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Abstract. We study the autocorrelation coefficients of the Rudin—Shapiro
polynomials, proving in particular that their maximum on the interval [1,2") is

bounded from below by C12%" and is bounded from above by 0220‘," where o« =
0.7302852 ... and o = 0.7302867 .. ..

1. Introduction

The Rudin—Shapiro polynomials were discovered by H. S. Shapiro in 1951
[9] (also see the paper of M. J. E. Golay the same year, and the footnote on
the first page of [2]). They were studied later by W. Rudin in a 1959 paper
[8] as recalled, e.g., in [1]. These polynomials, also called the Shapiro-Rudin
polynomials, are constructed as follows.
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Let Py(x) =1 and Qo = 1. For any integer n > 1, define

{ Po(2) i= Po1(2) + 22" Qno1(2),
Qn( ): n— 1( ) ZTHIQn—l(z)-

Polynomials P,(z) and @, (z) are called Rudin—Shapiro polynomials. Note
that P,(z) and Q,(z) are polynomials with +1 coefficients of degree L, — 1
where L, = 2". It is well known that

(1.1)

(1.2) |P, () +1Qn(e)> = Ly = 27, for any ¢ € [0,2n).

By the Fourier coefficients of f at k, we mean the coefficient for the
term 2", or simply

1

i~ 27T . .
F(R) = ()" (k) = 5 ) Fe)e e gt

By the definition we have

Pal?(2) = 2% Pui(2) Quoa(2) + 2% Paca(2)Quoa(2) + 27,
(1.3) (P_nQn)( ) = 2P0 1 (2)]* = 2% Pu1(2) Qo (2)
+ 27 Po1(2)Qua(2) — 27,
(PuQn) (2 )—2|Pn 1)+ 2" Pai(2)Quoa (2)
- ~1(2)Qua(2) — 2.
We are interested in estimating maxy, |(|P,|?)(k)|. If we write

L,—1

then

hen - L,+1<k<L,—1
Pn2/\k: ap, W n SRS L 5
(IE15)7 (k) {0, when |k| > L.

We will prove
THEOREM 1. If P, and Q,, are the n-th Rudin—Shapiro polynomials and

L,—1
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(ap = L, a, = a_g, k> 1), then

CiAY2 < max |ag| < Co((1.00000100000025) )"/
1<k<L,—1

with absolute constants C1,Coy > 0 where

(714 61773 4+ (71 — 6V/177)Y/3 + 5

A= 3 = 2.75217177 - - -
is the real root of x® — 5x> + 122 — 16 = 0.
Also, if we let
o o Ln—1
(PnQn) (Z) = (PnQn)(l/Z): Z bkzka |Z| =1
k=—L,+1

(bg=2— Ly, b, = b_p, k> 1), then

Cs\"/? < max o] < C((1.00000100000025)\)"/>
1<k<L,-1

with an absolute constant C3 > 0.
COROLLARY 1. Under the same assumptions as in Theorem 1, we have

—
2" < _max lag| < C2(0-7302867-)n
=h> n_l

and

log A )

52102 < max |bg| < Cp2(0-7302867-)n.

1<k<L, -1

Note that 595% = 0.7302852 - .

We remark that the constants Cq,Cy and C3 are absolute and effective
and the numerical values of these constants can be obtained by determining
the implicit constants in the proofs.

As an application of Theorem 1 we employ an old result of Littlewood,
see Lemma 5 in Section 4. The following theorem tells much about the
oscillation of the modulus of the Rudin—Shapiro polynomials around their
normalized Lo norm over the unit circle. For further investigations in this
direction see [3] and [4].

THEOREM 2. If P, and @, are the n-th Rudin—-Shapiro polynomials,

L,—1

R(t) = |Pa(e"))? = > ape™
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(ap =1Ly, ap =a_g, k> 1), and

max |ag| < 0200
1<k<L,—1

with an absolute constants C > 0, \g > 1/2 and € > 0, then there are abso-
lute constants A >0 and B > 0 such that the equation R(t) = (1+n)2" has
at least A2=22)" distinct solutions in (—m,7) whenever n € [—B, B] and n
is sufficiently large.

In view of Theorem 1, we have

COROLLARY 2. There is absolute constant A > 0 such that the equation
R(t) = (14 n)2" has at least A20-5394282n distinct solutions in (—m, ) when-
ever |n| < 278,

2. Upper bound for the autocorrelation coefficients
M. Taghavi in [10] claimed

max |ag| < (3.2134)2(07303)n
1<k<L, -1

However, as Allouche and Saffari observed, in his proof Taghavi used an
incorrect statement saying that the spectral radius of the product of some
matrices is independent of the order of the factors (see the review by the
first named author in Zentralblatt 0921.11042). So what he ended up with
cannot be viewed as a correctly proved result. We obtain a better upper
bound here.

The scheme of the proof of Theorem 1 is as follows. Starting from the
recursive relations of Rudin—Shapiro polynomials, we develop recursive re-
lations of the autocorrelation coefficients of |P,|?, P, Q, and P,Q,, (see wy,
below) in Lemma 1. We find that the multiplying matrix in each inductive
step comes from four 3 x 3 matrices A, B,C' and D (defined below). How-
ever, after applying n inductive steps, the resulting matrices M (a product of
n matrices) have 4" different possible matrices which is difficult too handle.
By studying the products of A, B,C and D carefully, we show in Lemma 2
that these 4" matrices M are basically generated multiplicatively by two ma-
trices M7 and B only and B is of order 4. This nice factorization of M makes
us successfully estimating the spectral norm of M induced by Ly norm in
Theorem 3 and hence gives an estimates for the autocorrelation coefficients
in Theorem 1.

By induction on (1.3), we have

(1P| (2k) = (P @Qn)"(2k) = (P, Qn)"(2k) = 0.
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For n > 1, let S,, be the set of all odd integers k with —L,, < k < L,, and let
Sri={keS,: (r-32" ' <k<(r—2)2"""}

so that S, is the disjoint union of S}, 82,53 and Si. (The definition of S7)
is slightly different in [10] in order to make S; = {—1,+1} is a union of ST,
52, 5% and S7.)

For n > 2, let k,, be an odd integer in S,,. We define k,,_1 and k/, from k,,
as follows

kn +2" if k, € St U S2
2.1 K =" PR
@1) ' {kn—zn if k, € S5 U S,

and

: 2 3
(2.2) k1 = {""n it by € 55, U5y,

K. if ky € STU S

It is easy to see that if k, € S, then k,_1 € S,,_1 and k], € S,,.
Let

(1Pnf*)" (k)
wn(kn) = | (P Qn)"(Ky,)
(PnQn)" (kp)
Lemma 1 below gives a recursive relation of wy, (k).
LEMMA 1. Forn > 2, we have
(2.3) wn(kn) = Mwp—1(kn—1),

where M is one of the following four 3 x 3 matrices, whenever k, is in
Sl 52 53 and St respectively,

ProOF. This is Lemma 1 in [10] but there are some typos in the original
paper. Let record a correct version here. First note that

(2.4) kneSruSd =k, €8 ,ust |,
kneS2USti=k, €8 ,uUSs? ..

Let k, € SL. By (2.1) and (2.2), ky_1 = k!, = k,, + 2", so (2.4), together with
(2.1) and (2.2) again, imply that k!, | =k, — 2" ! =k, + 27 L.
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Now using (1.2), we have

(P k) = (22" Paci Quet) " (ki) + (22 Pact Qut) " (ki)
- (Pn—l Qn—l)/\(kn - 2n—1) + (Pn—lm)/\(kn + 2n—1)
= (an—l)/\(kn - 2n—1) + (Pn—lm)/\( 7/1_1)-

As k,—2""1 <1-2""1 by (1.3), we have (P,_1Qn_1)"(kn—2""1) =0
which implies that

(2.5) (1Pa*) (k) = (Poe1Qu1) " (k1,1).

Next using (1.2), we have

(PnQn)"(K),)
=2(|Paa ) (k) = (Z* Puc1Quon) (k) — (22 PacaQur) (k)
=2(1Pu-1]*) " (kn-1) = (Pu1 Q1) " (k) = 2" ") = (Pac1 Qu1 ) " (K, +2771).

(Note that there are some typos for the above formulas in [10].)
Since kl, + 271 > 2771 — 1 by (1.3), (Poo1Qn_1)"(k,, +2""1) = 0 and
as ki — 2"t =k, + 2771 = k! | we have

n—1s
(2.6) (PaQn)" (k) = 2(|Puea )" (Bn—1) = (Pac1 Qu—1)" (kp,—y)-
A similar argument also gives
(2.7) (PaQn)" (k) = 2(|Pue1 )" (Bn—1) + (Pac1 Qu—1)" (k7,—1)-

Now (2.5), (2.6) and (2.7) imply that in (2.3), M = A, whenever k, € S..
Similar calculations yield (2.3) for the other three cases, which completes
the proof of the lemma. [

Applying Lemma 1 inductively on n, we get

(2.8) wn(kn) = Mn_l te M2M1w1(k1)

1
with wy (k1) = :I:( 11)k1 = =41, and

(2.9) M; €Ty ={A,B,C,D} i=1,....n—1

where T}, is the set of all matrices which are a product of n matrices in

{A,B,C,D}.
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We consider any product of two consecutive terms in the matrix product
(2.8). Let j € {1,...,n — 2}, then

(2.10) MM € Ty :={AC,AD,B*, BA,C*,CD,DA,DB} .

To see this, suppose that M; = A, then k,,_; € S}L_j and so, by (2.4),

3 4
kn—(+1) € Sa-(j+1) Y Sn-(j+1)-

Therefore, M1 € {C,D}, that is, M;M i is either AC' or AD. Similar
arguments yield (2.10) for the cases that M; is B,C or D. In other words,
(i) if M; = A,C, then M1 = C, D so that it produces AC, AD, CC,
CD,
(ii) if M; = B, D, then M1 = A, B so that it produces BA, BB, DA,
DB.
Due to (2.4), T5 does not contain all 16 possible matrices but only 8 matrices.
We next will show that every element in 7;, can be generated by only
two matrices B and M; in a very simple fashion (see Lemma 2).
We let

100 100
T=1001), I=({010
010 001

Then we have
T?=1, C=TBT and D =TAT.
Let
(2.11) M, =AT, My,=TA, Ms=BT, M,;=TB.
Then we can write T3 in terms of Mj:
T, = {AC,AD,B? BA,C? ,CD,DA,DB}
= {(AT)(BT), (AT)(AT), (BT)(TB), (BT)(TA), (T B)(BT),
(TB)(AT),(TA)(TA),(TA)(TB)}
= { My Ms, My My, MsMy, MMy, MyMs, MyMy, MyMa, MaMy}.

In view of (i) and (ii), we have the following rules when we multiply M;
together:

(a) after My, it is either My or M3 only;

(b) after Mjy, it is either My or My only;
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(c) after Ms, it is either My or My only;
(d) after My, it is either M; or M3 only.
We now assume n is even and consider the possible factorization of M
in 15,.
For any M € T),, then M is a product of n/2 matrices, M;M; € T5. Then
(1) If M is starting from M, then in view of (a)—(d), M is one of these
forms:
(i) M = ]\41 for ¢1 > 1;
(il) M = ]\41 Ms for ¢4 > 1;
(i) M = ]\41 MsMy, b4 > 1;
(iv) M = M M3M2 for 41 > 1,49 > 1;
(v) M = M MM My for £, > 1,05 > 1;
(vi) M = (M{* Mg M2 My) M* - for £y > 1,49 > 0, M* = M; or M.
(2) If M is starting from Mo, then in view of (a)—(d), M is one of these
forms:
(i) M = M2, for 5 > 1;
(i) M = MMy, for £y > 1;
(iii) M = (MEMy) M*--- | for £y > 1, M* = M; or M.
(3) if M is starting from M3, then in view of (a)—(d), M is one of these
forms:
(i) M = M3M22, for /5 > 1;
(i) M = MzMi2 My, for £y > 1;
(iii) M = MsMy;
(iv) M = (M3M2My) M*- - -, for £ > 0, M* = M; or Ms.
(4) if M is starting from My, then in view of (a)—(d), M is one of these
forms:
(i) M = My;
(il) M = (My) M* ... for M* = My or Ms.
We then rewrite M as a string of block: M = B1By--- B, by the ap-
pearance of My so that the first » — 1 blocks are all ending with My

By = (M;, M;, - M;, My)
for1<k<r-—1and
Br = (MilMiz .. sz)M4 or Br = (M“M ..

where M;, € {My, My, M3}.

For the first block By, By must be ending with M. According to the
first matrix of By, we have the following 4 cases.

e If By is starting from M, then by (iii) and (v) of (1), By is either
M} M3M,y or MY M3 M2 M.

o If By is starting from My, then by (ii) of (2), By must be Mz M.

- M;,)
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o If B is starting from M3, then by (ii) and (iii) of (3), Bj is either
M3 M52 My or MzM;.

e If By is starting from My, then by (i) of (4), By must be Mj.

Hence

(2.12) By € {M{* M3My> My, My MMy, My? My, MsMy? M,
M3M4, M4 : 61,62 Z 1}

For Bs, Bs, ..., B,_1, since the last matrix is My in the previous block, then
the first matrix in these blocks must be either M; or M3 by requirement (d)
above and the last matrix is M,. Hence

(2.13) By, € { My MsMy> My, M{* MsMy, MsMy My, MsMj : (1,0, > 1}

for2<k<r-1.
For the last block B,, it is still starting from M; or M3 but it is not
necessary ending by My, so

(2.14) B, € {M{*, M{*Ms, M{* MMy, M{* MsM?,
My M3 My My, M3My?, MsMy? My, MsMj : (1,05 > 1},

If there is only one block, i.e., 7 = 1, then either there is no My in M or
there is only one M, which is the last matrix in M. Then

(2.15) M € {M{*, M{* M3, M{* MMy, M{' M3My?, M{' MMy M,
M2, My My, MsMy?, MsMy> My, MsMy, My : 61,0, > 1}
As a summary, we have just proved that for even n, if M € T, then
M = B1B;...B, with B; in (2.12), By in (2.13) for 2 < k <r —1 and B,

in (2.14) or M is either one of (2.15).
For L > 0, we define the set

£:= {B" M{*B*M{? ... B* M{* BF*+

For L =0, we understand that Hle ijka“ =1 so that £ contains B*
for k1 > 0. The following lemma gives a nice factorization of M in T,,.

LEMMA 2. For even n, every M € T,, can be written in the form of
(2.16) M =T B" M B*M{> .. B¥ M{» BF+ 1%,
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f07’€1,€2,. ol > 1, ko ks, .k > 1, klykL-i-l >0 and 01,09 € {0,1}. Also,
every M € T,, can be written in the form of

(2.17) M =T B" M{*B*M{? ... B M{* B*++ 1%
f07’€1,£2,. ol > 1, ko ks, ..k € {1,2,3}, klykL-i-l S {0,1,2,3} and 1,09
€ {0,1}.

ProoOF. Recall that if M € T,, for even n, then M = BBy --- B, with
By in (2.12), By in (2.13) for 2 < k <r —1 and B, in (2.14) or M is either
one of (2.15).

We now consider the case M = B1Bs--- B,. We study the terms in B;
in (2.12) first. For example, the first the term in the list of (2.12) is

(2.18) MP MMMy = M{' BT (TA)(TA)---(TA)TB
{5 times
— M{*B (AT)(AT)---(AT) B = M{'BM*B

l5 times

by (2.11). Similarly for the other terms in (2.12), we have
MMM, = MPB%, MM, =TM"B,
M3MyM, = BM{*B, MM, = B? M,;=TB
and they all belong to 7% £T%. Therefore
By € {M{*BM{*B, M{* B> TM{*B,BM{*B, B> TB} C T £T",
and, for 2 <k <r-—1
By € {M{*BM{*B, M{*B*, BM{*B, B>} C T*£T*

because the matrices in the list of (2.13) are also in (2.12) where ¢1,05 > 1
and d1,02 € {0,1}. We now consider the last block B,. The matrices in
(2.14) not in (2.12) are

MP, MMz = M{PBT, M{MsMi = MBM{PT, MzMi = BMPT
and therefore

B, € {M{*, M{* BT, M{* B*, M{* BM{*T, M{* BM}* B,
BM{*T, BM{*B, B*} C T" £T*

where £1,05 > 1 and 01,065 € {0,1}.
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We now consider the remaining case when M is one of (2.15). Then
the only matrix in (2.15) but not in (2.12), (2.13) and (2.14) is M = M4* =
TM>T € T £T% where £1,0, > 1 and d1,8, € {0,1}.

Lastly, it is clearly that if Py, P, € £, then PP, € £. Hence, We have
proved that every M € T}, can be written in the form of

M =T%B¥ MP BR= M= . .. BRe ple BRee o

for k‘j >1 (2 < k < L), gj >1 (1 S] < L), k‘l,/{?L_H > 0, and 51,52 :O,l.
Also > kj+ > ¢; = n. This proves the first assertion of the lemma.

For the second assertion, we observe that B* = B? and B® = B3?. This
completes the proof of the lemma. [

Note that in (2.16) we have

M=

(kj+45) +kry1=n
1

.
Il

and in (2.17), we have

M-

(kj + 5]) + kL-i—l <n

<
Il
—

because k; € {1,2,3} for 2 < j < L.

The characteristic polynomial of M = AD is g(z) = 23 — 522 + 122 — 16.
Then g(z) = 0 has one real root A and two complex roots A and N with
|Al > |N| and

(T1+ 61773 — (=71 4+ 6V/177)/3 + 5

= 2 = 2.75217177 . ..
and
v (71 + 61773 — (=714 64/177)1/3 — 10
T 6
= (TLH6VITT)Y3 4 (=71 4 63/177)1/3
+ 2\/§< 6 )

= 1.12391411 ... + 2.13316845.. . .1.

Since these eigenvalues are distinct, there is a nonsingular matrix S such
that STIM2S = A with A = diag[)\, \', V'], the diagonal matrix with diago-
nal elements A\, \ and )\ respectively. Since

(2.19) M# = SAkS—1
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where

81 83 S3
S:= |52 54 51|,
1 1 1

1.:%((10 VITT) (714 6VTT7) 2 = (104 V/1T7) (=714 6v/T77) /- 22),
52 .zﬁi((l+\/ﬁ)(71+6\/ﬁ)”3 (1= VI77) (~71+6v177)* -44),
53 1= 132((1—zxf)( — V177) (11 + 6v/177) '/

— (1+iv3) (10 + VITT) (=71 + 6VI77) '/ 4 44)

and

1332( (1 —iv3) (1 + V177) (71 + 6V1T7)'/?

+ (14 iV3) (1= VITT) (=71 + 6VT77) ' 4 88).

For any matrix M, let || M]| be the spectral norm of M induced by the
Lo norm. That is if M is an n X n matrix, M™* is its conjugate transpose and
A1, A2, ..., A, are the eigenvalues of M*M (the eigenvalues are all real),
then ||M|| = /max{A1, A2, ..., Ay }. It is known that the spectral radius of
M is less than [|[M]||. We should remark that spectral norm satisfies the
submultiplicativity, i.e, ||[AB|| < ||A]|||B|| but spectral radius does not.

For any positive integer k, if £ is even, then we have

ML) = ISAZSH < [ISIHIAYZ[ 1S < A
because ||[AY/?| = \/2. If £ is odd, then we have
M| = (| My Myt = | My SAY D287
< M| ISIHIAC D[S 7H < A2 < A2,
Therefore, for any £ > 1, we have
(2.20) | M| < Y2

Since the implicit constant in (2.20) may not be less than 1, so we cannot ap-
ply this estimate directly to (2.17) to prove that || M|| < /2 for any M € T,
because the implicit constants may be multiplied together to be large when
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L is in the order of n. As a result, we need to make use of the factoriza-
tion in (2.17) when we estimate | M||. Among all the terms M{B*, the term
M, B is the worst because || M1B|| > A and needs special consideration (see
Lemma 4 below).

The following lemma deals with the product of 2L matrices without M B
factor in (2.16) or (2.17).

LEMMA 3. We have
1 1 2 2 L1 L1 . ;
(2.21) (M5 BR ) (M B - (M= Bros bt B
< ((1.0000005)2X)3 i (s +6)

for any (kj, £;) with k; € {1,2,3}, ¢; > 1 and (¢;,k;) # (1,1) for 1 < j < L.

Proor. We will prove (3.2) by induction on L.
We first claim that

(2.22) | M{BE| < ((1.0000005)2)) = (¢+5)

for all k € {1,2,3},¢ > 1 and (¢, k) # (1,1).
If 7 is even, then

IM{B*|| = ||(M)/2BY| = ||SAY25~ B|

< IS - H,S'—lBkH)\Zﬂ w L+k) _ — ¢ >\2(€+k)

2\e/2
where ¢ = IS BHL g ¢ > omae ok then ¢ < 1.0000005F. Tt
then follows that
(2.23) I MEB|| < epAz@F) < ((1.0000005)2 1)z EHF).
It remains to check that (2.22) holds for ¢ < 50505 11")0%%’“0005 — k. Using Maple,

we can compute ||S|| and ||S~'B¥|| and find out that

1318902.018 when k£ =1,
— k =1<¢991945.7928 when k£ = 2,
—20445.79861 when k = 3.

log ¢y,
log 1.0000005

We then use Maple to check (2.22) holds for ¢ < 1318902 when k =1 and
£ <991945 when k& = 2 and do not need to check for k = 3.
Similarly, if ¢ is odd, then

HMIZBICH — H(MIZ)(Z—I)/QMIB]CH — |‘SA(Z—1)/QS—1M1B]€H
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SIS~ lMlBkH)\ (k) — o AR (R,

<|IS|||S~ My BkH)\ (1) —

\(k+1)/2
_ lIsis—tan B log ¢,
Where Ck‘ T \GFD/Z - If £ 2 m — k, then

IMEBF|| < A= HF) < ((1.0000005)20)2 40,

It remains to check that (2.22) holds for ¢ < logllf)(]g% — k. Using Maple
again, we have

1187950.952  when k£ =1,
— k = ¢ 862238.8518  when k = 2,
—150152.7391 when £k = 3.

log ¢/,
log 1.0000005

We do not need to check this again because these bounds are smaller than
the bounds in the case where ¢ is even. This proves our claim. Hence (3.2)
is true for L = 1.

We now assume that (3.2) is true for L — 1. Then we have

|t B b R e B < (BB |
< ((1.0000005)2\) K2 ((1,0000005)2X) 2 Zi==(6+h5)
= ((1.0000005)2\)3 2= (G ks)

This proves our lemma. [

The calculations in the proof of Lemma 3 are simple in using Maple and
they have been verified independently a couple of times.

The term M;B is bad because || M;B|| > (1.0000005)?)\ which does not
satisfy (3.2). For handling this term, we have the following lemma.

LEMMA 4. We have

(2.24) (M B)¢|| < ((1.0000005)2\)°
for any £ > 2 and
(2.25) | My BM!BF|| < ((1.0000005)%))¢HF+2)/2

for £>1 and 0 < k < 3. Note that |[M;B|| = 2v/2 > (1.0000005)?X so that
(2.24) does not hold for ¢ = 1.

Proor. First we write M1 B = 51A151_1, where

—5+V17 —5—/17 1
1++v17 1 —+/1 4 4
A= diag + 7, 7, 0 and S = —3+V/17 —3—V/17
2 2 3 5 0

1 1 0
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Hence, we have
¢ 0 a— -1 ¢
1aBY | = [[SiArs | < [Sul - 1S AL

V4
— (5.61541131 - -) (HT\/ﬁ) < ((1.0000005)2))"

for £ > 25 because ||S|| = 4.38008933.. ., ||S; || = 1.282031231 and ||A{|| =

(HT\/ﬁ)Z. For 2 < ¢ < 24, we use Maple to check directly that (2.24) is true.
This proves (2.24).
For ¢ > 6, we have

| My BM{B*|| = ||MyBM{M{~*B*|| < ||MBM{| - | M{~*B"||
< ((1.0000005)2X)3((1.0000005)2X)=4+F)/2 < ((1.0000005)2\) (H-+2)/2
by Lemma 3 with (¢ —4,k) # (1,1) and
| M BM{|| = 19.97828015. .. < 20.84624870 = ((1.0000005)?))3.

For 1 </¢<5and 1<k <3, we use Maple to check that (2.25) is true for
these £ and k. Among these 15 terms, we have

| M BM{B| < 0.92894011 < 1
((1‘0000005)2>\)(Z+k+2)/2 > U < 1.

This proves (2.25). O

THEOREM 3. We have
(2.26) [ M| < ((1.0000005)2))™/?

for any M € T,.
PRrROOF. If n is even, for any M € T,,, by Lemma 2,
M =T B* M{*B* M{> ... B¥ M{r BRro 70
for 01,0o,..., 4, > 1, ko, ks,... kr € {1,2,3}, ki,kpy1 € {O, 1,2,3} and 61, do
€ {0,1}.
We consider the following two cases: (1) k41 =1,2,3 and (2) k41 = 0.
Case (1): If k41 = 1,2,3, then
(227) (M| < (|7 BT )| My B M - B My B |

< HMlelﬁMfz c. BkLMfLBkL+1 H
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We further split the consideration into 4 cases depending on how M contains
the term M; B as a factor.
(i) If there is no (¢;,kj4+1) = (1,1), then, by Lemma 3, we have

(2.28) || My BY> My - - BR M BR+ || < ((1.0000005)))™/2

(i) If there is (¢j,kj41) = (1,1) for 1 <k <L —1, then by grouping
as a product of (ijBkj“ij“Bkj“) = (MlBij“ka“) and possibly
(M{=B¥r+1) for L is odd and using (3.2), (2.23) and (2.25), we have

(2.29) | My BE2 M2 - BR MyF BE+ || < ((1.0000005)20)"/2.

(ili) If (€r, kp41) = (b1, k) = -+ = (g1, keg2) = (1,1) but (6, k1) #
(1,1), for some 1 <t < L — 2, then

HMlelBkleéz L Bk‘LMfLBkJL+1 H < Hle1Bk2 . MftBkt+1 H . H(MIB)L_tH
< ((1.0000005)2\) X5=1 G tRs+)/2 | (A1, BYE|

by the same argument as in (i) or (ii). In view of (2.24), since L —t > 2, we
have ||(M;B)*~|| < ((1.0000005)2)\)E~* and hence

(2.30) | M B* M2 - - - BFr M B |
< ((1_0000005)2)\)22:1(fj+kj+1)/2+(L—t)
= ((1.0000005)2\) =51 G FR)/2 < ((1.0000005)2))"/2
(iV) if (€L,kL+1) = (1, 1) but (EL—lykL) #* (1, 1), then
(231) HMlélBkleez L. Bk)LMfLBk)L+1H < Hle1Bk2Mf2 . BkLH HMlBH
< ((1.0000005)2X\)™/2~1 < ((1.0000005)2\)™/2
by (i), (ii) and (iii). Hence in view of (2.27)-(2.31), we have
| M| < ((1.0000005)2\)™/2.
Case (2): If k41 =0, then
< NP2 || M BR M2 - - BR || < ((1.0000005)%0)™/2

by (2.20) and the term || M{* B¥2 M{2 ... B¥-|| can be treated in the same way
as Case (1). Hence we get (2.26) for n is even.
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If n is odd, then M = M'M with M’ € T,,_; and M € T;. So
M| < M| - [|IM]] < [|M]] < ((1.0000005))) =172

by applying (2.26) for M’ as n — 1 is even. This proves (2.26) for every
odd n.
As a result, we have

lak, | [k, | < /lak, |* + 2ok, [* = [lon (k)]

< || M ||[jwr (k1) || < ((1.0000005)20)"/2.

This completes the proof of Theorem 3. [

In view of Theorem 3, we prove the upper bound in Theorem 1.

We remark that the upper bound and lower bound agree with 6 decimal
digits of the constants in the exponents. In order to improve our upper
bound to agree with 7 decimal digits, we need to verify Lemma 3 for ¢ <
3.297256652 - 107 for k =1 and ¢ < 2.479868687 - 107 with (1.00000002) in
the place of (1.000005).

3. Lower bound for the autocorrelation coefficients

This is in fact a result in [11] but its proof contains some mistakes and
typos. For example, k, should be 1(2L,, — 1) instead of %(L, + 1) as stated
in [11] when n is odd. Also the coefficients of (6) and (7) in [11] are incorrect
(cf. (3.3) and (3.4) below).

In view of (1.1) and (1.3), for |z| = 1 we have

P = 2% Puci(2) Qu1(2) + 277 Paa (2) Qua (2) + 27
Using (1.3) again, we have
|Po(2))? = 2(21m 4+ 250 1) | Py (2) [ — (2252 — 2L72) Py o (2) Qua(2)
+ (zhn2 — 2302 Py o(2) Qua(z) — L1 (252 + 2F0-1) 427,
Let
(3.1) oy = é(an +(=1)") and K. = ky — Ly

Thus, for k,, € S,, we have

(1Pal2) Y ) = 2( (2 25) [Paa(2) ) ()
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— (P = 2 B o(2) Qua(2)) " (Bw)
(P2 = 29 ) Paol(2) @ a(3) — Lo (22 + EL"*1)>A(I<:H)
= 2(|1Pu_a(2)?) " (kn — Ln—1) + 2(|Pu2(2)[2)" (kn + Lu1)
—(Pu—2(2) Qn- 2(z )" (kn = 3Ln—2) + (Pa—a(2) Qu-2(2))"(kn + Ln_2)
+(Po-2(2) Qn—2(2)) " (kn — Ln—2) = (Pa—2(2) Qu—2(2))" (kn + 2Ly —2)
~Lp 1 (1) (kp — Lp—1) + L1 () (kp + Ly—1).

In view of (3.1), we have k,, + Ly,—1,kn+ Lyp—2,kp — Ly—9,kn+2Ly—o & Sp—2,
kn # +L,_1 so that their corresponding Fourier coefficients are 0 and

)
)

kp—3Ln o2="Fky o— L, o=Fk, 5.
It follows that
32) (P2 (k) = 2(|Pacal®)" (kn2) — (Pr2@Qn—2)" (k},_s).
Similarly, we have
Pa(2)Qn(2)
=2(zlrr =2l | P o (2) P+ (232 42202 + 25 2) Py o (2) Quosa(2)
—(Z3nr —2zlr2 4 2B )Py o (2) Quoa(2) + Ly (22502 — 220n2)

and hence
(3.3) (Pu(2)Qu)" (k) = 2(|Paal®)" (kn—2)

+ (Pam2Qn2)"(K)—o) + 2(Pa2Qu2) " (K, _2)
and

Po(2)Qn(2) = 2(25 1 — 250) |Paa(2) 2 — (235m—2 — 220n—2 4 710—2)
+ (23 4 9zbes 4 2be) By () Qnal2) — Ly (22202 — 725n=2)
and hence
(3.4) (Pa(2)@n)" (k) = =2(|Pa-2l*)" (kn—2)
— (Pu2Qu2)"(k)—s) + 2(Pu2Qn2)" (},_s).
Therefore, we have

Wn = len—Z
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2 10

for n > 2 where My = ( 22 11 22) Also we have Ay = ' M5 S" where A is
3 x 3 diagonal matrix with A, (\), (X) entries. where

S5 86 56

S = S7 S8 S8

1 1 1

and
11 HVITT)(TL+6VITT)Y3 — (103 — 7V/177) (71 +6/177)%/3 4242
% 1452 ’
1
56 1= m(ua— iV/3)(VITT+1)(T1+6V/177) /3

+(1 +N§)(103—7\/1_77)(71+6x/ﬁ)2/3+484),
57 1= %6 (11(—21+¢1_77)(71 +6v/177)1/3
+ (—39+5\/1—77)(71+6\/ﬁ)2/3>7
ss = (1101 iV/3)(21 = VITT) (71 + 63/TTT)/*
+ (14+V/3)(39—5VITT) (T1+ 6V ITT) ).

If n is even, then inductively we have
Wy, = Mzn/zwo
where wy = (g) because | Py|?(2) = (PyQo)(2) = (PyQo)(z) = 1 and ko = 1,
kj = 0. In view of (2.19), we have
wn = S'A™2(S") g
with A = diag[\, N, N']. Therefore, there are constants a, b, ¢ such that
(IS (é(an +1))| = [ax"2 4 b(X)"2 4 (V)2
> |a| A2 = 2[b| [N |2 > A2

where a = —0.38215952--- and b= 0.19107976...+ ¢0.88541019... and
|A| > |X|. This proves
1

> Pn2 /\<_ 2L, 1)‘ n/2‘
1§?§f§_1|ak|—‘(| %) 3( + 1)) > A
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If n is odd, then inductively, we have
n—1)/2
Wy = Mz( )/ w1

Pl
where w; = ( 1 ) because

IPIP(z2)=Z+1+2 (PQ)(2)=Z-2 (PQ1)(z)=-%+z2

and k1 =1, k] = —1. In view of (2.19), we have
Wy = SIA(n—l)/2(S/)—1wl

with A = diag[\, ), N']. Therefore, there are constants a’, &', ¢’ such that

1222 (220 = 1))] = [ AT 4 B ) mD2 4 7 ()72

— ‘(a/)\—l/2))\n/2 + (b/)\/—l/2)()\/)n/2 + (FA/—1/2)(Y)7L/2|
> (|a/|)\—1/2)>\n/2 o (2|b/||)\/|—1/2)|>\/|n/2 > )\n/2

where a’ = 0.28744961... and b = 0.3562751947 — 0.3300357859. This

proves for all odd n, we have

2\ A 1 N n/2
1§I£I%Efi—1|ak| > ‘(|Pn| ) (3(21)n 1))‘ > A"

The lower bounds for max;<x<r, 1 |bg| can be proved in the same way. This
proves the lower bounds for Theorem 1.

4. Application of Theorem 1

Let
1 U l/q
w0 = (5 [ o) L a0
™ —T
Our next lemma is due to Littlewood, see [6, Theorem 1].

LEMMA 5. Let n > 1. If the trigonometric polynomial f of the form

L,—1
ft) = Z by, cos(mt + o) , b, o, € R,

m=0

satisfies
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where ¢ > 0 is a constant, by = 0,

(Ea=1)/) 4
m -9 6
Sy = ), p 2

m=1
for some constant h > 0, and v € R satisfies
| <V =27,
then
N(f,v) > Dh= 52",

where N(f,v) denotes the number of real zeros of f —wvu in (—m, ), and
D > 0 is an absolute constant.

PROOF OF THEOREM 2. Let the trigonometric polynomial f be de-
fined by f(t) := R(t) — L,,. We show that f satisfies the assumptions of the
Lemma with ¢ = 1/4 and h := 2A~ D" if p is sufficiently large. Note that
Littlewood in [6] evaluated My(P,) and found that My(P,) ~ (47+1/3)1/4,
Hence u:= My(f) ~ (1/3)1/22". Also, it follows from (1.2) that M. (f)
< 2", hence

(1/3)2°" ~ (Ma(f))? < Mi(f)Mso(f) < 2"My(f)
implies that M;(f) > p/2 if n is sufficiently large. Obviously f is of the form

L,—1
ft)= Z by, cos(mt), by, €R,
m=1

where the assumptions imply that

L(Ln—=1)/h]

e = 5 s ()
< (2(23i1)n) (402322/);25)71) - L Cin=ten S o

if n is sufficiently large. So f satisfies the assumptions of Lemma 3.6 with
c¢=1/2 and h :=2A~D" if n is sufficiently large, indeed. Thus Lemma 5
implies that

N(f,’l)) > Dh_lc52n — A2(2—2)\)n
whenever

[n|2" = |v|p < V2" = 275632" = 275739 — 9890
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and hence we can choose B = 278 in the theorem if n is sufficiently large.
(]

5. Concluding remark

A very first version by a subset of the authors of the present paper
gave weaker bounds for the (finite) correlation coefficients using a less pre-
cise method. We hope to revisit these questions in the near future, with
a detailed discussion about the different correlation coefficients that can be
defined in this context.

Acknowledgement. The authors wish to acknowledge the anonymous
reviewers for reviewing the paper, including the computational details, thor-
oughly.
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