AVERAGE MAHLER’S MEASURE AND L, NORMS OF
LITTLEWOOD POLYNOMIALS

STEPHEN CHOI AND TAMAS ERDELYT

ABSTRACT. Littlewood polynomials are polynomials with each of their coeffi-
cients in the set {—1,1}. We compute asymptotic formulas for the arithmetic
mean values of the Mahler’s measure and the L, norms of Littlewood poly-
nomials of degree n — 1. We show that the arithmetic means of the Mahler’s
measure and the L, norms of Littlewood polynomials of degree n — 1 are
asymptotically e=7/2,/n and (1 +p/2)1/P\/ﬁ, respectively, as n grows large.
We also compute asymptotic formulas for the power means M, of the L,
norms of Littlewood polynomials of degree n — 1 for any p > 0 and a > 0.
We are able to compute asymptotic formulas for the geometric means of the
Mahler’s measure of the “truncated” Littlewood polynomials f defined by
f(z) := min{|f(2)|,1/n} associated with Littlewood polynomials f of degree
n — 1. These “truncated” Littlewood polynomials have the same limiting dis-
tribution functions as the Littlewood polynomials. Analogous results for the
unimodular polynomials, i.e., with complex coefficients of modulus 1, were
proved in [4]. Our results for Littlewood polynomials were expected by people
for a long time but it looked beyond reach as an analogous result of Fielding
was not available for Littlewood polynomials.

1. INTRODUCTION AND MAIN RESULTS

The Mahler’s measure M(f) of a polynomial f with complex coefficients is de-
fined by

2m
log M(f) = %/0 10g|f(eit)| dt.

It is well known that if the polynomial f is of the form

f(2) :amH (z — ag),
k=1

then

m—1

M(f) = lam| H maX{lv |O‘k|}
k=1

and
M(f) = li f
( ) plI})l‘F H ||p7
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where | f||, is defined by

1 21 ) 1/p
i1, = (o= [ el s

A polynomial f is called Littlewood polynomial if each of its coefficients is in the
set {—1,1}. A polynomial f is called unimodular if each of its coefficients is a
complex number of modulus 1. Let £, denote the set of all Littlewood polynomials
of degree n—1. Let il,, denote the set of all unimodular polynomials of degree n—1.
Note that Parseval’s formula implies || f||2 = +/n for all f € 4,,. We also introduce
the set £ :=UJ2, £, of all Littlewood polynomials and the set 4l := U2 4L, of all
unimodular polynomials.

Littlewood posed a number of problems regarding the behavior of Littlewood
and unimodular polynomials on the unit circle; see for instance [11, problem 19].
He asked if there exist absolute constants ¢; > 0 and ¢o > 0 and a sequence (f,)
of polynomials f,, € 4, (or perhaps f, € £,) such that

Cl\/ﬁg |fn(z)‘ SC2\/Ea z€C, |Z|:1'

Kahane [9] proved that there is such a sequence (f,) of polynomials f, € il,,
showing in fact that for every € > 0 there is a sequence (f,,) of polynomials f,, € il,
such that

L-Va<|ful)| < (L+e)m, 2€C, |d=1.

for all sufficiently large n. Whether or not there is such a sequence (f,,) of polyno-
mials f,, € £, is still open. The Rudin-Shapiro polynomials of degree n = 2¥ — 1
satisfy the upper bound with c; = v/2 and no sequence ( f,,) of polynomials f,, € £,
is known that satisfies just a lower bound with an absolute constant ¢; > 0. Erdds
conjectured that there is an absolute constant € > 0 such that the maximum mod-
ulus of any Littlewood polynomial f,, € £, on the unit circle is at least (1 +¢)/n.

Problems regarding the existence of unimodular or Littlewood polynomials with
certain flatness properties on the unit circle also arise in the context of the Mahler’s
measure. In 1963, Mahler [12] proved that the maximum value of the Mahler’s
measure of a polynomial of degree at most m having all its coefficients in the
closed unit disk is attained by a unimodular polynomial. Mahler posed the problem
of determining the mean value of the Mahler’s measure of these polynomials to
Fielding, who proved in 1970 that

: M(f)
lim su =1, 1.1
W fev, v/ -
and 0
M(f _ _
- > /2 1/4+4¢
e 2 € (10 (). (1.2)

where v denotes Euler’s constant and € is an arbitrarily small positive constant.
See [8]. Here

1 2m 2 2m
mean (F(f)) := W/o /0 /0 F(f)dbydby --- dby—1 .

fedn

In [4], the authors strengthen (1.2) by proving that the limiting value of both
the geometric and the arithmetic means of the normalized Mahler’s measure of
unimodular polynomials f € i, is exactly e~7/2 = 0.749306 - - - .
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Theorem 1.1. Let i, denote the set of unimodular polynomials of degree n — 1.

Then M)
I log (2} = /2
i mean log ( NG ) v/
and
lim mean log 171, = 1log;lﬂ(l +p/2) p>0
n—oo fesl, NG ) ’ '
Also M
lim mean 7(‘76) = /?
n—o0 feun n
and »
lim mean 171 =T(1+p/2), p > 0.

n—oo feil, n
In this paper first we determine the limiting values of the arithmetic means of
the normalized Mahler’s measure and L, norms of Littlewood polynomials f € £,,.
The values we obtain are the same as those found in [4] in the unimodular case.
To do so we will employ a result of Konyagin and Schlag (Lemma 2.4 below) in the
place of Fielding’s result about the unimodular polynomials. We prove the following
theorem in the next section. For any f € £,, we define f(z) := max{|f(z)|,n"'}.

Theorem 1.2. We have
M(F
lim exp (mean log (U))) =e /2, (1.3)
n—oo feL, \/ﬁ

lim mean M(f) =e /2 (1.4)
n—oo feL,, n

and

where I}aean(-) = ok >ree, (). We also have

n

. ||f||p 1
1 1 —_—= =I'(1+p/2 /P 1.5
nlm exp <mean og ( \/ﬁ ( p/2)*'P, p>0, (1.5)

feLe,
e 17
li 2 —1(1 2)1/p 0. 1.6
i wmean “ =T+ p/2Y7, - p> (16)

Result (1.6) is proved in Theorem 1 of [2], while (1.3), (1.4) and (1.5) are new
results. Hopefully, the results (1.3) and (1.5) will shed some light on how to compute
the limiting value of the geometric means of the normalized Mahler’s measure of
Littlewood polynomials f € £,, as well in the future.

Although we cannot offer an asymptotic formula for the geometric means of the
Mahler’s measures of Littlewood polynomials f € £,, we can prove the following
result.

Corollary 1.3. We have
M
e~ 7/2 > lim sup exp (mean log ( (f)>> .
fegn

n—0o0

For every fized € > 0, we also have

>e /2,
hnr,n—>loonf P (r}leegf log (n1/2‘E =
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The problem of determining whether there exists a positive number € such that
M(f)/ I flly < 1—¢ for every Littlewood polynomial of positive degree is commonly
known as Mahler’s problem (see for instance [1]). The largest known value of
M(f)/ | fll5 for a Littlewood polynomial of positive degree is 0.98636. .., achieved
by f(z) = 22+ 420429428 — 2" — 254 2%+ 2* — 23+ 22 —2+1. The best known
asymptotic result in Mahler’s problem is due to Erdélyi and Lubinsky [6], who

recently proved that the Fekete polynomials, defined by f,(z) = Zi: <%) k1,

where p is a prime number and (5) denotes the usual Legendre symbol, satisfy

M(fy) > 1. (1.7)

Ifplly, ~ 2

for arbitrarily small ¢ > 0 when p is sufficiently large. Recently, in [3], we con-
structed Littlewood polynomials f, of degree n satisfying (1.7) for all positive
integers n, not only for prime numbers. The Rudin-Shapiro polynomials P, are
also known to satisfy M (P,) > ¢||P,||2 for every n with an absolute constant ¢ > 0,
see [5].

An analogue of Fielding’s result (1.2) for Littlewood polynomials, and an im-
proved lower bound in Mahler’s problem, both follow immediately.

Corollary 1.4. For every e > 0 there exist infinitely many Littlewood polynomials
f satisfying
M(f)

/1
and infinitely many Littlewood polynomials f satisfying

M(f)
171l

Since the arithmetic means and geometric means of the normalized Mahler’s
measure of f associated with Littlewood polynomials f € £, converge to the same

limiting value as n — oo, we can deduce that the values M(f) are close to each

other for almost all f € £,,, and hence almost all of the values M (f) are close to
the mean. More precisely we can prove the following result.

>e 2 g,

<e ? 4e.

Theorem 1.5. The normalized Mahler’s measure M(f)/\/n converges to e=7/2 in
M(f) _ 6—7/2

probability. That is,
{ feL,: Jn > 5}

for every € > 0, where |A| denotes the number of the elements in the set A. Also,
the normalized L, norms || f||,/v/n converge to T'(1 4 p/2)}/? in probability. That
18,

. 1
lim —
n—oo 21

=0 (1.8)

1/l

N T(1+p/2)"/P

{fEEn:‘

for every e >0 and p > 0.

> 5}‘ =0 (1.9)

Result (1.9) is proved in Theorem 1 of [2], while (1.8) is a new result.
We may obtain more information on the distribution of the Mahler’s measure
and the L, norms by studying their moments. We have the following result.
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Theorem 1.6. We have

. [F. . (F
lim mean = ( lim mean
n—oo feL, \/ﬁ n—oo feL, \/ﬁ

lim mean M(f) ) = | lim mean M(f)
n—oo feL, \/’E I e feLl, \/’ﬁ

for every a >0 and p > 0.

and

We think that similar techniques permit the extension of our main results to the
derivatives of Littlewood polynomials.

2. PROOFS OF THE MAIN RESULTS

For f € £, of the form
2) :Zajzj, z:=¢"% Helo,2n),

we define

FEP LS e
= Un(fv 9) = = - a;e"
n n JZ:;) /

For a fixed 6 € [0,27), P. Borwein and Lockhart [2] studied the distribution of U,
as a random variable. Let

n—1 n—1
or o(0) = ZCOSQ(jQ) and o5 (6) := Zsin2(j9)
j=0 j=0
and write (k6)
cos
ak,n(o) = Un#c(a)
and, for 6 not an integer multiple of m,
__ sin(k0)
bin(6) == s (0)’
We also define random variables
n—1 . n—1 . .
1 ajcos(j0 . a;sin(j60
Co(0) = Z]_o j cos(j0) and  S,(0) = Zg_o j sin(j0)

On,c(0) On,s(0)

Note that , 2 (B)c2(0) 2 (9)52(0)
f z Un,c n + Jn,s n
a0y = PO : |
Let Z, Z1, Z5 be the standard normal distributions, and let E(X) be the expected
value of the random variable X. We need the following lemma which records some
facts observed in the proof of Theorem 1 of [2].

Lemma 2.1. For any fized 8 not an integer multiple of w, we have

(i) (Cn(0),S8,(0)) converges in distribution to (Z1,Zs) as n — oo;
(ii) |f(e®)?/n converges in distribution to (Z2 + Z2)/2 as n — oo;
(iii) E(|CL(0)|P) and E(|Sn(0)|?) converge uniformly on (0, m)J(r, 27?) toE(|Z?)
as n — 0o.
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Proof of Lemma 2.1. See pages 1466 and 1469 of [2]. O
For a fixed n € N and and a fixed z = ¢ € C, let

Fi(a) = o {fei)n MEE gz}‘

2n n

be the distribution function of U,, and let F(z) = 1 — e~* be the distribution
function of the standard exponential function on [0,00). The following is a Berry-
Esseen type central limit theorem for F?(x). Let ||y|| := miny,ez |27m — yl.

Proposition 2.2. Let 0 < A < 1 and z := €' with ||20| > 1/n?. We have
FZ(z) = F(z) + O(n~ Y% 4 n~(174) (2.10)

for any 0 < x < oo, where the implicit constant in the O symbol is absolute,
independent of 0 and x.

Proof of Proposition 2.2. For a fixed 8 € [0,27), let g,..(t) and g, s(t) be the
probability density functions of C),(6) and S,,(¢) and let G,, .(t) and G,, 5(t) be the
corresponding distribution functions, respectively. In view of (iii) of Lemma 2.1,
we have E(]C,,(6)P) and E(|S,(0)|?) converge uniformly on (0,7) U (7, 27) to

0 p/2
B(zp) = [ faPdsi) = F(if/’; D/2)

where
T

O(z) = (1/\/%)/ e 12 gt

By (i) of Lemma 2.1, both G, (t) and G,, s(t) converge to the standard normal
distributions. So using the Berry-Esseen’s central limit theorem (see Theorem 1 on
p. 542 of [7]) with either X,, = C,,(0) or X,, = S,,(6), where 6 & {0, 7}, we have

P
— <
|Gn70(‘r) ‘I)(JT) = 630_?1\/77

where c3 > 0 is an absolute constant,

Pn
n,s - S T2 />
and |G, () (z) 630_%\/5

23/21(2) 2
n = E(| X0 ), lim p, = ——=— =24/,
pr =EQXE), T e = =00 =

and

2 =E( X, lim o) = — L=
on = E(X), lim o, = —

It follows that
Gn.c(x) = O(z) + O(n_l/z) and G, s(x) =@(x)+ O(n_l/z)

for all  in (—o0,00). Note that

1 n—1 1 1 n—1 1 1 n—1
c _ 1 200y _ £ 1 oyt 2i50
= njgocos (‘70)72+2n§ms<2‘70)72+2n% j;oe

1 1 1
_ I —(1—-A)
2+O(n||29||> 30 ()

2
Un,

3
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for any 0 € [0,2n) with ||20] > 1/n“, where the implicit constant in the O symbol
is absolute. Similarly, we have

Tie _1 ) (nf(lfA))
n 2
for any 6 € [0, 27) with [|20]| > 1/n4, where the implicit constant in the O symbol is

absolute. Therefore, for any 0 € [0, 27) with ||20] > 1/n” and for any z € (—o0, o0),

we have
1 0n.cCr(0)
= L e A _
o {fei:n NG _:L’H d(x)
0n.cCr(0) 1
o ——F < -5 1 CR(0) <
< |z[{res: 2RO Lipesco<a
1
+ o HfeL,:Cn) <z} — ®(x)
1 o o\Y2 1 oo\ U2
< fiA e 2 g /2y (1A
n

with some absolute constants C' > 0 and ¢4 > 0, where the implicit constant in the
< symbol is also absolute. Similarly, we have

{f €L, In.cSn(0) < x}‘ —®(x)| < n V2 g 04,
n

1
on

We recall that

Therefore, we have
FZ(z) = F(z) + O(n~ Y2 4+ n=0-4),

O
For any z € C and |z| = 1 we define the corresponding distribution function

G (t) = — {fei)nzngt}

0 n

Observe that |f(2)|2/n > n=3, hence GZ(t) = 0 for t < n~3. Observe also that
2
|f(2)] <n~!tand n™3 < timply | f(2)]*/n < n~3 <t, and hence x[o4 (%) =1.

Hence, if t > n~3, then we have

GL(t) = F;(t).
Therefore
F7(t) ift>n=3
G?(t) = n - . 2.11
n(®) {O if t <mn—3. ( )

Theorem 2.3. Suppose z = e with 6 € [0,27) and 20| > 1/n? for some
0 < A < 1. There is an absolute constant c5 > 0 such that

| 1wt @i - Fo)

+

<es(n Y2+~ logn (2.12)
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for every n € N. Hence

mean log <|f(z)2> + 7y

< 172 4 (=4 2.13
mear - < cs(n +n )logn ( )

for every n € N. In particular,

lim mean log <|f(;)|2> = —y, (2.14)

n—oo feL,

where the convergence is uniform on 6 € [0,27) such that ||20] > 1/n.

Proof of Theorem 2.3. We divide the interval of integration into three subintervals
[0,n73],[n73,n],[n,00) and estimate on them separately.
First we observe that by (2.11)

[ st a0 - F)

— /:o logt d (F?(t) — F(t))‘

 Fi(t) — F(t)
t

= JiFiw - Py ogdy - [
< [l togd 7+ [

oo ,—t
n

¢,
t
since F?(t) = 1 for t > n and hence F?(t) — F(t)=1— (1 —e™ ") =e ! for t > n.
Therefore,

i

/ logtd(Gi(t)F(t))‘glOgnJr?ll/ et dt < 181 (215

e’ﬂ;

en

where the implicit constant in the < symbol is absolute.
Now we estimate on the interval [n=3,n]. Using (2.11) and (2.10), we obtain

Anbmd@ﬂw—ﬂm Anbmdﬁﬁw—ﬂm

/n? Jn3
= wmw—ﬂmbymﬁ—zlfﬂﬂgﬂﬂﬁ
< Wﬂmew%n+wmn%Fmsm%n+[;Jm@th”ﬁ
< (24~ logn + (n1/2 +n_(1—A))/1: 3 % i@t
< (24 0" logn. (2.16)

Finally we estimate on [0,n~3]. We have

1/n® . 1/n?
/ logt d (G (t) - F(t))’ = ‘[—F(t) log t]p\" + / @ dt
0 o+

+
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as GZ(t) = 0 when t < 1/n3. Observe that lim,_,q+ F(t)logt = 0, so using (2.10)
again we obtain

1/n®
/O log t d (—F(t))

+

1/n3 F
< (n—1/2+n‘(1—A))1ogn+/ % dt .

o+

Estimating the second term on the right hand side gives

1/n3 F 1/n3 1_ et 1/n® 1
/ ﬂaltz/ c dtg/ Ldt = =,
0+ t 0+ t o+ n

as 1 —e~t <t fort > 0. Hence

1/713
/ logt d(GZ(t) — F(t))| < (n™Y2 +n= (=) logn. (2.17)
o+
Now, (2.12) follows from (2.15), (2.16) and (2.17). O

In the case of unimodular polynomials in [4] a result of Fielding in [8] helped
the authors to succeed, but an analogue of Fielding’s result is not available in the
case of Littlewood polynomials. However, to prove (1.4) of our Theorem 1.2 we can
use a recent result of Konyagin and Schlag in [10]. From Theorem 1.2 of [10] (with
¢ = 1), for any £ > 0, we have

li L
17rln_>solip o

{f €L, :min{|f(z)]:z€Cand ||z] - 1] < en?} < 5n71/2}‘ < cge

with some absolute constant cg > 0. Hence we have

Lemma 2.4. Forn € N and € > 0 we define

An(e) = {f € £, min |f(z)| < En_l/Q}.

|z|=1
There is an absolute constant cg > 0 such that
1
limsup — |4, (¢)] < cge (2.18)
n— 00 2n
for every e > 0.

Proof of Theorem 1.2. Integrating (2.13) over the set
H, :={0¢€0,2r): ||20]| > n~Y/?}
and using Theorem 2.3 with A = 1/2, we obtain

1 ¢ 2
lim —/ mean log <|f(2)|> df = —v,
n—oo 27 H, feg, n
Observe that

—3logn = log(n™%) <log(|f(z)]*/n) <logn, z=¢€"’ 6el0,2n).

Hence

¢ 2
—3logn < mean log <|f(z) ) <logn, 6¢€]l0,2n),
feg n

and as the measure of the set [0,27) \ H, is 2n~'/2, we have

—61 F(2)|? 21
—ooen < mean log |/(2)] do < ogn .
Vn 0,20\ H,, f€En n vn
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This yields

()2
lim i/ mean log <|f(z)|> df =0,
n—o00 27 [0,27)\ H, feL, n
which finishes the proof of (1.3).

To prove (1.4), let ¢ > 0 be fixed and suppose n > 2. We first observe that
if f € £,\ An(e), then minp,_y |f(2)] > en™!/2. Hence |f(z)| > en™!/2 > n~!
whenever |z| = 1. Tt then follows that f(z) = max{|f(z)|,n"'} = |f(z)| for all
z € C with |2| = 1. Therefore, if f € £, \ A, (), then f(2) = |f(2)| for 2 € C with
|z| = 1. Thus

M) o MU) 1 s~ M) - M)
v v R THD Dl S

Combining (2.18) with the inequalities
1< M(f) < M(f) < | fll < IF 2 + 111 /nlle = n'/2 407 V2 <202 (2.20)

feAn(e)

valid for all Littlewood polynomial f € £,, we obtain

lirrlnﬂsotip 2% Z .M(f)\—Fn]\J(f) < ZIiTanHsotip 2%|An(€)\ < 2cqe (2.21)

feAL(e)

Using the inequality between the geometric and arithmetic means (or Jensen’s
inequality) and (1.3) we obtain

lim inf mean M) > lim inf exp (mean log <M(f)>> =e /2, (2.22)

n—oo feL, +/n n—00 feLn, Vn
Observe that for p € (0,1), we have
L< (M) < F1E < IAIE < 1+ 1/nll < I fllE +n7
and this gives 1 < [|f]l,/fll, < A +n"?)/? < (14n"P +n 1)H1/P For p > 1,

L< M) <N fllp < 1f1p < MF1+1/nllp < 1fllp + 27
and this gives 1 < ||f]l,/Ifll, <1+ n"' < (1 +n"P4n~")'+1/P, Hence, we have

L<fllp/ I fllp < (L4077 a7t (2.23)
hold for all Littlewood polynomials f € £,. In [2], it was shown that

. 1711, .
1 P (1 2)i/p
Am mean”7E =T(1+p/2)

Combining this with (2.17), we also have

. 1/ 1l 1
1 LESIVA VG 2)1/p
A mean” 725 = T(1+p/2)

Therefore,

o .
lim sup mean M) < lim sup mean /1l =T(1+p/2)P.

n—oo fELn n n—oo fELn \/ﬁ
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As this holds for all p > 0, and

1I7(1
lim D(1+ p/2)/? = exp ( ( )) =e /2,
p—0t

2 T(1)
we have
o
lim sup meanﬁ < e /2 (2.24)
n—oco fELn \/ﬁ
Combining (2.22) and (2.24) gives
lim meanm =e /2, (2.25)
n—oo feL, n

Combining (2.19), (2.21), and (2.25) gives (1.4).

Formula (1.6) has already been proved as Theorem 1 in [2].

To prove (1.5), we first recall that in [2], it has been proved that || fl|,/v/n
converges to I'(1 + p/2)'/? in probability. Hence for any & > 0, we have

>€H:0.

Let h, :=T'(1 +p/2)Y? p >0, and hg := e™?/2. Let 0 < & < ho/20. We define

. 1
lim —
n—oo 2N

{f €Ln: ’”f\/!;’ —~T(1+p/2)"?

Bn5: n
c={fes -

<e€

— hyp| <e,
p

-
Using the convergence in probability stated in Theorem 1.5 (that we prove later in
this paper) and (2.23), we get

1l—e<my, = |B;LE| <1 (2.26)
for all sufficiently large n. Therefore
) 1/2"
(1T wirva,
feLln
R 1/2" R 1/2"
= (I wirvan) (I wirvan)
fEBn,s fEEn\Bn,s
R 1/2m
> <hp—s>mw( 11 ||f/x/ﬁ||p>
fEL\Bn,e
A 1/27
> win(h, = -2 T 1/l
feEL\Bn ¢
X 1/2"
> winfh, - (-0 (I i) L e
fELL\Bn e

Now we can use (2.26) and the convergence of the geometric means of the Mahler’s
measure of f of Littlewood polynomials to hg to estimate the second factor in this
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lower bound as

(Mjee., Q1) -

RN
<fe£nr\[Bn,€ i) -

(erB,z,g (M(f)/\/ﬁ))l/zn

ho—& h()—&‘

(ot oyme = (hotepe 2%
for all sufficiently large n. Combining (2.27) and (2.28) we obtain
; 12 ho —¢

( 11 ||f/\/ﬁ||p) > min{hy, — ¢, (hy — S)lfa}m (2.29)

feln

for all sufficiently large n. On the other hand, using the inequality between the
geometric and arithmetic means and (2.23), and then recalling (1.6), we obtain

nli_)ngo( I1 f/\/ﬁ”,,)l/zn < nlinéo;< > IIf/x/ﬁ|p>

<
feg'n/ feg'ﬂ
. 1
= o (X v,
fetn
< hp+e, (2.30)

Combining (2.29) and (2.30) and letting n — oo and then € — 01, we get

o) 151
. _ . P _
dim (L 05AL) = i e (f;lsg{“og ( v ))

JE€Ln

This proves (1.5) and completes the proof of Theorem 1.2. O
Proof of Corollary 1.3. Let

Ao = {7 € 20 min 1) < en 72}

be the same as in Lemma 2.4. Observe that if f € £, \ A,(¢) and n > £72, then

£(2)| = f(2) for all z € C with |2| = 1. Hence,
() - £ T m(40) ek ¥ ()

feL\An(e) feAL(e)
1 M(f) 1 M(f)
= Z log ( ) + 55 Z log ( >
2 feLn\An(e) \/ﬁ 2 fe€An(e) vn
_ M)\, 1 M(f)
- I?ee%flog< NG ) t o fe%:(g) log <M(f)> '

Recalling (2.20), we obtain

1> exp 2% Z log (%E;;) > exp (—;An(e)log(m/ﬁo )

feAL(e)
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Combining this with (1.4) and Lemma 2.4, we obtain

M
e~ 7/? > lim sup exp (mean log ( (4) ) )
n—00 feLl, \/?l

lim inf exp (mea}n log (J\/[(f))> > e /2,

n—00 feen, nl/2—coe

and

O

Proof of Theorem 1.5. Result (1.9) has been proved in Theorem 1 of [2].

To prove (1.8), we need a quantitative form of the inequality between the geomet-
ric and arithmetic means. Let si be the arithmetic mean and g be the geometric
mean of the positive numbers aq, as, ..., ar. Let

m=m(e)={j €{1,2,...,k} :|aj/sx — 1| > €}].

We claim that for every 0 < € < 1, we have

15 m/k
€ < si/
(1+5> = Sk/ k-

Indeed, we first assume s = 1. Following Pélya’s proof of the inequality between
the geometric and arithmetic means, we have e“f’l/aj >1forall j=1,2,...,k.
But when |a; — 1| > €, we can gain a non-trivial factor > 1. Consider the function
f(x) :=e*1/x for x > 0. The function f(z) is decreasing on (0, 1] and increasing
on [1,00), and takes its absolute minimum value 1 on (0,00) at 1. So if |z — 1] > ¢,
then x > 1+ ¢ or x < 1—¢, and hence

ew—l e e~ € ef
> min { } >1.

x l+e'1—cf 1+e¢
Therefore Z?:l aj = sEn = n implies

k
1 e2j=1% " ko eai—l e \"
ai1ag - g aijasg -+ - ag 1 CLj 1+€

J

By taking the kth root of both sides and recalling that s; = 1, we have

e m/k
> .
Sk/9k = (1 + E)

For the case that si # 1, we replace a; by a}; = a; /s so that s}, = %Z?Zl a;/sk =
1, then from above, we have

k r_
e ()
= ! ! / = ! — :

a1a9 - ag a1a2.~-ak =1 G,j 1+€

ef m/k
> .
Sk/9k = <1—|—6)

This also gives

This proves the claim.
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Applying the claim to our case, we have a; = M(f)/v/n with f € £,, k =
2" s, = mean (M(f)/\/ﬁ) and g = exp (r}legn log (M(f)/ﬁ)) . Note that
€L, €Ly
lim,, o log(sk/gr) = 0 from Theorem 1.2 and (2.25). Therefore, for any e > 0,

1 M(f
lim — {fei}n:’(f)—e_wz >5} =0.
This completes the proof. ([l

Proof of Theorem 1.6. Let p > 0 and o > 0. Let h, := I'(1 + p/2)'/? as before. In
view of (1.9) in Theorem 1.5, ||f|l,/+/n converges to h, in probability and hence
(I £ll,/v/n)" also converges to hy in probability. We let

Ape(a) = {f € L, |(Ifll/vn)" = hS| < €}

so that for any € > 0, we have

‘We now consider

(712 S W
pen ((12) ) -5

)

Hf“p “ @
<
e <’< NG ke

1 <||f||p>a 1 <|f||p)a
= > —hl =Y —h2l. (2.31)
n p n p
feAn,s(a) \/ﬁ 2 feEn\An,e(o‘) \/ﬁ
The first term in (2.31) is
1 ’(Hf”p)a |An,e ()|
— Z —— ] —hY|<e——F —¢
n p| — n
2 feAn (@) v 2
as n — co. In view of [2], we know that
2
lim mean (Y ’ =T(1+p/2)? (2.32)
n—oo feL, n '

and using a similar proof, one can show that

lim mean 11l " =T(1+p/2)™
n—oo fEL, \/ﬁ ’

for any integer m > 1 by considering

gg*)(gl’ 0y, ;Hm) = 1}16633

Fe™) fe)  flem) |
and showing that gT(L*)(Hl, s, ,0,,) converges almost everywhere to I'(1 4 p/2)™
on [0,27)™ by using Lindeberg’s central limit theorem as in the proof of (2.32) in
[2]. Then for p > 2, by Holder’s inequality, the second term in (2.31) is at most

(1=} (g ((S2)")) (- 2
- (1_ W)lé (I}leeg?<<”f\/!{>p<[a]+l)>>é+ (1—W> "
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where the right hand side tends to 0 as n — co. For 0 < p < 2, then ||f|l, < [|fll2 =
v/n for all f € £,. Hence the second term in (2.31) is also

§<1—W)+(1—W>hg

where the right hand side tends to 0 as n — oo. Therefore, we have

£l \* a
Fea <( N
and hence

lim mean w =h® = lim mean —Hf”p .
n—oo feL, \/ﬁ P noo fefn \/ﬁ

The case of the Mahler’s measure can be proved in the same way. Now we can use
(1.8) rather than (1.9) of Theorem 1.5 and observe that M(f)/vn < ||fll2/vn <
1+1/n%? forall f € &,. O

lim sup <e,

n—oo
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