N(B−1)l‖∆k‖

l
2 .

Since ψ is a bijective linear transformation with determinant 2−lr2 , we have

det(Λ) = (N(B−1)2−r2‖∆k‖
1
2 )l.

If we set ui = ‖βi‖ for 1 ≤ i ≤ r1 + r2 and use polar coordinates for each βi, then
the ld-dimensional volume of D(θ) is

θ

2π
(lV (l))r1(2lV (2l))r2

∫
· · ·
∫

∏r1+r2
i=1 (u2

i+‖γ
(i)‖2)ei/2≤X

0≤ui,∀i

χ[0,y](ur)
r1+r2∏
i=1

ulei−1
i dui

=
θ

2π
(lV (l))r1(2lV (2l))r2(H∞(γ))l

∫
· · ·
∫

A

r1+r2∏
i=1

ulei−1
i dui (5.20)

where

A :=

{
u ∈ Rr1+r2 : 0 ≤ ui,∀i, 0 ≤ ur ≤ y/‖γ(r)‖,

r1+r2∏
i=1

(u2
i + 1)

ei
2 ≤ X/H∞(γ)

}
.

In view of (5.17), we have∫
· · ·
∫

A

r1+r2∏
i=1

ulei−1
i dui

=
X

H∞(γ)

∫ y

‖γ(r)‖

0

f lσr

(
(u2 + 1)

er
2 H∞(γ)
X

)
uler−1

(u2 + 1)
er
2
du

= JH∞(γ)−1X. (5.21)

Now we apply Lemma 10 in [12] and Theorem 5 in [13] and in view of (5.20) and
(5.21) we get

Sl+1
r (B, X, y,γ, θ)

=
Vol(D(θ))

det(Λ)
+O

(
ld−1∑
m=0

∑
τ

Vol{(D(θ))(V ⊥τ∗)}
det(Λ−(ld−m))

)

=
Vol(D(θ))

det(Λ)
+O

(
ld−1∑
m=0

Vm(D(2π))
det(Λ−(ld−m))

)

= c3N(B)l∆JH∞(γ)l−1X +O

 l−1∑
m=0

d−1∑
j=0

Vmd+j(D(2π))N(B)m+ j
d

 (5.22)

because D(θ) ⊆ D(2π) and D(2π) is a coordinate domain. Next we analyze the
error term in (5.22). If we replace all ‖γ(j)‖ by 1 and remove the conditions
‖βr‖ ≤ y and 0 ≤ arg(βr(l−1)) ≤ 2π in D(2π), then each summand in Vj(D(2π))
becomes larger. As proving (5.20), every summand in Vj(D(2π)) is � Xf lσ(X−1)
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for some σ ∈ Σm and 1 ≤ m ≤ r1 + r2. Hence the error term in (5.22) is

� N(B)l−
1
dX

r1+r2∑
m=1

∑
σ∈Σm

f lσ(X−1). (5.23)

Therefore, (5.19) follows from (5.22) and (5.23). This proves (5.19) for r1 + 1 ≤
r ≤ r1 + r2.

If 1 ≤ r ≤ r1, then the condition 0 ≤ arg(α(r)
l−2) ≤ θ can be removed because

α
(r)
l−2 is real. So, Sl+1

r (B, X, y,γ, θ) = Sl+1
r (B, X, y,γ, 2π) and this proves (5.19)

for 1 ≤ r ≤ r1. �

It follows from the Dedekind-Weber theorem that for y > 0,∑
B⊆Ok

N(B)≤y

1 = hκy +O(y1− 1
d ), (5.24)

where

κ :=
2r1+r2πr2R

ω‖∆k‖
1
2
.

Lemma 5.4. Let G : [0,∞) −→ C be bounded, differentiable and ‖G′(t)‖ be in-
tegrable on [0,∞). Suppose ‖G(t)‖ ≤ M and

∫∞
0
‖G′(t)‖dt ≤ M ′. Then for any

X ≥ 1, l ≥ 1 and 1 ≤ r ≤ r1 + r2, we have∑
B⊆Ok

N(B)≤X

Sl+1(B, X/N(B), G(‖α(r)‖))

= c4X
l+1

∫ ∞
0

G(y)
yler−1

(y2 + 1)(l+1) er2
dy +O((M +M ′)X l+1− 1

d ), (5.25)

where the implicit constant depends only on k, l and G, and

c4 = c4(k, l, r) :=
c3hκ
l + 1

r1+r2∏
i 6=r
i=1

Γ( ei2 )Γ( lei2 )

2Γ( (l+1)ei
2 )

.

Proof. We first suppose d ≥ 2. By (5.16),

Sl+1(B, X/N(B), G(‖α(r)‖)) =
∫ ∞

0

G(y)dSl+1
r (B, X/N(B), y, 1, 2π).

Hence from Lemma 5.3, we have

Sl+1(B, X/N(B), G(‖α(r)‖)) = c3N(B)l−1X ×∫ ∞
0

G(y)f lσr

(
(y2 + 1)er/2N(B)

X

)
yler−1

(y2 + 1)er/2
dy +∫ ∞

0

G(y)dO

(
N(B)l−1− 1

dX

r1+r2∑
m=1

∑
σ∈Σm

f lσ(N(B)X−1)

)
. (5.26)

Next we consider the following summation which appears on the right hand side of
(5.26) when we sum over B ⊆ Ok, N(B) ≤ X. For simplicity, we temporarily fix
y ≥ 0 and let

f(x) = f lσr

(
(y2 + 1)er/2x

X

)
,
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for 0 ≤ x ≤ X. Then, by (5.24), we have∑
B⊆Ok

N(B)≤X

N(B)l−1f(N(B))

=
∫ X

0

xl−1f(x)d
∑

B⊆Ok

N(B)≤x

1

= hκ
∫ X

0

xl−1f(x)dx+O

(∫ X

0

x1− 1
d

∣∣∣∣ ddxxl−1f(x)
∣∣∣∣ dx

)
(5.27)

because f(X) = 0 for any σ and y ≥ 0. For any σ ∈ Σm, 1 ≤ m ≤ r1 + r2 and
0 ≤ s < 1, by (5.17), we have∫ X

0

f(x)xl−1−sdx

=
(y2 + 1)er/2

X

∫ X

0

xl−s
∫
· · ·
∫

Dσ((y2+1)er/2xX−1)

m∏
i=1

ulci−1
i duidx

= (y2 + 1)er/2X l−s
∫ ∞

0

· · ·
∫ ∞

0

∫ (y2+1)−er/2
∏m
i=1(u2

i+1)−ci/2

0

xl−sdx

m∏
i=1

ulci−1
i dui

=
1

l + 1− s

{
X

(y2 + 1)
er
2

}l−s m∏
i=1

Γ(lci/2)Γ(ci(1− s)/2)
2Γ(ci(l + 1− s)/2)

(5.28)

because
∫∞

0
u2q−1

(1+u2)p+q du = Γ(p)Γ(q)
2Γ(p+q) for any p, q > 0. In view of Lemma 13 in [12],

we have f lσ
′(x) ≤ 0 and hence the error term in (5.27) is

�
∫ X

0

f(x)xl−1− 1
d dx

�
(

X

(y2 + 1)er/2

)l− 1
d

, (5.29)

by (5.28). Combining (5.27), (5.28) and (5.29), we now have, for any y ≥ 0,∑
B⊆Ok

N(B)≤X

N(B)l−1f(N(B))

=
c4
c3

(
X

(y2 + 1)er/2

)l
+O

((
X

(y2 + 1)er/2

)l− 1
d

)
. (5.30)

Thus by (5.26),∑
B⊆Ok

N(B)≤X

Sl+1(B, X/N(B), G(‖α(r)‖)) = c4X
l+1

∫ ∞
0

G(y)
yler−1

(y2 + 1)
(l+1)er

2

dy +

+O

MX l+1− 1
d + (M +M ′)

∑
B⊆Ok

N(B)≤X

N(B)l−1− 1
dX

r1+r2∑
m=1

∑
σ∈Σm

f lσ(N(B)X−1)

 .
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Using an argument as in our proof of (5.30), we can show that the second error
term in the last equation is � (M + M ′)X l+1− 1

d . This proves (5.25) for d ≥ 2.
The case d = 1 can be proved in a similar manner. �

For any N ≥ 2, n ≥ 1, x ≥ 1 and β in kN−1, we let

TNn (x,β) :=
∑

B⊆Ok

N(B)≤x

SN (B, x/N(B), QN,v2n (∆v((α,1),(β,1)))). (5.31)

Since v|∞, so v corresponds to some embedding of k into C such that

‖α‖v = ‖α(r)‖,

for any α ∈ k. From now on, we fix r so as to correspond with this embedding of
k into kv.

We will prove Theorem 5.1 by induction on N ≥ 2. The following lemma shows
that it is true for N = 2 and this starts our initial inductive step.

Lemma 5.5. Suppose v|∞. Let β be an element in k and n be a positive integer.
Then for any X ≥ 1, we have

T 2
n(X,β)� n5nX2− 1

d (5.32)

where the implicit constant depends only on k.

Proof. We first consider the case that kv ∼= R. In this case, by (4.6)

Q2,v
2n (∆v((α,1),(β,1))) = α2

2nC
0
2n(
√

1−∆2
v((α,1),(β,1)))

and α(r) is real for any α in k. Hence if we let θ and φ be the angles in [0, π] such
that

cos θ :=
α(r)√

1 + ‖α(r)‖2
and cosφ :=

β(r)√
1 + ‖β(r)‖2

,

then √
1−∆2

v((α, 1), (β, 1)) =
‖α(r)β(r) + 1‖√

1 + ‖α(r)‖2
√

1 + ‖β(r)‖2
= ‖ cos(θ − φ)‖.

Since C0
m(cosψ) = 2

m cosmψ and C1
m(cosψ) = sin(m+1)ψ

sinψ , so we have

C0
2n(
√

1−∆2
v((α,1),(β,1))) = C0

2n(cos θ) cos 2nφ+
1
n
C1

2n−1(cos θ) sin θ sin 2nφ.
(5.33)

Because C1
2n−1(x) is odd, when we sum over α ∈ B−1, the second term in (5.33)

vanishes. So, from (4.6), (5.14), (5.31) and (5.33), we have

T 2
n(X,β) = α2

2n(cos 2nφ)
∑

B⊆Ok

N(B)≤X

S2(B, X/N(B), G1(‖α(r)‖))

� n

∣∣∣∣∣∣∣∣
∑

B⊆Ok

N(B)≤X

S2(B, X/N(B), G1(‖α(r)‖))

∣∣∣∣∣∣∣∣
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where G1(t) = C0
2n

(
t√
t2+1

)
. By putting G(t) = G1(t) and l = 1 in Lemma 5.4 and

using ∫ ∞
0

G1(t)
1

t2 + 1
dt = 0,

(5.32) follows from (5.25) because ‖G1(t)‖ ≤ 1/n and
∫∞

0
‖G′1(t)‖dt � n. This

proves (5.32) for kv ∼= R. Similarly, if kv ∼= C, then by (4.7) and the fact that

P
(0,0)
n (x) = C

1
2
n (x), we have

Q2,v
2n (∆v((α,1),(β,1))) = β2

2nP
(0,0)
n (2∆2

v((α,1),(β,1))−1)

= β2
2nC

1
2
n (2∆2

v((α,1),(β,1))−1)

and we let

α(r) = ρ1e
iψ1 and β(r) = ρ2e

iψ2

for ρ1, ρ2 > 0 and ψ1, ψ2 ∈ [0, 2π). We also let θi ∈ [0, π] such that cos θi = ρ2i−1

ρ2i+1

for i = 1, 2. Thus by the addition theorem (4.3),

C
1
2
n (1−2∆2

v((α,1),(β,1)))

= C
1
2
n (cos θ1 cos θ2 + sin θ1 sin θ2 cos(ψ1 − ψ2))

= C
1
2
n (cos θ1)C

1
2
n (cos θ2) + 2

n∑
j=1

b
1
2
j,n sinj θ1 sinj θ2 ×

×C
1
2 +j
n−j (cos θ1)C

1
2 +j
n−j (cos θ2) cos j(ψ1 − ψ2)). (5.34)

Since C0
j (x) is odd if j is odd, so the contribution corresponding to the odd j on

the left hand side of (5.34) will be zero when we sum over α ∈ B−1. Hence from
(4.4), (4.5) and (4.7), we have

T 2
n(X,β)� n

1
2

∣∣∣∣∣∣∣∣
∑

B⊆Ok

N(B)≤X

S2(B, X/N(B), G2(‖α(r)‖))

∣∣∣∣∣∣∣∣+ n
1
2 (2en)2n ×

×
[n/2]∑
j=1

∣∣∣∣∣∣∣∣
∑

B⊆Ok

N(B)≤X

∑
α∈B−1

H∞(α,1)≤X/N(B)

Hj(‖α(r)‖) cos 2j(arg(α(r))− ψ2)

∣∣∣∣∣∣∣∣ (5.35)

whereG2(t) = C
1
2
n

(
t2−1
t2+1

)
andHj(t) =

{
2t
t2+1

}2j

C
1
2 +2j
n−2j

(
t2−1
t2+1

)
. By puttingG(t) =

G2(t) and l = 1 in Lemma 5.4, the first term on the right hand side of (5.35) is
� n

5
2X2− 1

d because ∫ ∞
0

G2(t)
t

(t2 + 1)2
dt = 0.
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Next we consider the second term in the right hand side of (5.35). By Lemma 5.3,
we have ∑

B⊆Ok

N(B)≤X

∑
α∈B−1,‖α(r)‖≤y
H∞(α,1)≤X/N(B)

cos 2j(arg(α(r))− ψ2)

=
∑

B⊆Ok

N(B)≤X

∫ 2π

0

cos 2j(ψ − ψ2)dS2
r (B, X/N(B), y, 1, ψ)

�
∑

B⊆Ok

N(B)≤X

N(B)−
1
dX

r1+r2∑
m=1

∑
σ∈Σm

f1
σ(N(B)X−1)

� X2− 1
d .

Therefore the double summation over B and α in the second term in (5.35) is equal
to ∫ ∞

0

Hj(y)d
∑

B⊆Ok

N(B)≤X

∑
α∈B−1,‖α(r)‖≤y
H∞(α,1)≤X/N(B)

cos 2j(arg(α(r))− ψ2)

� j(en)4j+2X2− 1
d

by (4.5). This shows that the second term in (5.35) is � n5nX2− 1
d and so proves

(5.32) for kv ∼= C. �

Lemma 5.6. Suppose v|∞ and N ≥ 2. Let β be an element in kN−1, n be a
positive integer. Then for any X ≥ 1, we have,

TNn (X,β)� n9(N−1)nXN− 1
d , (5.36)

where the implicit constant depends only on k and N .

Proof. We prove the lemma by induction on N . The case N = 2 is true because
of Lemma 5.5. Now we suppose the assertion of the lemma is true for N − 1 for
N ≥ 3.

Let kv ∼= R. Then

1−∆2
v((α, 1), (β, 1)) =

‖
∑N−1
i=0 α

(r)
i β

(r)
i + 1‖2

‖(α(r), 1)‖2 · ‖(β(r), 1)‖2

= ‖ cos θ cosφ+ sin θ sinφ cosψ‖2,

where cos θ = α
(r)
0

‖(α(r),1)‖ , cosφ = β
(r)
0

‖(β(r),1)‖ and cosψ =
∑N−1
i=1 α

(r)
i β

(r)
i +1

‖(α′(r),1)‖·‖(β′(r),1)‖ for

0 ≤ θ, φ, ψ ≤ π and α′ = (α1, · · · , αN−2), β′ = (β1, · · · , βN−2). So by (4.3) and
(4.6), we have

QN,v2n (∆v((α,1),(β,1)))

= αN2nC
N−2

2
2n (

√
1−∆2

v((α,1),(β,1)))

= αN2n

2n∑
j=0

b
N−2

2
j,2n sinj θ sinj φC

N−2
2 +j

2n−j (cos θ)C
N−2

2 +j
2n−j (cosφ)

N−3+2j

N−3
C
N−3

2
j (cosψ),
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where b
N−2

2
0,2n = 1. Since C

N−2
2 +j

2n−j (x) is odd if j is odd, so as before,

TNn (X,β)� (5en)N−3+4n
n∑
j=0

∣∣∣∣∣∣∣∣∣
∑

B⊆Ok

N(B)≤X

∑
α′∈(B−1)N−2

H∞(α′,1)≤X/N(B)

×

× QN−1,v
2j (∆v((α′, 1), (β′, 1)))

∑
α0∈B−1

H∞(α0,α
′,1)≤X/N(B)

Fj

(
‖α(r)

0 ‖
γr

)∣∣∣∣∣∣∣∣∣ (5.37)

where γi := ‖(α′(i), 1)‖ for 1 ≤ i ≤ r1 + r2 and Fj(t) = { 1
t2+1}

jC
N−2

2 +2j
2n−2j

(
t√
t2+1

)
.

Now using Lemma 5.3 and (4.5), the summation over α0 in (5.37) is

=
∫ ∞

0

Fj(y)dS2
r (B, X/N(B), yγr, (α′, 1), 2π)

= c3(k, 1)X
∫ ∞

0

Fj(y)
(y2 + 1)

1
2
f1
σr ((y

2 + 1)
1
2H∞(α′, 1)N(B)X−1)dy +

+O((j + 1)(2en)N−1+4jN(B)−
1
dX

r1+r2∑
m=1

∑
σ∈Σm

f1
σ(N(B)X−1)).(5.38)

So, in view of (5.37) and (5.38), we have

TNn (X,β)� (5en)N−3+4nX

n∑
j=0

∣∣∣∣∫ ∞
0

Fj(y)
(y2 + 1)

1
2

∑
(y)dy

∣∣∣∣+ (5en)2N−4+8n ×

×
∑

B⊆Ok

N(B)≤X

∑
α′∈(B−1)N−2

H∞(α′,1)≤X/N(B)

N(B)−
1
dX

r1+r2∑
m=1

∑
σ∈Σm

f1
σ(
N(B)
X

), (5.39)

where ∑
(y) =

∑
B⊆Ok

N(B)≤X

∑
α′∈(B−1)N−2

H∞(α′,1)≤X/N(B)

QN−1,v
2j (∆v((α′, 1), (β′, 1)))×

×f1
σr

(
(y2 + 1)

1
2H∞(α′, 1)N(B)X−1

)
.

For j ≥ 1,∑
(y) =

∫ 1

0

f1
σr ((y

2 + 1)
1
2x)dTN−1

j (xX,β′)

� (j + 1)9(N−2)jXN−1− 1
d

∫ 1

0

xN−1− 1
d

∣∣∣∣ ddxf1
σr ((y

2 + 1)
1
2x)
∣∣∣∣ dx

� (j + 1)9(N−2)j

(
X

(y2 + 1)
1
2

)N−1− 1
d

,
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by the inductive hypothesis, f1
σr

′(x) ≤ 0 and (5.28). So for j ≥ 1, we have∫ ∞
0

Fj(y)
(y2 + 1)

1
2

∑
(y)dy � (j + 1)9(N−2)jXN−1− 1

d

∫ ∞
0

‖Fj(y)‖

(y2 + 1)
N− 1

d
2

dy

� (j + 1)9(N−2)j(2en)N−3+4jXN−1− 1
d (5.40)

by (4.5). By using Lemma 5.4 and the fact that∫ ∞
0

F0(y)

(y2 + 1)
N
2
dy = 0,

we can show that (5.40) is also true for j = 0. Hence the first term in the right
side of (5.39) is � n9(N−1)nXN− 1

d . Using a similar argument as in our proof of
(5.30), we can show that the second term in the right hand side of (5.39) is also
� n9(N−1)nXN− 1

d . This proves (5.36) for kv ∼= R. The proof in the case kv ∼= C is
similar to the above proof but instead of using (4.3), we employ (4.2). �

Proof of Theorem 5.1 : First of all, by Dirichlet’s Theorem, if we let τ ∈ kv
such that |τ |v ≥ H

dv
d , then there is a β1 ∈ PN−1(k) such that

∆v(β,β1)� |τ |
− d
dv

v ≤ H−1

because H(β) ≥ 1. So,∑
α∈PN−1(k)
H(α)≤H

QN,v2n (∆v(α,β))

=
∑

α∈PN−1(k)
H(α)≤H

QN,v2n (∆v(α,β1)) +O(n9(N−1)n
∑

α∈PN−1(k)
H(α)≤H

∆v(β,β1))

=
∑

α∈PN−1(k)
H(α)≤H

QN,v2n (∆v(α,β1)) +O(n9(N−1)nHNd−1) (5.41)

by (5.2) and (4.5).
Without loss of generality, we may assume that β1 = (β0, · · · , βN−2, 1). Hence

from Lemmas 5.2 and 5.6∑
α∈PN−1(k)
H(α)≤H

QN,v2n (∆v(α,β1))

=
∑

C⊆Ok

N(C)≤Hd

µ(C)TNn (Hd/N(C),β1) +O(n9(N−1)nH(N−1)d)

� n9(N−1)n

HNd−1
∑

C⊆Ok

N(C)≤Hd

‖µ(C)‖
N(C)N−

1
d

+H(N−1)d


� n9(N−1)n(HNd−1 +H logH).

Therefore, (5.1) follows from this and (5.41). This completes the proof of Theorem
5.1.
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It remains to consider the case v -∞. In this case the orthonormal polynomials
are unfamiliar and it is not known if there is an addition theorem for these polyno-
mials. Of course this was essential to our argument establishing the inductive step
in the proof of Theorem 5.1. Therefore in our proof of Theorem 2.2 for v - ∞ we
estimate the number of the rational points with low height inside a projective ball
directly.

Theorem 5.7. Suppose v - ∞. Let β be an element in PN−1(kv) and m be a
positive integer. Then for any H ≥ 1, we have∑
α∈PN−1(k)
H(α)≤H

χD (β,‖πv‖mv )(α)

= c2‖πv‖m(N−1)dv
v

{
1− ‖πv‖dvv

1− ‖πv‖Ndvv

}
HNd +O(HNd−1 +H logH) (5.42)

where c2 is defined in (5.3) and the implicit constant depends only on k and N .

Consequently Theorem 2.2 for v -∞ follows immediately from (2.12), (3.2), (5.2)
and Theorem 5.7. Before we prove Theorem 5.7, we first establish some preliminary
lemmas.

Lemma 5.8. Suppose v -∞. Then for any x ≥ 1, we have∑
(B,Pv)=1
N(B)≤x

1 = hκ(1− q−1
v )x+O(x1− 1

d )

where the summation is over all integral ideals in Ok, relatively prime to Pv, and
having norm less than or equal to x.

Proof. Let F (j) and F ∗(j) denote the number of integral ideals in Ok with norm
equal to j and the number of integral ideals relatively prime to Pv with norm equal
to j, respectively. For any s > 1, the Dedekind zeta function of k is given by

ζk(s) =
∑

B⊆Ok

N(B)−s.

Then we have

ζk(s) =
∞∑
j=1

F (j)
js

,

and ∑
B⊆Ok

(B,Pv)=1

N(B)−s =
∞∑
j=1

F ∗(j)
js

.

By the Euler product formula,
∞∑
j=1

F ∗(j)
js

=
∏

P 6=Pv

(1−N(P)−s)−1

= ζk(s)(1− q−sv )

=
∞∑
j=1

F (j)
js

+
∞∑
j=1

F (j)
(jqv)s

,
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where the product is over all prime ideals in Ok distinct from Pv. Hence, we have

F ∗(j) =


F (j) if qv - j,

F (j)− F ( jqv ) if qv|j.

Therefore, ∑
(B,Pv)=1
N(B)≤x

1 =
∑
j≤x

F ∗(j)

=
∑
j≤x

F (j)−
∑
j≤ x

qv

F (j)

= hκ(1− q−1
v )x+O(x1− 1

d )

by (5.24). This proves Lemma 5.8. �

Lemma 5.9. Suppose v -∞. Let β = (β0, · · · , βN−2)t be an element in kN−1 such
that ‖(β, 1)‖v = 1 and m ≥ 1. Then we have

∆v((α, 1), (β, 1)) ≤ ‖πv‖mv
if and only if

‖αj − βj‖v ≤ ‖πv‖mv ,
for 0 ≤ j ≤ N − 2 and any α = (α0, · · · , αN−2)t in kN−1.

Proof. We first note that

‖αiβj − αjβi‖v = ‖αiβj − βiβj + βiβj − αjβi‖v
≤ max{‖βj‖v‖αi − βi‖v, ‖βi‖v‖αj − βj‖v}
≤ max{‖αi − βi‖v, ‖αj − βj‖v}.

Also, if ‖αi − βi‖v ≤ ‖πv‖mv , then ‖(α, 1)‖ = 1. This proves the “if” part.
Suppose ∆v((α, 1), (β, 1)) ≤ ‖πv‖mv , then we claim that ‖(α, 1)‖v = 1. For, if

‖(α, 1)‖v > 1, then there is j0 such that ‖α‖v = ‖αj0‖v > 1. Hence

∆v((α, 1), (β, 1)) ≥ ‖αj0 − βj0‖v
‖αj0‖v

= 1.

This contradicts ∆v((α, 1), (β, 1)) ≤ ‖πv‖mv < 1. Therefore, ‖(α, 1)‖v = 1 and
hence

‖αj − βj‖v ≤ ∆v((α, 1), (β, 1)) ≤ ‖πv‖mv
for any 0 ≤ j ≤ N − 2. This completes the proof of the lemma. �

Lemma 5.10. Let m be a positive integer and β an element in Ok. Suppose v is
a finite place of k and B is an integral ideal in Ok such that

B =
∏
w-∞

Pmw
w ,

where mw ≥ 0 and mw = 0 for all but finitely many w. Then we have

{α ∈ B−1 : ‖α− β‖v ≤ ‖πv‖mv } = Pm
v

∏
w 6=v

P−mww + β.
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Proof. Suppose α ∈ Pm
v

∏
w 6=v P−mww + β ⊆ B−1. Then we let α = γ + β for some

γ ∈ Pm
v

∏
w 6=v P−mww so that ‖γ‖v ≤ ‖πv‖mv . Thus,

‖α− β‖v = ‖γ‖v ≤ ‖πv‖mv .

Conversely, suppose α ∈ B−1 and ‖α − β‖v ≤ ‖πv‖mv . Since β ∈ Ok ⊆ B−1, so
α−β belongs to B−1∩Pm

v which is equal to Pm
v

∏
w 6=v P−mww . This completes the

proof of the lemma. �

Proof of Theorem 5.7 :
The proof is similar to the proof of Theorem 5.1. First of all we show that we

can assume β ∈ PN−1(k). In view of Dirichlet’s Theorem, if β1 ∈ PN−1(kv) and
0 < ε, then there is β2 in PN−1(k) such that

∆v(β1,β2) < ε.

So, if 0 < ε < ‖πv‖m−1
v (1− ‖πv‖v), then

D (β1, ‖πv‖mv ) = D (β2, ‖πv‖mv ).

Hence, without loss of generality, we may assume that β = (β′, 1) where β′ is in
kN−1 and ‖β‖v = 1. If we let

B =
∏
w-∞

Pmw
w , (mw ≥ 0)

be an integral ideal in Ok, then in view of Lemmas 5.9 and 5.10, for x ≥ 1,

SN (B, x, χD ((β′,1),‖πv‖mv )) =
∑

α∈(B−1)N−1,H∞(α,1)≤x
∆v((α,1),(β′,1))≤‖πv‖mv

1

=
∑

α∈(B−1)N−1,H∞(α,1)≤x
‖α−β′‖v≤‖πv‖mv

1

=
∑

α∈(B−1∩Pm
v )N−1+β′,

H∞(α,1)≤x

1.

We now apply the embeddings ρ and ψ defined in this section. Using the remark
after Theorem 5 in [13], we get

SN (B, x, χD (β,‖πv‖mv ))

=
∑

y∈(Λ+ψ◦ρ(β′))∩Dx

1

=
Vol(Dx)
det(Λ)

+O

(N−1)d−1∑
l=0

Vl(Dx)
det(Λ−((N−1)d−l))

 (5.43)

where Λ = ψ ◦ ρ((B−1 ∩Pm
v )N−1) is a lattice in R(N−1)d and

Dx :=

y ∈ R(N−1)d :
r1+r2∏
j=1

(‖yj‖2 + 1)
ej
2 ≤ x

 .
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Using Lemma 1 in [12] and the multiplicity of the norm, we have

det(Λ) = {N(B−1 ∩Pm
v )2−r2‖∆k‖

1
2 }N−1

= {qm+mv
v 2−r2N(B)−1‖∆k‖

1
2 }N−1. (5.44)

As before,

Vol(Dx)

= ((N − 1)V (N − 1))r1((2N − 2)V (2N − 2))r2
∫
· · ·
∫

Dσ(x−1)

r1+r2∏
j=1

u
(N−1)ej−1
j duj

= ((N − 1)V (N − 1))r1((2N − 2)V (2N − 2))r2xfN−1
σ (x−1) (5.45)

where σ = (e1, · · · , er1+r2) and fN−1
σ (x) is defined in (5.17).

Combining (5.43)-(5.45), we have∑
B⊆Ok

N(B)≤x

SN (B, x/N(B), χD (β,‖πv‖mv ))

= c5
x

q
(N−1)m
v

∑
B⊆Ok

N(B)≤x

N(B)N−2fN−1
σ (N(B)/x)

q
(N−1)mv
v

+O(xN−
1
d )

= c5
x

q
(N−1)m
v

∑
0≤l≤ log x

log qv

1
qlv
×

×
∑

(B,Pv)=1

N(B)≤x/qlv

N(B)N−2fN−1
σ (

N(B)qlv
x

) +O(xN−
1
d ) (5.46)

where

c5 = c5(N, k) := 2(N−1)r2‖∆k‖−
N−1

2 ((N − 1)V (N − 1))r1((2N − 2)V (2N − 2))r2

and the error term is treated as in (5.30).
We now need to estimate the summation over B on the right hand side of (5.46).

By Lemma 5.8, this summation over B is

=
∫ x

qlv

0

tN−2fN−1
σ (

tqlv
x

)d
∑

(B,Pv)=1
N(B)≤t

1

= hκ(1− q−1
v )

∫ x

qlv

0

tN−2fN−1
σ (

tqlv
x

)dt+

+O

(∫ x

qlv

0

t1−
1
d

∣∣∣∣ ddttN−2fN−1
σ (

tqlv
x

)
∣∣∣∣ dt
)
. (5.47)

Using (5.28), the error term in (5.47) is �
(
x
qlv

)N−1− 1
d

and the first integral in
(5.47) is equal to(

x

qlv

)N−1

· 1
N
·
(

NV (N)
2(N − 1)V (N − 1)

)r1
·
(

NV (2N)
2π(N − 1)V (2N − 2)

)r2
.
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Hence by (5.3), (5.46) and (5.47)∑
B⊆Ok

N(B)≤x

SN (B, x/N(B), χD (β,‖πv‖mv ))

= c2ζk(N)(1− q−1
v )

xN

q
(N−1)m
v

∑
0≤l≤ log x

log qv

q−Nlv +O(xN−
1
d )

= c2ζk(N)(1− q−1
v )(1− q−Nv )−1 xN

q
(N−1)m
v

+O(xN−
1
d ).

Therefore, by Lemma 5.2,∑
α∈PN−1(k)
H(α)≤H

χD (β,‖πv‖mv )(α)

= HNdc2ζk(N)‖πv‖m(N−1)dv
v

{
1− ‖πv‖dvv

1− ‖πv‖Ndvv

} ∑
C⊆Ok

N(C)≤Hd

µ(C)
N(C)N

+

+O(HNd−1 +H logH)

= c2‖πv‖m(N−1)dv
v

{
1− ‖πv‖dvv

1− ‖πv‖Ndvv

}
HNd +O(HNd−1 +H logH),

because qv = ‖πv‖−dvv . This proves (5.42) and completes the proof of Theorem 5.7.
Next, we give the estimation for the discrepancy. For any sequence {αl}∞l=1 in

PN−1(kv) and L ≥, we define the discrepancy for {αl}∞l=1 to be

DL := sup

{∣∣∣∣∣ 1L
L∑
l=1

χχ(β,r)(αl)−
∫

PN−1(kv)

χχ(β,r)(α)dµv(α)

∣∣∣∣∣
}
.

where the supremum is taken over all β ∈ PN−1(kv) and 0 ≤ r ≤ 1.
If kv ∼= R, then using Lemma 3.4 with ε = M−

2
3 , Theorem 3.3, (4.5) and Lemmas

3.3.3, 4.2.2 in [4], we can show that

DL �M−
1
3 +M

N−2
2

[M/2]∑
m=1

∣∣∣∣∣ 1L
L∑
l=1

QN,v2n (∆v(αl,β))

∣∣∣∣∣ . (5.48)

Similarly, if kv ∼= C, then we have

DL �M−
1
2 +

[M/2]∑
m=1

∣∣∣∣∣ 1L
L∑
l=1

QN,v2n (∆v(αl,β))

∣∣∣∣∣ . (5.49)

In particular, we consider the set of all rational points with low height and for
any H ≥ 1, we let

D∗H := sup


∣∣∣∣∣∣∣∣∣

∑
α∈PN−1(k)
H(α)≤H

χχ(β,r)(α)/
∑

α∈PN−1(k)
H(α)≤H

1−
∫

PN−1(kv)

χχ(β,r)(α)dµv(α)

∣∣∣∣∣∣∣∣∣


where the supremum is taken over all β ∈ PN−1(kv) and 0 ≤ r ≤ 1.
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Theorem 5.11. Let H ≥ 1. For v|∞, we have

D∗H �
{

log logH
logH

} 1
3

(5.50)

for kv ∼= R and

D∗H �
{

log logH
logH

} 1
2

(5.51)

for kv ∼= C. For v -∞, we have

D∗H � H−1 +
logH
HNd−1

(5.52)

Proof. By letting M = logH
10(N−1) log logH , (5.50) and (5.51) follow form (5.48),(5.49)

and Theorem 5.1. Finally, in view of (3.5), (5.52) follows from Theorem 5.7. �

We make one final remark here concerning our choice of height function. If we
use the Weil height in which the l∞-norm is used at the infinite places in (1.1)
rather than the l2-norm, then the set of rational points with low Weil height is no
longer µNv - uniformly distributed. This suggests that the height defined in (1.8) is
more natural in the projective setting.

The author wishes to thank Professor J. Vaaler for his valuable advice about
this paper.
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