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In 1989, M.C. Liu and K.M. Tsang proved that there is an absolute constant V > 0 such that
the linear equation aipi + a2p2 + azp3 = b has prime solutions p;’s if b > (max; aj)V and
a; > 0. Apart from the numerical value of V, the bound is sharp. In this manuscript, we obtain
a numerical bound for V. We also obtain a numerical bound for the small prime solutions of the
above equation if the a;’s are not all of the same sign.

1 INTRODUCTION

Let a1, a2, a3 be any nonzero integers such that

(1.1) ged(ay, az,as3) = 1.

Let b be any integer satisfying

(1.2) b=a1+ax+as(mod2) and ged(b,as,a;)=1for1<i<j<3.

Write A := max{3, |ai}, |az], |as|}.
In [11], M.C. Liu and K. M. Tsang studied a problem of A. Baker [1], namely,
the solubility and the size of small prime solutions py, pa2, p3 of the linear equation

(1.3) a1p1 + aops + asps = b.

They proved that

THEOREM I Suppose ay, a2, a3 are all positive and satisfy (1.1). Then there exists
an effective absolute constant V > 0 such that if b satisfies (1.2) and b > AV, then
the equation (1.3) has a solution in primes py,pa, Ps.

THEOREM II Suppose ai, as, az are not all of the same sign and satisfy (1.1). Then
there exists an effective absolute constant B > 0 such that whenever b satisfies (1.2),
the equation (1.3) has a solution in primes py,pa,ps satisfying

ma’x{plvp27p3} < 3Ibl + AB'
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They also mentioned in [11] that apart from the numerical values of V, B, the
bounds AY, AP are sharp, i.e., of the right order of infinity. Furthermore, by
putting a1 = a2 = az = 1, we see that Vinogradov’s famous three primes theorem
is a special case of Theorem I. In [12] they define the Baker Constant B and the
Vinogradov Counstant V to be the infima for all possible values of the constant B
and the constant V' respectively. It can be shown that (see, for example, §2 in [12])
the Linnik Theorem on the smallest prime p in arithmetical progressions (i.e., for
1 <1< gwith (I,q) = 1, there is an absolute constant I > 0 such that p < ¢¥) can
be derived easily and directly from Theorem I or Theorem I, B> Land V > L+1,
where L is the Linnik Constant defined as the infimum for all possible values of the
constant L. They also made in [12] the conjecture that the Baker constant B is 1
and the Vinogradov constant V' is 2.

In view of the relation with Linnik’s constant, it is now worthwhile to obtain
explicit values of V and B. Our main objective in this manuscript is to prove that
V <4191 and B < 4190. In particular, we have the following results:

Theorem 1 Suppose ay,as,as are all positive and satisfy (1.1). If b satisfies (1.2)
and b > (ajaza3)*>7, then the equation (1.3) has a solution in primes py,pa, p3.

Theorem 2 Suppose ay,as,as are not all of the same sign and satisfy (1.1). When-
ever b satisfies (1.2), the equation (1.3) has a solution in primes pi1, p2, p3 satisfying

Am . 1397
gjﬁ%ﬂaﬂpy} < bl + [arazas[".

A conditional result of Theorems 1 and 2 under the Generalized Riemann Hypoth-
esis (GRH) was studied in [2], [3] and [4]. Roughly speaking, in [4] we proved that
under GRH, V <5 and B < 4.

In proving Theorems 1 and 2, we require quantitative estimates for zero-free
regions and the Deuring-Heilbronn phenomenon of Dirichlet’s L-functions. These
are stated in Lemmas 2.1 and 2.2. We also require a form of Linnik’s density
theorem.

2 ZERO-FREE REGION FOR L-FUNCTION

Let x be a Dirichlet character modulo ¢ and s = o + it.

Lemma 2.1 For Q > 15 and T' > 1, there is at most one primitive character x to
a modulus < Q for which the corresponding L(s,x) has a zero in the region

1
DY log(QT)’

where Ay = 9.645908801 and if there is such an exception, the exceptional zero is
real, simple and unique.
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Proof. This follows directly from Theorems 1 and 2 in [13]. o
_ [If the exceptional zero in Lemma 2.1 exists, we denote the exceptional zero by
[ and the corresponding exceptional character by x(mod7).

Lemma 2.2 Let x1{modgq) be a real non-principal character and x(modgq) be any
character. Let $1 =1 —081 be a real zero of L(s,x1) and p=B+it =1—-56+ir be a
zero of L(s,x) with 6 < 1/6,3 < 1. Let € be arbitrary small positive real number.
Suppose that D = q(|7| + 1) is sufficiently large that is, D > Dq(€). Then

& > g(l — 68) D~ (3/2+e)0/(1=63) /150 D,

Proof. This is Theorem 2 in [16]. o
The next lemma is the Deuring-Heilbronn phenomenon which is a direct conse-
quence of Lemma 2.2.

Lemma 2.3 Let € be arbitrary small positive real number. Suppose the exceptional
zero B in Lemma 2.1 exists. If Q and T are sufficiently large and 0 < ¢ < 1, then
the zero-free region in (2.1) can be extended to

—mind e (1—-¢)(2/3—¢) o (1—-¢)(2/3—¢)
7=t { /6 og(Q7T) | g((l — B) 10g(Q2T)>} =T

Proof. Lemma 2.3 follows easily from Lemmas 2.1 and 2.2. O

3 DENSITY THEOREM OF LINNIK

In proving his famous theorem on the least prime in the arithmetic progression
[9], [10], Linnik proved two theorems concerning the distribution of the zeros of
Dirichlet’s L-functions: Linnik’s density theorem and Linnik’s theorem on the Siegel
zeros (the Deuring-Heilbronn phenomenon).

Let N,(a,T) be the number of zeros of Dirichlet’s L-function L(s, x) in the
rectangle : a < Re(s) < 1,|Im(s)|] < T. Linnik’s density theorem states that for
1/2<a<l,

2(@, e 1) = Z Z Ny(a, T) < (Q*T) =),

q<Q x( mod q)

Here Z;( mod g
c is effective absolute constant. Similar result was also proved by Gallagher in [6].
Linnik’s density theorem is very delicate near o = 1 and is essential in the proofs
of Theorems I and II in [11]. In [8], M. Jutila proved that for 4/5 < o < 1,7 > 1,
we have

y denotes the summation over all primitive characters x(modgq) and

Z(Q, o, T) < K()(@*1) 9072,
However, to obtain explicit values for V, B in Theorems I and II in [11], the nu-
merical value of K(€) is needed. So, in this section we shall prove the following
theorem.
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Theorem 3 Let QT be sufficiently large. For 4/5 < a <1,
(3.1) Z(Qya,T) < er(QT)>1 ),
where ¢; = 474.6438 and co = 17.25.

To prove Theorem 3, we follow closely the arguments in the proof of Theorem
1 in [8]. First, we prove the following lemma.

Lemma 3.1 For any non-principal primitive character x modulo ¢ < Q, 1/2 <
a <1 and € > 0, the number of zeros of L(s,x) in the rectangle : o < Re(s) < 1,
[Im(s) —t| <r{l —a) is

r 2 7,2
(32) < (%) (%(1 (- a)log Q] + 1) + }) ,

provided that Q exceeds a certain bound, depending on r and € only.

Proof. The proof is similar to Lemma 8 in [8]. o
Now, we come to prove Theorem 3. Let ¢ and ¢’ be arbitrary small positive
numbers. In view of [7, p297-298] and Lemma 2.1, we can assume that 1 —e < a <
1-— m Also, in view of the zero-free region for ({s) [14, p.87, (11.7)] and the

estimate for the number of zeros of ((s) [15, p.235, (9.18.3}], we have
(3.3) Nyo (@, T) < (@)1,

for sufficiently large T'. From now on, we only consider the zeros of L(s,x) with
X # Xo-

Let D = Q?T and A = (log D)~!. We split up the rectangle R(a,T) into
smaller rectangles R;(a,T),j =0,%1,-- -, where

(34) Rj(a,T) :={o+it:a <o <1,max(—T,jA) <t <min(T, (j + 1)A)}.

For any primitive character x(modq) with ¢ < @, if the function L(s, x) has zeros
in Rj(a,T), we choose arbitrary one zero as a representative. Then we group all
such representative zeros and divide them into two sets according as j is even or
odd. We denote by J the cardinality of the set which contains more zeros. Let
p1, -+, ps be the zeros of this set and yi(modg;),- -, xs(modgy) be the primitive
characters corresponding to p1,---, ps respectively. From the above construction,
we know that the distance between any two zeros in {p1,-- -, ps} is greater than A.
Let f =0.524998,e; = 3.1,e2 = 4.3 and ¢ = 5.324999. We also let

(3.5) R:=D7 2 := D% zy:= D X := D and z := D°log” D.
Define
M(d) if 1 <d< z,
Aa =4 wpld)log(za/d)/log(za/z1) if 21 <d < za,

0 if 29 < d,
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and
a{n) := Z Ads
d|

where p(n) is the Mobius function. Also, let ¥(n) = p(n)ep(n) and ¥.(n) =
¥((n, 7)), where ¢(n) is the Euler totient function.
Now using similar proof to Lemma 6 in [8), we have for j =1,2,---J,

q; 6f
(3.6) ¢((§J) ]9(}9]‘, Xj)] > m log D
where 2
g0 =3 alxmemXne 3 E0ED)
z3<n<zx r<R r
(r,g)=1

Let M and N be variables such that M = e and N = e where %log 21 <€ <logz
and logzx <n < %logaz. Let

e(n, x(modg)) = 3" p2(r)r 1y (m).
r<R
(r,q)=1

By (37) in [8] with |77]| = Qj(b(QJ')_l’j = 1a27' "’J7 we have

2

J
q; [
el
;dﬁ(%’) e
J
(3.7) < a(n)?e>M X ot N i B(gg + i X X
z1<n<z j,k=1

where a;, :=n?*"1(e=/N — ¢="/M) and
[o.9]

B(pj + pr, Xj» X&) = Z e(my, x;)e(m, X )om X Xk (m)ym =P =P,

m=1

Using the elementary inequality e =2/ X (e="/N — e=n/M)=1 < (1 — e~ H)~1(1 4 ¢)
for z; < n < x, Lemma 4 in [8] and (3.5), it follows from (3.6) and (3.7) that

J
(3.8) J*1og® D < kaa® = " i B0y + prs X Xk
4,k=1

(c+e —ep)(1+e ) n?

where ky = semr—=ny, =)+ As proved in [8], we have
B(s,xj,xx) = E(OGxk)B2a —s) x
2
(= (r)o(r) 29 1/2 1 f—14¢ P2
(3:9) x> T O(QPT) AU R?),

r<R
(r.q;)=(r.q)=1
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where E(x) = ¢(q)/q or 0 according as x is principal or not and §(s) = I'(s)(N® —
M?®). Now fix jin 1 < j < J, let xp,(modg;){i = 1,---,t) be the primitive
characters among xi,---,xs such that xp, = x; for ¢ = 1,---,¢ and px, be the
corresponding selected zeros. For convenience, we let pr, = p; and |Im{p; — px, )| >

(i— %)A for i =2,---,t. Therefore, from (3.8) and (3.9), we have

1—¢’

k1$2(1—a) Z +O($2(1—Q)J2R2D1/2Z1_ 2 IOgZ D)
S (1 + El)k1$2(1_a) Z

J?log? D

IN

N

(3.10)

where

t 2
PDED PP BT R LECHRS) s s
j=1i=1 4 r<R "

(r,q5)=1
Let >~ = >, +>_, where >, is the summation over 1 < j < J with ¢ = 1 and
22 is the double summation over 1 < j < J and 2 < ¢ < ¢. Since —2¢ < 0 <0, so
using the inequality 8(6) < (1 + €') log(N/M) and Lemma 5 in [8], we have

(3.11) Zl <(1+ 6’)2]”(;0 +¢é — %el)JlogQ D = kyJlog® D.

Concerning )., we first note that —2e¢ < Ref; < 0 and |6;] > (i — %)A7 for
i =2,---,t. Then we integrate with respect to £ and n and obtain
Llog 2z,

% log z
Lo X
2 5

e >

(raj)=1

log z1 1 1
(§log:c)_1(§logzl)_1

['(0;)
0;

log D
logzi logx”

=1

2

Since —2¢ < Ref; < 0, we have |T'(6;)] < |S:(;))( Hence ZZZQ‘F(&)} < (1 +

¢)log® D and by this, Lemma 5 in [8], (3.5) and (3.12), we have

(3.13) ‘//22 dndg‘ (% km)-lé log 21)~! < ksJ log? D.

where g 1= TLeterte)A+e)” 1 oy of (3.10), (3.11) and (3.13), we have

€e1c

J < ot (o + Ka)(1 + €)a21-9),

for sufficiently large D. In view of (3.4), by putting » = A; /2 into (3.2) in Lemma
3.1 and choosing a suitable ¢’ in terms of €, we obtain for any A > 0,

A1\2 A1)2
2(Q.a,T) < zJ((H ii%(z))(%(1+e')(1—o¢)logD+%>
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(3.14) < 3182689 poeortan-a),

- A
Then (3.1) follows from (3.3) and (3.14) by putting A = 6.6 and thus completes the
proof of Theorem 3.

4 STRUCTURE OF THE PROOFS OF THEOREMS 1 AND 2

Let
Q:=N° T := N%s 1:= N"'T?/3QY% and ¢ =10"10,
(4.1)
c3 =2.375001 and & = 0.002864.
Suppose
(4.2) N > |ajazas|** and N > N,

where Ny is an effective large positive constant.

In view of Lemmas 2.1, 2.3 and {4.1), there is at most one primitive character
X to a modulus < @ for which the corresponding L(c + it,x) has a zero in the
region : 0 > 1 —n(T),|t| < T where n(T") = ca/logT and ¢4 = 0.072953 and if
the exceptional zero 3 exists, then it is real, simple, unique and the zero-free region

can be extended to n(1") := Tog T 108 {(l_é‘;ﬁ} where c5 = 0.361904 or 0.248339

according as (1 — ,@) log T > T~ or not. Let y(mod7),7 < ) be the corresponding
exceptional character if the exceptional zero 3 exists. Then by [5, p.96, (12)], we
have ‘o ) o
(4.3) Vilod 7 <1-8< log T
where c¢g is an effective positive constant which explicit value is irrelevant to our
calculation.

For any y > 0 and any x(modgq) with ¢ < @, let

(4.4) S . T) =3 y*,

[v|£T

where Z, denotes the summation over all zeros p = B+1iv of L(s, x) lying inside
[vI<T

the region: || <7,1/2 <3 <1 —n(T) and n(T) is defined as before according as

[ exists or not. Let

(1—p)logT if 3 exists,
(4.5) { 1 otherwise.

Lemma 4.1 For any fized constant ¢ > 0, if y > cNlajazasz| ™!, we have

(4.6) > Z Sy(y, T) < K, 0%,

q<Q x( mod q)
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where Ky is 1.63 x 10723 or 0.136276 according as 3 exists or not.

Proof. If y > c¢Nlajazas| ™!, by (4.2) we have y > N'=%/4. Thus by (4.4),

wn ¥ Z*sme)s—/

1—n(T
7<Q x(mod q) 1/2

)
N/ g7(Q, a, T).

By Theorem 12.2 in [14] and (4.1), it is easy to show that the integration over
[1,3] in (4.7) is < N70-487 4 N—0198 " Also, using (3.1) in Theorem 3 and (4.1),
the integration over [2,1 — n(T)] in (4.7) is < Cl(lc;fM)N_C’"(T) + N70156  where
cr =1—{%+ (2+cs3)c2}é. Hence (4.6) follows from (4.5) and (4.7). o

Let A{n) denote the von Mangoldt function. For any real y, we write e(y) for
e?™ and e,(y) for e(y/q). Let for j =1,2,3,

Nj == Nla;| ™Y, N} := N(dla;))~
and define

48) Siy):= Y Amelgny), S0y = Y A@)x(ne(any),
NJ’-<n§Nj NJ’-<n§Nj
N;

N; R
4.9y Ly ::/ e(a;ay)de, ILi(y) ::/ 2P e(a;xy)dz,
N/ N/

N; ,
(4.10) Li(x.y) :=f/ e(a;ry) Z a’da,

N; [vI<T

for any x(modgq) with ¢ < Q.

For any integers h and ¢ satisfying 1 < h < ¢ < @ and (h,q) = 1, let m(h,q)
be the open interval ((h — 7)/q,(h + 7)/q). Let M denote the union of these
intervals m(h,q) and M’ denote the complement of M in [r,1 + 7]. In view
of (4.1), the m(h,q)’'s are disjoint sub-intervals of [r,1 + 7]. If we put I(b) :=
>n,; An1)A(n2)A(ng), where the summation is over Nj < n; < Nj;,j = 1,2,3

satisfying ijl a;n; = b then

147 3
(4.11) I(b) = / e(—bx) H S;(z)dx := I (b) + I, (b), say.
T j=1

Here I;(b) and I5(b) are the integrations over the major arcs M and minor M’
respectively. We shall follows closely the arguments in [11] and show that I ()
constitutes the main term and the contribution of I5(b) is negligible. Since many
lemmas below can be proved in a very similar way in [11], so we will omit the proofs
of them.
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5 SIMPLIFICATION OF I,(B)

For any character x(mod ¢), let Cy(m) = Y. x(Deg(ml) and Cy(m) :=
Cyo(m). If z € m(h, ¢), we write z = hg~" +n so that (h,q) =1 and |n| < 7/¢. By
(4.8) and the orthogonality relation of characters we see that [5, p.147, (2)]

(5.1) Six)=¢(@)™" Y Cxlazh)S;(x,n) + O(log” N).

x(mod q)

Lemma 5.1 For any real y and any x{mod q) with ¢ < Q, we have for j =1,2,3,
Si06y) = 0L (y) — 8 Li(y) — ;06 y) + O((1 + Ny )N; T~ og® N),
where Ij(y),fj(y) and I;(x,y) are defined in (4.9) and (4.10),

5.4 b dx=xo(modq), . o [ 1 ifx=NXxo(modq)
X 0  otherwise, X 0 otherwise,

Proof. This is Lemma 3.1 in [11]. o
For j =1,2,3, define
((Gi(ham = 2 mod ¢ Cxlaih)L;(x, ),
(5.2) { _
Hj(h, q, 77) = Cq<ajh‘)jj (77) - 5(Q)C)2X0(1110d q)<ajh‘)jj (77)

( _gj(h)Q7 77)7

|1 ifFg,
where 9(q) := { 0 oth|erwise.
Let
Q= N2Q5/12T_1/3ialagagl_ld(ag) 10g4 N,
where d(n) is the number of positive divisors of n. In view of Lemma 5.1, (5.1) and
(5.2), we have the following lemma.

Lemma 5.2 We have

7/q 3

L) =Y (@) eg(~bh) / e(=bn) T H;(hyq nn + O(),
h=1

a<Q —/4 j=1

q

!/
where E is the summation over all 1 < h < q satisfying (h,q) = 1.
h=1

Proof. This can be proved in a similar way as proving (3.17) in [11]. o

6 SINGULAR SERIES AND SINGULAR INTEGRAL

In this section, we come to analyze the singular series and singular integral. We
first discuss the singular series and establish some of its arithmetical properties.
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For the integers a1, a9, as and b satisfying (1.1) and (1.2) we define

w

q

)23 e (—bh) T Colash)

h=1 j=1

and

3
(6.1) N(q):=Card{(l,lo,l3) : 1 <1; < q,(l;,q) = 1, Y _ azl; = b(modq)}.

j=1
In view of Lemma 4.1 in [11], both A(gq) and N(g) are multiplicative functions of
g. For any prime p, let s(p) := 1+ A(p).
We partition the primes into the following two sets:
Pg :={p:pjarazas} and Pp := {p: plarazas}.
Under the hypothesis (1.1) and (1.2), we have the following lemma.

Lemma 6.1 We have
(i) For any prime p, we have —(p —1)"2 < A(p) < (p—1)7!
(ii) For any p € Pg, we have |A(p)] < (p—1)72

Proof. The proof is similar to Lemma 4.2 in [11]. o
The following lemma proves that > A(q) is absolutely convergent.

Lemma 6.2 We have

(i) For anyy > 1, we have

> 1Alg)] <y d(arazas)' 5 log(y +2),
y=q
(i)
H(l + [A(p)]) < K> H(l + A(p)),

P p

where Ko =][,55(1+ 5 )) < 2.140782.

Proof. Part (i) can be proved in the same way as proving Lemma 4.4(4) in [11]
and part (ii) follows from Lemma 6.1 a

Denote the least common multiple of the r;’s by [r1,72,r3]. For j =1,2,3, let
X;{modr;) be primitive characters. Let

g

3
Z(q) = Zleq(—bh H Cy;xolajh)

h=1

where [rq,r2,73]l¢ and xo is the principal character modulo q.
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Lemma 6.3 Let r = [ry, 72, r3]. We have

Y ¢@)?12(0)] < Ko [ s,
q=Q P
Tlq

where Ko is defined in Lemma 6.2.

Proof. By Lemma 6.2(ii), Lemma 6.3 can be proved in the same way as proving
Lemma 4.6 in [11]. 0

Lemma 6.4 For any complex number p; satisfying 0 < Rep; < 1, for j = 1,2,3,
we have

(o9} 3 Nj 3
/ / a”e(a;an)da | e(—bn)dy = N?|as|™" / H(sz)pj_ldf’?ldx?v
—O0 \j=1 J/ Dj:l

were
z3:= f(ay,x2) 1= agl(bN_1 —a1T1 — G2%2)
and
(6.2) D= {(z1,22) : (4la)) ™" <2 <lay] ™' 5 = 1,2,3}
Proof. This is essential Lemma 4.7 in [11]. 0

7 ESTIMATES ON MAJOR ARCS

In view of (5.2), when we multiply out the product Hj?:l H;(h,q,n), we get 27

terms (if Jé; exists). These are grouped into the following three categories:
(11) : the term Hj’:l Cqla;h)I;(n),
(15) : 19 terms (if § exists), each has at least one G;(h,q,n) as factor,
(13) : the 7 terms remaining (if 3 exists).
For i = 1,2, 3, define
a, r/q
M; = %¢(q)—3 }Zl eq(—bh) _T/q{sum of the terms in 7; }e(—bn)dn.
q< —

In view of Lemma 5.2, we have

(7.1) [1(()) =M1+M2+M3+O(Q1).
Let
(7.2) My := N?|az|™"! (H S(P)) /Ddfcldfcz,

where D is defined in (6.2) of Lemma 6.4.
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We shall show that M; is the main term and Ms, M3 are the remainders. We
now come to discuss M;.

Lemma 7.1 We have
(7.3) My = Mo+ O(Qy),
where Qa 1= N2Q Y ayasas|~*d(aiaza3)'82? log2 N.

Proof. The proof is similar to Lemma 5.1 in [11]. 0
We abbreviate by Y the summation over (I1,ls,l3) satisfying the conditions:

3
(7.4) 1<l <7 (l;,F) =1 and Y ajl; = b(modF).

=1

For 1 <mj <mgo <--- <3, we define

(7.5) G(ma,ma,- ) =Y Ky )Xy <+
and .
(7.6) P(mi,ma, )= /D(Nx,m )ﬁ_l(Nmm2)3 —1---dzidxo,

where D is defined in (6.2).
Similar to Lemma 5.2 in [11}, we have the following lemma which takes care of
M; when 7/@) is small.

Lemma 7.2If the exceptional zero 3 exists, then

3

My = Nlas|”'Fo(7)~* (Hs(p)) {—ZGU)PUH > G, §)P(i.j)
pI7

j=1 1<i<j<3
—G(1,2,3)P(1,2,3)} + O(7Q2).
Lemma 7.31f the exceptional zero 3 exists, then
My + Mz > K3Q* Mg + O(7Qs),
where K3 := (1 —exp{—(1 — §/4)ca/(c30)})3c;® = 2575.3820 - - -.
Proof. In view of (4.16) in [11], (6.1) and (7.4), we have

(7.7) [1s0) =7o() N @) = o) 7 3 1.

pI7 ~

By (7.3) and Lemma 7.2, we have

3
Mi+Ms = Mo+ Nag| "' 76(7) > [ [s(){=D>_ GG PG) +
G =1
+ ) Gli,j)P(i,5) — G(1,2,3)P(1,2,3)} + O(F Q)

1<i<j<3
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3 ~
(7.8) = Nas| 7o) [[s0) S0 /D T[Tt - ) (Ve Y des
o7 ~ P =1

+0(7Qs).
The last equality follows from (7.2) and (7.5)-(7.7). Now,

3 3
— (. N\B—1 _ N\G—1
2 /D g{l X()(Nay) " darda > 3 /D jH:lu (Na;)* ") dardas
3 ~
) _ /“ﬁ_lk
(7.9) > (EN /Dd:cld:cg)j]_]lu (N1,

since in (6.2), Nz; > NJ(j = 1,2,3). In view of (4.2), we have N > NU=/9),
Then by (4.5) and 2 < ¢4

(7.10) 1- N> (1 —expi—(1 ;5/4)04/(035)}> Q.
| 4

Hence by (7.7)-(7.10) and (7.2)

My +Ms > KsQNas| 7' 7(7) > [ [[s0) | D / dzidzs + O(7Qs)
o7 ~ D
= K393M0+O('FQQ).

This proves Lemma 7.3. O

If 7/Q is large, the error term in Lemma 7.2 will also be large. So the lower
bound in this lemma is useful only when 7/@Q is small. When 7/@Q) is not so small,
we have the following lemma.

Lemma 7.41f the exceptional zero 3 exists, then
My + M3 = My + O(Qz + N?7 log N).

Proof. This can be proved in the similar way as proving Lemma 5.5 in [11]. O
Concerning M,, we have the following lemma.

Lemma 7.5 We have
IMQ‘ < K4Qgﬂ/fo + O(Ql),
where N N
Ky = { 11:211:1(12 - 6{(102 inci), if B exists,
KoKy (3+ 3K, + Ki), otherwise,
and Ky, Ko are defined in Lemmas 4.1 and 6.2 respectively. Note that Ky <
4.18737 x 10722 if 3 exists and K4 < 0.99999 otherwise.

Proof. This can be shown in the same way as proving Lemma 6.1 in [11] except
using Lemmas 2.1 and 4.6 in [11], we use their explicit forms Lemmas 4.1 and 6.3.
d
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Lemma 7.6 We have

Mo+ O(§y), if B does not exist,
I (b) > ]W()—}—O(NQQ_%IogN)7 if B exists and Q% <7,
QMo + O(Qy), if B exists and Q7 > F,

Proof. If the exceptional zero 3 does not exist, then there is no M. Thus by
(7.1), Lemmas 7.1 and 7.5, we have

Li(b) > (1 — K4)Mo + O(Q1) > Mo+ O(241).

If /3 exists then the proof is similar except using Lemma 7.1, we use Lemmas
7.3 and 7.4 according as QY4 > 7 or QV/* < 7. O

8 MINOR ARCS AND COMPLETION OF THE PROOFS OF THE THEO-
REMS

As usual, we employ Vinogradov’s lemma to estimate the contribution of I2(b).
Lemma 8.1 We have
I(b) < N2Q 3 Ialagagl_% log® N.

Proof. This is essential Lemma 7.1 in [11]. O
The next lemma provides us a result to obtain a lower bound for I(b).

Lemma 8.27f

(i) all the a;’s are positive and b= N, or

(it) not all the a;’s are of the same sign and N > 3|b|, then

My > N2la1a2a3l_1.

Proof. This is essential Lemma 7.2 in [11]. o
To complete the proofs of the theorems, first, by (4.1) and (4.2) and Lemma
8.1, we can deduce that

L(b) = O(N2Q™%®|ayazas| " (log N)~%).

Also, in view of Lemma 7.6, Lemma 8.2 and Q > Q~"/3(log N)~' if 3 exists and
Q'* > 7, we have

L(b) > N?Q~%®|aragas| *(log N) 3.
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Then by (4.11), we conclude that

I(b) = Il<b) + Ig(b) > NZQ_?’/Slalagag]_l(log N)_3.

This proves Theorems 1 and 2.
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