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ABSTRACT. We give explicit formulas for the L4 norm (or equivalently for the merit factors) of various
sequences of polynomials related to the polynomials

N1
f(z):= ngo (N) 2™

and N
o= % (”T“> o

where (ﬁ) is the Jacobi symbol.

Two cases of particular interest are when N = pq is a product of two primesand p=¢+2or p=¢q¢+4.
This extends work of Hgholdt, Jensen and Jensen and of the authors.

This study arises from a number of conjectures of Erdds, Littlewood and others that concern the norms
of polynomials with —1, 1 coefficients on the disc. The current best examples are of the above form when
N is prime and it is natural to see what happens for composite N.

1. INTRODUCTION

There are a number of old conjectures of Erdés, Littlewood, Turyn and others that concern the
norms of polynomials with —1,1 coefficients. See [BC-98, BC-99, E-57, E-62, 1L-68, NB-90, S-90,
M-94].

Littlewood’s conjecture is that it is possible to find p a polynomial of degree n with coefficients —1, 1
so that

Civn < |p(z)] < Cav/n

for all z of modulus 1 and for two constants C;,Cs independent of n. This is complemented by a
conjecture of Erdos that says that the constant C's above cannot be arbitrarily close to 1. The most
significant related results may be found in [K-80] and [B-95].
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This latter conjecture of Erdos would be proved by showing that the L, norm of such polynomials
is bounded below by Cs/n for some C5 > 1. The Ly norm is attractive to work with because
it computationally far more tractable than the sup norm. These problems arose separately in
the mathematics community and the engineering community. In the engineering community the
problems arose as signal processing questions and here again the L4 norm is natural to consider

[G-83).

The example, due to Turyn and proved by Hgholdt and Jensen [HJ-88], that gives the smallest
asymptotic L4 norm is of the form

p—1
n+p/4\ .
o) = 3 (P
n=>0 p
where (5) is the Legendre symbol and p is prime. This is discussed in [BC-98] where explicit
formulae for these L, norms are given. In the above case the L, norm is asymptotic to (7/6)Y/*p!/2.

In this paper we extend the analyze to the non-prime case.

Suppose N is odd. Let x(n) be a real primitive character modulo N. Then N is a product of distinct
primes pipz - - - pr With p; <pz <---p, and

(1) ) = (")

where (%) is the Jacobi symbol. We consider the polynomial formed by x(n) as

N-1 N-1
(1.2) f(z) = Z x(n)z" = Z (%) z".
n=0 n=0

Then f(z) is a polynomial having coefficients either 0 or 1. We also consider the shifted polynomial
fi(z) by shifting the coefficients of f(z) to the left by t. Thus, if 1 <¢ < N, then

(1.3) fiz) = Ni (”T”) 2

n=0

In particular, fx(z) = f(2).

We are particularly interested in the behavior of the growth of the L, norm of these polynomials.
For the case that N is a product of twin primes, we are able to derive an exact formula for the
L4 norm of the unshifted polynomial f(z). A similar formula for the case when N = pg with odd
primes p,gq, p = ¢+ 4 and p = 3 (mod 4) can also be derived. We have the following theorem.

Theorem 1.1. Let N = pg and f(z) be the polynomial defined in (1.2). If p=q + 2, then

1

3(5N2 +9N+4— (B8N +1)(p+q))

1113 =



and if p=q+4 and ¢ =3 (mod 4) then
114 _—(5N2 +9N +4— (8N +1)(p+q))
i (3-8 (-
where hy :== Y. n (%) for odd integer 1.

For the general case, we obtain an asymptotic estimation for the L4 norm and prove

Theorem 1.2. Let N = p1po--p, with p1 < p2 < -+« < p, and fi(z) is defined in (1.3) with
1 <t<N. Then

(1.4) fells = §N2—4Nt+8t2+O(N2+€).
3 p1

Theorem 1.2 immediately implies that if we define the merit factor of a sequence {xn}fl\rz_ol by

LT
ME=1Fl - |17

where F(z) := ij 01 xnz"™, then from (1.4), we have the merit factor M F' of the Jacobi sequence
satisfying
2
1 2 t t
- = _— —4— _ N¢ —1 .
MF 3 N+8<N> oW

It follows that if Népl_1 — 0 when N — o0, then

2
1 2 t t
wrF 3 twts (N)
In particular for 7" approximately N/4 the merit factors approach 6 which is conjectured by some
to be best possible [G-83].
This should be compared with the result of T. Hgholdt, H. Jensen and J. Jensen in [HJJ-91]. They

(p+q)° log* N
NS

showed that the same asymptotic formula but a weaker error term O ( ) for the special

case N = pq. So we generalize their result to N = pips - - - p, and also improve the error term.

Additional history of this problem is outlined in [BC-98] and [BC-99].

2. Ly NORM FOR CHARACTER POLYNOMIAL

Let x be a non-principal primitive character mod N. Let
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be the character polynomial associated to x. Let w := ¢2™/N and 7(x) be the Gaussian sum defined
by
N-1

(%) = Y x(nw".

n=0
Since y is primitive,
(2.1) F@®) = 700X (k).

for k=0,1,---, N —1. Also we have, |7(x)|> = N and 7(x) = x(—1)7(X) (see Chapter 8 in [A-80]).
The shifted polynomial fi(z) by shifting the coefficients of f(z) to the left by ¢ is defined as

N-1

filz) = Z x(n+1t)z"
n=0
for 1 <t < N and fn(z) = f(z). It is easy to see that
(2.2) felw®) = w™ f(w)

for any 0 < k < N — 1. We are interested in estimating the Ly norm of fi(z). It can be shown (see
[HJ-88, BC-98]) that

N—-1 N—-1
(23) 1Allh = 53 {Z M+ Y Ift(—w’“)l“} .
k=0 k=0

Using (2.1) and (2.2), the first summation above is N2¢(N). It remains to evaluate the second

summation
N-1
A=)t
k=0
For1<t< Nand 0<k <N —1, we have

Frotpi (=) = w N (=) fi(—wF

In particular, we have |f;(—w*)| = |fy—ir1(—w )] for 0 <k < N — 1 and hence from now on we
may assume 1 <t < (N +1)/2.

We employ an interpolation formula as in [HJ-88, BC-98] and by (2.8), (2.9) and (2.10) in [BC-99]
which is
N—

[u

(2.4) (=) = A+ B+O)
where o
A= N0 D) 3 I
:__m{szt ) fi(w®) j:zjf“"“ ”“’ﬁ”}
(2.5) 2 2



s}
In this section, we will simplify the terms A, B and C by using (2.1) and evaluate them in the next

section. Using (2.1) and (2.2), we have

N4(V? + 2)6(N)
48 '

(2.6) A=

Using (2.1) and (2.2) again, we have

n=0

thk ok N-1
T X ARG k)}

N-1 w_tk wk ]V—l_
{ T e D DRONCE k)}
N

n=0

n=0

R
N2 N-1 N-1 N—1
B { ab 37 WDk 1) 3 () - ’”}
k=1

N-1
ab (wlc(1+t+a+b) + w.lz(t+a+b)) Z X(n)X(n — k)}
a,b=1 k=0 n=0

2.7
( ) 4 ?
because
N-1
1 1 )
2. . = — wl™
(2.8) SIS N 2 nw

forj=1,2,--- ,N—1.

For the term C, the second term in {2.5) equals to

a=0
2

TN R R E N )

__7%{§X (a) ; i
2

N4 N—1 1 N-1 N-1
=——R X2(a) <— n x(a — ls:)wk(tJr“‘)

2 {a-O N n=1 k=1
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from (2.1) and (2.8). Using (2.1) again, this is equals to

RE = T—X)N—l 2
=-5 R > XK@ w2 (At tyw ) x(a)
a=0 n=1
——2 N-1 N-1
N4 T X) 2 a(n+m-+2t)
=_ 75)% { N7 2 nmyx(n +t)x(m+1t) GZ:% x“(a)w
N* [N —1\? NN =1 [700 = .
-5 (55 e+ 2 )%{ O S (07w
n=1
N2 , N1 N-1
_ v N 2 a(n+m-+2t)
== R {T(){) n%::l nmx(n +t)x(m +t) GZ:% x“(a)w }
NYN - 1)29(N) NN 1) (=
2. - .
(2.9) 5 + 5 Z n
(n+t.N)=1
Similarly, the first term in (2.5) equals to
N-1 N-1 2
" f wa—k:
=N Y [ |30 )
a=0 k=1
N-1 N-1 jy—— |
wx(a —k
=N Y )| Y S
a=0 k=1
N-1 N-1
=N?3 Z nmx(n + t)x(m + t) Z [x2(a)|w =)
nm=1 a=0
4 . 2 N-1
(2.10) L W 41) pN) NY(N —1) n
(nttN)=1

and hence from (2.5), (2.9) and (2.10)

N2 —1 N-1 N-1 ot N4(N—1)2¢(N)
02—78%{700 Z nmx(n+t)x(m+t)zx2(a)w (n+ +2)}+

n,m=1 a=0 8
(2.11)
N-1 N-1
. - NN —1)
3
+ N nmg_l nmx(n +t)x(m+t)Cn(n —m) — — ng_l n
B (n+t,7V):],

where Ci(l) is the usual Ramanujan sum defined as
k=l
Cre(l)y= Y e,
(=1

We remark that formulas (2.3), (2.4), (2.6), (2.7) and {2.11) hold for any non-principal primitive
character. In the next section, we will confine our consideration to Jacobi symbol.
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3. REAL PriMITIVE CHARACTER MODULO pg
Lemma 3.1. If1 < k<N, then
N-—1 N
> nm = =(N? = 6N — 1+ 6k + 3Nk — 31%).

n,m=1
k+n+m=0 (mod N)

Proof. This is Lemma 2 in [BC-98]. O

Lemma 3.2. Let p1,p2,--- ,pr be distinct primes and X = X1X2 - X» Where X; are non-principal
characters modulo p;. Let N = pipa---pr. Then

N—-1  N-1 .
- N if(,N)=1,
(3.1) 2D SRONTETI RS A A
P = 0 otherwise
Proof. Let wy =e *7". Then
p1—1 pr—1 p1—1 pr—1
Yo Dty 3T S ) xa(ng = k) - xe ()X (e — ki)
k=0 kT:O n1=0  n.=0
r Pi— p;—1
=11 Z wyr' D Xama)xs(ns = k)
J=1k;=0 n;=0
T p;j—1
=11 §pi— 2w
= k;=0
because
pj—1 :
G(ng)x(ng —k;) =2 ‘
Z X)X g = k) {0 otherwise.

;5 =0

Hence the summation in (3.1) equals to N if (I, N) = 1 and 0 otherwise. O

From (2.7), we have if py,pa,--- ,p, are distinct primes and xy = x1x2--- X, with non-principal
characters y; modulo p;, then

N = N = N*(N — 1)%6(N)
a,b=1 a,b=1
(a+b+t+1,N)=1 (a+b+t,N)=1

by Lemma 3.2.



Lemma 3.3. If N = pq then we have

N-1

1
: b=-—=N@BN?-7N - 2)¢(N
(3.3) ; ab= SN(BN* = TN = 2)¢(N)
(a+b,N)=1
and
N-1 1
4 = —=—N(N —-1)3N —4)¢(N
(3-4) a; ab= NN = 1)3N — 4)¢(N)
(a+b+1,N)=1
Proof. Write
N-1 N-1 N-1 N-1 N-1
(3.5) Z ab = Z ab — Z ab — Z ab + ab.
a,b=1 a,b=1 a,b=1 a,b=1 a,b=1
(a+b,N)=1 a+b=0 (mod p) a+b=0 (mod q) a+b=0 (mod N)

We then apply Lemma 3.1 to the last three summations. Formula (3.4) can be proved in the same
way. O

Now from (3.2)-(3.4), if t = N and N = pg, then we have

(3.6) B:—%N%N+mmNy

Lemma 3.4. If N = pq, then we have

N-1 1
(3.7) a= §N¢(N)
(V=1
and
N-1 1
(3.8) a’ = —N(2N + 1)¢(N)
(a,:ll\?)l:],

Proof. The proof is similar to Lemma 3.3. O

It remains to compute the term C using (2.11). Suppose x is real and ¢ = N. Then the first term
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in (2.11) equals to

__ (%) N; :g; nm () O -+ m)
- (‘Wl) z\; nNn; (N — m) ( n(—m) ) Cn(n —m)
- _N74 ::1 n (%) ::z (Xl]) Cn(n—m)+ 73 njginm (—) Cn(n —m)
S F R T Z () esem
(nN)=1 e

Hence from this together with (2.11) and (3.7), we have
(3.9) C=3n3 Nz_f nm (@) Cx(n—m)+ 22 (N(N = 1)262(N) — AN2(N) — 8(N — 1))
’ 2 N 16 '

n,m=1

The last step is to evaluate the summation

N—1
Z nm (%) Cn(n —m).

n,m=1

Since C (1) is a multiplicative function of N (see §8.3 of [A-80]) and also if p is a prime, then

{ 1 if(pk) =1

GE=\p 1 em 21

so if N = pgq, then

nm
;: nm (W) Cn(n—m)
N-1

= nm (m> Cp(n —m)Cq(n —m)

n,m=1 N
(3.10)
i iy nm = nm
=N ; n?—p n;:() nm (W) —q n;:() nm (W) + h.
(n,N):l n—m=0 ‘(mod p) n—méO ’(mod q)



Lemma 3.5. Let p and q be primes greater than 3 and N = pq. If p = q + 2 then
n,m=0 N 12 q ?
n=m (mod p)
and

(3.12) Nz_:l nm (%) - 11—2N2(p2 —1) - 2¢2 (2 - (%)) B2,

n,m=0
n=m (mod q)

Ifp=q+4 and ¢ =3 (mod 4) then
i nm 1 2
(3.13) Z nm (W) = ENQ(Q2 —1) + 3p? (1 - (E>) h:

n,m=0
n=m (mod p)

and
i nm 1 2
_— = — 2 2 — — 2 — — 2
(3.14) ) mEZO nm( N ) 12N (p°—1)—gq (5 3 (p)) hs,.

n=m (mod q)

Proof. We only give a proof for (3.11). The proof for (3.12)-(3.14) is similar.

= nm K L n+pa\ [ m+pb
nm(—): n + pa){m + pb ( >( )
S R S A
n—m=0 (mod p) i n—m=0 (mod p)
p—1 g—1
nm n+ pa m + pb
= 3 (—) Z(n+pa>(m+pb)( P )( P )
n,m=0 p a,b=0 q q
n—m=0 (mod p) /
S () 8 (e (me)
n,m=0 p a,b=0 q q

n—m=0 (mod p)

)
S S (1)

(n —t—pb)
a,b=0 n=1 q

K, n+pa n + pb ! pa pb

2
- e () () - 2 () ()
a,b=0 n=0 q q a,b=0 q q
q—1 p—1
, + pb

(3.15) =p* ab (n :pa) (n —;p ) - p2h3.
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If p=gq+2 then

pz‘:l (n—}-pa) (n+pb) _‘”1 (n+2a> (n+2b)
=\ g q =\ ¢ q

(). (2) (e

MHM

The first summation on the right hand side of (3.16) (see P.58 of [BEW-98]) is

_{q—l ifa=b (mod g)
-t otherwise .

Hence, the first term in (3.15) is

hY
qg—1 q—1 q—1 qg—1
S 5w S (D) mGﬁiﬂ@iﬂ)}
0
)

a,b=0 a,b=0 a,b=0 q
a=b (mod q)

1\
) e (S5 )
- NQ(q - 1)+ (3_2@)) i

This proves (3.11). O

So, if p = q+ 2, then
N—1

Z nm (%) Cn(n—m)

n,m=1
NZ 5 2 s .3 2 o o
T3 (UN? —5N(p+q) +6N — (p+q) +2) 2" (1 - o) a2 (22 ) ) mi+ ik

(From (3.9), we obtain

4
C = %(N3+3N2+3N+1—(2N2+N+1)(p+(1))—3N3p3 (1 - G)) h2+3N3¢? (2 - %) h§+gN3h?\,.

Therefore, using this, (2.4), (2.6) and (3.6), we have if p = ¢ + 2, then

N—

—

Lf(—wF))4 :%(YNQ + 15N +8 — (13N +2)(p + q))

3
C (V)2 as? (1 (2)) 2y 22
sl (2= (B))m-asl (1= () e B

k=0
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and

1
12 =35 (6N* + 9N +4 = 8N + 1)(p+q))
3 3
q 2 2 p 2 2 12,5
eon (- (2)) -2l (1 (2)) i+ 203,

Similarly, if p = ¢+ 4 and ¢ = 3 (mod 4) and instead of using (3.11) and (3.12) in Lemma 3.5, we
employ (3.13) and (3.14), then we obtain

N-1 N
S (=R :§(7N2 + 15N +8 — (13N + 2)(p + q))

k=0
3 3
s g2\ V2o (1 (2) ) h2 s Zp2
sl (-3 (2))m-nl (1= (3)) e i

713 =5 (GN? + 9N +4- (SN + 1)(p+ )

3 3
q 2 2 b 2 2 12

This proves Theorem 1.1.

and

4. AsyMPTOTIC ESTIMATE FOR REAL PRIMITIVE CHARACTER

Let x be a real primitive character modulo N with odd N. Then N = pip2--p, with p1 < p2 <

--- < prand
=) 66

In view of (2.4), we need to estimate the term 4, B and C. The term A has been evaluated in (2.6).
We now consider the term B using formula (3.2). We first prove the following lemma.

Lemma 4.1. For any 1 <t < N, we have

N-1

(4.1) S ab= §N3¢(N) + O(N3+).
(a+l§lirbtfzi?):1
Forany 1 <t < N, then
1
(4.2) Y n= S NOWN) + O(N't9)

nN
(n+t,N)=1
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and
2 _ i 2 2+4¢
(4.3) Yooon = 3NO(N) + O(N**),
n<N
(n+t,N)=1

Here all the implicit constants are independent of t and N.

Proof. The summation in (4.1) is

N-1
= Z ab Z w(d)
a,b=1 d|N
d|a+b+t
N-1
(4.4) =S u(d) > ab.
d|N a,b=1
a+b+t=0 (mod d)
Using Lemma 3.1, we have
N-1
>
a,b=1
a+b+t=0 (mod d)
-1 d—1
- Z Z (@ + dn)(b + dm)
n,m=0 a,b=0
a+b+t=0 (mod d)
i1 d—1 N2 d—1 F-1 d—1
—J2 .y
=d Z nm Z l—I—ﬁ Z ab+2d Z n Z
n,m=0 a,b=0 a,b=0 n,m=0 a,b=0
a+b+t=0 (mod d) a+b+t=0 (mod d) a+b+t=0 (mod d)
N4 N3
= — — NZ4).
1 2a TN
It follows now from (4.4) that
N-1
Nt pd) 1.3 1(d) 2 2
a,b=1 d|N d|N diN
(a+b+t,N)=1

:£N3¢(N) + O(N3Fe).
The proof of (4.2) and (4.3) are similar. O

Therefore, using (3.2) and Lemma 4.1,

(4.5) B < N6*e,
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We next estimate the term C using formula (2.11). The summation in the first term of (2.11) is

N—-1
> nmx(n+t)x(m +t)Cn(n +m + 2t)

n,m=1

N-1 N
Z nmx(n +t)x(m +t) Z dp (E)
n,m=1 dln+m-+2t

d|N

N-1

v B )

n,m=1
n+m+2t=0 (mod N)

(4.6) +o0| > d Nil nm (%“t) (”l]:; t)

n,m=1
d<N |n+m+2t=0 (mod d)

because cx (1) = > g, 4 du(k/d) (see §8.3 in [A-80]).

The error term in (4.6) is

4-1 d—1
21> S (n+ad)(m+bd) (”T\;Ht) (mJ“;,d“)
d{N a,b=0 n,m=0
d<N n+m-+2t=0 (mod d)
= n+t\ /[m+t o n+ad+t\ (m+bd+t
3 d
=2y () () Ze ) ()

d|N n,m=0
d<N n+m+2t=0 (mod d)

d—1 !
3 n+ad+t m+bd +t
T 8|St | D)
d<N n+m+2£§0 (mod d)

a,b=0

We next employ Polya’s inequality for character sums (see Theorem 13.15 in [A-80]), namely, if ¢

is any nonprincipal character modulo &, then for all x > 2 we have

Z P(m) < k7 log k.

m<x

Using this inequality and the partial summation formula, we have for any square-free odd integer &

and any integer [,

< k?logk

)

a=0




and hence the error term in (4.6) becomes

N d—1 N3 5
<> d > — log*(N/d)
d|N n,m=0

d<N  n+m+2t=0 (mod d)
<N* Y~ dlog(N/d)

dIN
d<N
N4+e
< .
J4l
Thus
N-1
Z nmx(n +t)x(m +t)Cn{n +m + 2t)
n,m=1
N-1
n+t\ [m+t N4te
4.7 =N —_ _ 0] .
0 n;:l nm(N)(N>+(P1>

n—i—”m—i—%é() (mod N)

In the same manner, we can prove that the summation in the third term of (2.11) is

N-1
= Z nmx(n +t)x(m + t)Cn(n — m)
n,m=1
N—1
n+t\ [fm+t N4te
=N - 7
X () () e (50)
nEm’(mod N)
N-1 ]
N4+t
=N n?+0 ( >
7; P
(n+t,N)=1
1 N4+e
(4.8) =-N3¢(N)+ O ( )
3 hn

using (4.3) in Lemma 4.1. Now it remains to consider the main terms in (4.7). If 1 <¢ < &1 then

Nz‘f o (nEtY (mt
n,m=1 N N
n+m+2t’EO (mod N)

@) E -

n,m=1
n+m-+2t=0 (mod N)
(n+t,N)=1
1 N—2t N-1
= (W) Z n(N —n —2t) + Z n(2N —n — 2t)
n=1 n=N-—-2t+1
(n+£.N)=1 (ntt,N)=1

(4.9) (_Wl) %QS(N)(NQ + 6Nt — 12t%) 4+ O(N>T<)
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by (4.2) and (4.3). It can be easily verified that (4.9) is also true for ¢ = &+, Thus, from (2.11),
(4.2), (4.7), (4.8) and (4.9), the term C is

C'= GNT = SN+ NP 1+ O(N™+/py)

and hence

N-1
Y (=)t = gN?’ — 8NZt + 16Nt* + O(N>*¢/py)
k=0
from (2.4), (2.6) and (4.5). Finally, Theorem 1.2 follows from this and (2.1) and (2.3).
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