BOUNDS ON AUTOCORRELATION COEFFICIENTS OF
RUDIN-SHAPIRO POLYNOMIALS II

STEPHEN CHOI

( aperiodic)
ABSTRACT. We study the (pesiesiie) autocorrelation coefficients of the Rudin-
Shapiro polynomials and prove that

Theorem. If P, and Qn are the n-th Rudin-Shapiro polynomials and
Lp—1
Pa()P = > a2, Jzl=1
k=—Lp+1
(a0 = Ln, a, = a—_g, k> 1), then

0.27771487 - (1 + o())A|" < max _|ag| < (3.78207844 ---)|\|"
1<k<L,-1

where X\ is the real Toot of 3 —x2 —2x +4 = 0.
Also, if we let
- - Lp—1
(PnQn) (z) = (PnQn) (1/z) = z b2", |zl =1
k=—L,+1
(bo =2 — Ln, by =b_p, k> 1), then
0.46071984 - - - (1 A" < br| < (3.78207844 - - - )|\|™
(1+o()A" < | _max bl < A,

which was conjectured by B. Saffari [7] 40 years ago. This improves previous
results in [1] and makes the upper bound of the correct order of infinity.

Keywords — Golay-Rudin-Shapiro polynomials, autocorrelation coefficients, trigono-
metric polynomials

1. INTRODUCTION

The Rudin-Shapiro polynomials were discovered by H. S. Shapiro in 1951 [8] (also see
the paper [5] of M. J. E. Golay the same year, and the footnote on the first page of [3]).
They were studied later by W. Rudin in a 1959 paper [6] as recalled, e.g., in [2]. These
polynomials, also called the Shapiro-Rudin polynomials, are constructed as follows.

Let Py(z) =1 and Qo(z) = 1. For any integer n > 1, define

Pa(z) = Paa(2) 427 Qua(2),
n—1
Qn(2) = Poo1(2) = 2% Qn-1(2).
Polynomials P,(z) and Qn(z) are called Rudin-Shapiro polynomials. Note that P,(z)

and Qn(z) are polynomials with +1 coefficients of degree L,, — 1 where L, = 2". It is
well-known that

ity |2 ity |2 _ _ on+l
P,(e")| +|Qn(e")| =Lny1=2""", foranyte|[0,2m).
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By the Fourier coefficients of f at k, we mean the coefficient for the term z*, or simply

R0 = (0 0= o= [ sty
By the definition we have
Paf(z) = 22 Pai(@@uo1(2) + 72 Paci(2)Qu-1(2) + 27,
(PrQn) (2) = 20Pua(2) — 2% Pui(2)@n-1(2)
172" P 1 (2) Qi (2) — 27, (1.1)
(Pa@n) (2) = 20Pui(a)+2” Pa1(2)@n1(2)

_gn—1

-z Pr_1(2)Qn-1(z) — 2™

People are interested in estimating max | (|Pn|2)/\ (k)|. If we write

Lp—1
Pae))? = >
k=—L,+1
then
(|1P.*)" (k) = ax,  when — L, +1<k<L,—1,
{(m?)A (k) =0, when [k| > L,.

Saffari conjectured that

KA = K20 7302852598 o lax| < ,00-7302852598 0 _ KA
1<k<L,—1

with positive constants K37 and K3 where 907302852598 _ |A|* and A is the real root of
the equation z® — 22 — 2z + 4 = 0. Recently, in [1], the following theorem is proved along
with some other results.

Theorem [ACDES]. For n > 1, we have
KiA" < max ax] < K2((1.00000100000025)|A])"

<k
with positive constants K1 and Ks.

We should remark that A in [1] is |A|? in this paper.

Their lower bound is of correct order and the upper bound is very close to the correct

order. In this article, we continue the methodology of [1] and prove Theorem 1.1 below.

Theorem 1.1. If P, and Q,, are the n-th Rudin-Shapiro polynomials and

Lp—1

(a0 = Ln, ar = a—x, k > 1), then
0.27771487 -+ (1 + o()A|" < _max  |ax| < (3.78207844 - )|A|"

1<k<Ln
where
44+ 317D + (44 - 31773 — 1
N= (44 3VITT) +é 3VITT) — —1.658967081916 - - -

is the real Toot of ® — 2* — 2z +4 = 0. Note that |\|" = 20-7302852508-n_
Also, if we let

Lp—1

(PuQn) (2) = (PuQn) (1/2) = Y bz, |2 =1

k=—Lp+1
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(bo =2 — Ly, by =b_p, k> 1), then
046071984 - (1 + o(L)A" < _max [bi| < (3.78207844 - )]A|™.

T 1<k<Ln—
Theorem 1.1 proves Saffari’s conjecture.
We should remark that T. Hgholdt, H. E. Jensen and J. Justesen in [4] proved a bound
of O(2°™) for the aperiodic autocorrelation coefficients of Rudin-Shapiro polynomials
il Ll . N e o Lone.

T

2. UPPER BOUND FOR THE AUTOCORRELATION COEFFICIENTS
By induction on (1.1), for positive integers k, we have
(1P.?)" (2Kk) = (Pa@n)" (2K) = (Pa@n)” (2K) = 0.
For n > 1, let S,, be the set of all odd integers k with —L,, < k < L,, and let
Shi={keSy:(r-3)2" " <k<(r—-2)2"""}

so that S, is the disjoint union of S%, 52,53 and Si. For n > 2, let k,, be an odd integer
in S,. We define k,_1 and k!, from k,, as follows

o kn+2"  ifk, € SEUSZ,
" k=20 ifk, € S3USE,

and
R {kn if kn € 52U S3,
! ki, if kn € S, U Sy
It is easy to see that if k, € S, then k,_1 € S,_1 and k), € S,.
Let
(1Pal)” (k)
wnlln) = | (PoQ@u) (k) |- (2.1)
(Pa@n)" (k1)
Formula (2.2) below gives a recursive relation for wy (k). In [1], we apply the recursive

relation and write wn (kn) = Mwi (k1) for some 3 x 3 matrix and prove a nice factorization
of M as follows.

Lemma 2.1. For n > 2, we have
wn(kn) = Mwl (k}1), (2.2)
where M is 3 X 3 matrix in the form of
M =T B M{rB* M2 ... B* pfr BFr+ o2 (2.3)

for bi, o, ... 0 > 1, ko ks, - kL € {1,2,3}, Jki,kp+1 € {0,1,2,3} and 61,02 € {0,1}
and

0 0 1 1 0 0 01 0 1
B=[|0 -1 0|, T=10 0 1|],Mi=1(2 0 —-1]),wm(k1)=%£]|1
0o 1 0 0 1 0 2 0 1 -1
Moreover, we have
L
> (ki +4;) + ko1 <n. (2.4)
j=1

Proof. This follows from Lemmas 1 and 2 in [1]. O
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Note that T2 = I, B> = B® and B* = B? where I is the 3 x 3 identity matrix.
The characteristic polynomial of M; is g(z) = 2® —2? — 22 +4. Then g(z) = 0 has one
real root A and two complex roots A and X with |A| > || and
(44 + 3VITH)Y3 4 (44 - 3V/1TT)Y3 -1

A=— 3 = —1.65896708 - - -

and
(44 + 3VITTY? 4 (44 = 3VITT)Y3 + 2

6
44 + 3VITT)Y? — (44 — 3V/177)/?
H.\/3(( +3/177) 6( 3/177) )
= 1.32948354 - -- + 0.80225455 - - - 5.
Let N = re’ where r = 1.55278422--- ,0 = 0.54294011--- and p := ’\Tl with |u| =
0.93599459 - - - . Since these eigenvalues are distinct, there is a nonsingular matrix .S such
that 571]\115 = A with A = diag[\, ), N], the diagonal matrix with diagonal elements
X, X and ) respectively. For any k > 1, we have

M{ = SA*S™!
where
S1 S3 S3
S:=|s2 sa4 3511,
1 1 1
s = % ((10 — VAT (7L + 6VITT) 3 — (10 + VITT) (=71 + 6V/177) /3 — 22) ,
52 1= % ((1+v177) (714 6 VITD)® = (1= VITT) (=714 6 VITT)'/* 4 44) |
L (1 _ 1/3
83 = — 135 ((1 zx/g) (10 \/177) (71 + 6 V/177)
- (1 + zxf3) (10 n \/177) (=71 + 6VITT) /3 + 44)
and

54 1= %2 (= (1=v3) (14 VI77) (71 4+ 6 VITD)V?
+ (1+i\/§) (1 - \/ﬁ) (—71+6\/ﬁ)1/3+88).

For any matrix A, let ||A]| be the spectral norm of A induced by the Ls norm, that is, if
A is an m X m matrix, A" is its conjugate transpose and A1, A2, ..., Ay are the eigenvalues
of A*A (the eigenvalues are all real), then [|A|| = \/max{[A1],[X2], ..., [Am|}. It is known
that the spectral norm satisfies the submultiplicativity, i.e, ||A1Az2|| < ||A1]|]|Az2]|-

The idea of the proof is as follows. In view of the factorization of M in (2.3) and the
submultiplicativity of the norms, it is tempting to show

IBE M| < A (2.5)

and then the upper bounds in Theorem 1.1 follows instantly because ||T']| =1 and ||B]| <
|Al. However, the inequality (2.5) is true for all ki,¢; but 4 exceptions (see Corollary
2.6 below). Due to these 4 exceptions and no control of the number of these exceptions
appearing in the factorization of M, this does not prove our theorem. We need to study
products of more matrices such as ||[B** M{* B*2 M{2||. Unfortunately,

HBklMlh BkQMfl H < ‘)\‘k1+21+k2+€z

is true for all k1, k2, £1,¢2 but 5 exceptions (see Lemma 2.10 below). This makes us to
study
”Bh Mfl B2 Mfz B3 Mf?’Bk“ Mf4 | < |)\|k1+41+k2+22+k3+43+k4+l4 (2.6)
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and finally we are able to show that (2.6) is true for all k;,¢; without any exception.
As a result, we can use (2.6) to obtain our upper bound of the theorem. Since ||A| =
Vmax{|A1],|Az],...,[Am|} and A; are the eigenvalues of A*A. With the aid of Maple, we
compute the characteristic polynomial of A* A and hence find out the eigenvalue with the
largest absolute value. This allows us to obtain an exact formula for, e.g. ||B**M{*|, in
terms of |A| and |X| and get very good upper bounds for |[B¥* M ||. In order to show
(2.6), we first need to estimate the norms of some basic factors in the factorization (2.3).
These are Lemmas 2.2 - 2.9 below.

We should warn the readers that from now on, the values of C1,C5,b;,a;,cj,d; may
be different in different lemmas but their values are defined and the same within the
individual lemma and its proof.

Lemma 2.2. For /> 1, we have
M7 = Va(l+ o(1)) = (1.13871099 - - - ) (1 + o(1))|A[*

and
| M{]] < 1.70493263 - - - |A[* (2.7)

where a := 1.29666272 - - - .
Proof. We first compute the characteristic polynomial Py () for the matrix (M{)*(Mf?).
By using Maple, we find
PMlz (z) = 22— Coz® + Ciz + Co
where Cp = —16°,
C1 = alN|* + (br sin(£0) — ba cos(£0)) (AN |*) + (d — ¢1 sin(200) — ¢2 cos(2€0))| AN,

Cy := a|\** — (b1 sin(£0) + bz cos(£0)) (AN ) + (d + c1 sin(200) — 2 cos(260))| N [*
and d := 2.52552883 - - - |,

by :=0.12119555 - - - , by := 0.5933254 - - - , ¢1 := 0.0605977 - - - , ¢z := 0.22886611 - - - .
Note that |A]? = 2.75217177--- , |AN|? = 6.63586832- - - ,|\'|* = 2.41113886 - - - and

A2 > AN > N2 and N2> NP > V)

so that

Ci1 = (d — ¢15in(200) — ¢2 cos(260)) (1 + o(1)) AN [** and Cy = a(1 4 o(1))|A[*.  (2.8)
Lety =2 — % Then the equation PM{z (x) = 0 becomes y* + py + ¢ = 0 with

—C3 +3Cy —2C5 +9C1Cy + 27(—16)*
D= — 3 and gq:= o7

and the three roots are

21/—2008 <%cos_1 <§7Z”_?3) — ?), k=0,1,2.

From (2.8), —p = %(1 + o(1))|A\|**. Hence the largest root in absolute value is % +

2(v/=%) (14 0o(1)) = a(l + o(1))|A|**. Recall that [|A] is the square root of the large
absolute value of the eigenvalues of A* A. Therefore,

M7 = va(l+ o(1))|A|* = (1.13871099 - - - )(1 + 0(1))(1.65896708 - - - )*.

Since

C1 = a|N|* + (b1 sin(£) — bz cos(£0)) (AN [*) + (d — ¢1 sin(200) — 2 cos(2£0))| AN [*
> al XY = (by + b)) AN |E + (d — e1 — c2)|] AN
> 2.23606494(6.63586832 - - - )° + 1.29666272(5.81359060 - - - )*

—0.71452101(6.21113691 - - - )* > 0,
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and
C1 = a|lN|* + (b1 sin(£0) — bz cos(£0)) (AN [*) + (d — ¢1 sin(200) — 2 cos(200))| AN [*
< alN ) 4 (by 4 b2) AN+ (d+ a4 e2)| AN
< 2.81499273(6.63586832- - - )° + 1.29666273(5.81359060 - - - )*
40.71452101(6.21113691 - - - )*
and
Cy = a|A]* — (bysin(£0) + by cos(£0)) (AN )" + (d + c1 sin(2€0) — ¢ cos(200)) | N [
> AP = (b1 + b2) AN+ (d = er — ea) NP
> 2.23606494(2.41113886 - - )° + 1.29666272(2.75217177 - - - )*
—0.71452101(2.5760179 - - - )* > 0
for £ > 1, so
—C3 +3C1
b= 3

— T (@A (b b))+ (d— e — )| V)2

IN

H(@N [ 4 (b1 + b2) NI (d + e1 + e2) AN )
< 5@ (br o b))PINY (ot by b d ok en ) VT
because || < |A|. Hence
p < —0.11296299(7.57444950 - - - )* + 4.82617645(6.63586832 - - - )*
< 4.82617645(7.57444950 - - - )" ((0.87608588 - 0.02340631) <0

2
for £ > 29. For 1 < ¢ < 28, we use the exact formula p = % to verify that p < 0
2
directly. Hence |p| < % and

P 1 _1(3q¢ /-3 27k p 2
J-E = A=) -2 <24 /-2 < 20
‘2 3COS (BCOS (2p p ) 3 - 373 2

It then follows that the largest root in absolute value of Pye () =0is < 1C2+ 2C, = C
and

1Ml < Vo < ValAP A+ (br + b2) IN[E 4 (d+ ex + e2) [ N[
= Va+ (b +b)pl" + (d+ 1+ c2) PN
< 1.69158015- - - |A[“.

for £ > 7. For 1 < £ < 6, we compute the exact values of || M{| and find that inequality

(2.7) holds with equality when ¢ = 1. This proves the lemma. O
Lemma 2.3. For { > 1, the characteristic polynomial for (BM{)*(BMY) is z(z® — Cax +
Ch) and
Cy + +/C% — 4C4
|BMm—¢i’;2 (2.9)

1
< ((1.82283467--.)+(1.89404583---)|p|"+(3.16896344...)m|2£)2\/\|‘, (2.10)

where C1,C2 and a1, az,as,bs,as,ba,c1,c2,c3,ds,ca,ds are defined in (2.14) and (2.15)
respectively. Also
1BM| < A (2.11)
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for all £ > 1 except £ € {1,4,6,11}. The values of the exceptional cases are

|BM:| = (1.28074503 - - - )|\

| BME| = (1.15409372-- )|\

| BMS|| = (1.15708225 - - - )|A|” (2.12)
| BM{Y|| = (1.04665404 - - - )| A|*2.

Hence for £ > 1, we have

| BM7| < (1.28074503---)|A|“"". (2.13)
Proof. Using Maple, the characteristic polynomial for (BM{)*(BMY) is x(z* — Cax + C4)
where

Cr = ar(IN[M) + a2(]AN'*)* — (as cos(200) + bs sin(2¢0)) (IAN*)*
—(aa cos(£0) — ba Sin(w))(/“/\,‘g)ev

(2.14)
Co == c1 (I + c2(IN]?)" = (c3 cos(2£6) + d3 sin(2€0))(|1N]?)*
—(ca cos(€0) — dysin(£0))(AN]),
and
a1 :=1.83307335---  ag :=2.56903005--- a3 := 0.57883606 - - -
bs :=0.35542042--- a4 :=1.82326734--- by := 0.47473146- - - (2.15)
c1:=1.82283467--- ¢ :=2.93380493---  c3:=0.11097026- - - :
ds :=0.12418824--- ¢4 :=1.64566934---  dy := 0.24837649 - .
Since
Cr > arlN)¥ + (a2 — as — bs)[ANPE = (as + ba) | AN
= 1.83307335--- (5.81359060 - - - ) + 1.63477356 - - - (6.63586832 - - - )*
—2.29799880 - - - (6.21113691 - - - )* > 0 (2.16)
and
Co > A + (2 — ez — ds) N[ — (ca + da) (IAN])"

= 1.82283467--- (275217177 - - )" + 2.69864642 - - - (2.41113886 - - - )"
—1.89404583 - - - (2.57601792---)* > 0 (2.17)

for all £ > 1, so

2
(1A + (e2 = s = da) | X** = (ea + da) (AN']))

cZ_40c, >
—4 (1N + (a2 + a5 + b) AN + (0 + b) A1)
= AINY + (2c1(ca — 3 — d3) + (ca + da)® — 4(as + az + b3))|AN]**
+((C2 —Cc3 — d3)2 — 40,1)|A/‘4£ — 21 (C4 + d4)|A3)\/|1Z
—(2(c2 — ¢3 — d3)(ca + da) + 4(as + ba) | AN
> 3.32272623|A[* — 0.58736404) AN | — 0.049600899|\'|**

—6.90506483|A>\'|© — 19.41471526|AN"°|*
> 3.32272623|A* — 26.95674502| A3\ [

> 26.95674502|A* (0.12326140 - W) >0 (2.18)
for £ > 32. For 1 < £ < 31, we use (2.14) to verify C5 —4C; > 0 directly. Thus the largest
CERRVAS: Iiaci} \,2‘3—401 and hence

absolute value of these two roots is

Cy +4/C3% —4C
I1BM{]| = \/2 <V
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Since

S
A

e 4 | N + (ca + da) N[> + (ca + da) ((AN'])
= (1.82283467---)|A|* + (1.89404583 - - - )|AN'|* + (3.16896344 - - )|X'|*¢,  (2.19)

SO

|BM{|| < /(1.82283467---) + (1.89404583 - - - )| u|¢ + (3.16896344 - - - )| u|2¢| A|".
Using this upper bound, we can show that for £ > 18,

IBM|| < A

for £>18. For 1 < ¢ <17 and £ ¢ {1,4,6,11}, we use (2.9) to verify (2.11) directly. This
proves (2.11). O
Lemma 2.4. For £ > 1, the characteristic polynomial for (B2M{)*(B?M{) is 2*(z — a)
and

IB*M|| = Vo

< VarA2+ (as + bs) AN[E + (a2 + as + ba) [ V[2¢
/(247940687 - ) + (3.3569727 - - )| plf + (3.11924482 - Y|uZE|A[",  (2.20)

where a and a1,a2,as,bs,as,bs are defined in (2.22) and (2.23) respectively. Also, we
have
| BEM| < |32 (2.21)
forallt>1
Proof. Using Maple, the characteristic polynomial for (B2M7{)*(B2MY) is 2*(z — o) where
o == a1 |\ = (a3 cos(£0) — bz sin(£0))AN° || + (az + a4 cos(200) — by sin(200)) | N[>, (2.22)
and

a1 := 2.47940687 - - - az = 2.09279978 - - - a3 1= 2.19449470 - - -
bz :=1.16247810 - - - a4 = 0.62228803 - - - b4 :=0.40415701 - - - .

It follows that
a > a|A?C = (a3 +b3)|AN|" + (a2 — as — ba)|N]*
= 247940687 - - - (2.75217177 -+ )" + 1.06635473 - - - (2.41113886 - - - )*
—3.35697280 - - - (2.57601792---)° >0
for all £ > 1. Hence
IB*M{[| = vV < Va1 + (as + bs)|ul* + (a2 + aa + ba) ][> [\

for £ > 1. Using this upper bound, we can show that ||BZM{| < |M\[**? for £ > 3. For
¢ =1,2, we can verify (2.21) directly. This proves the lemma. O

(2.23)

Lemma 2.5. For/{>1,
| B* M{|| < (0.94843708 - - - )|A[“F2.
Proof. Since My = SASil7 SO
IB*M|| = |B*SA*S™H| < |B*S||- [A%]| - ]IS
= (4.16100894 - - - )(1.04069431 - - - )| \|*
= (4.33033835---)|A|" = (0.94843708 - - - )|A|“*2.

Corollary 2.6. We have
IBE My < A"
fork=1,2,3 and £ > 1 except (k,¢) € Ey :={(1,1),(1,4),(1,6),(1,11)}.
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Proof. 1t follows from Lemmas 2.3, 2.4 and 2.5. O
Lemma 2.7. For £ > 1, the characteristic polynomial for (M{B)*(M{B) is z(x* — Cax +
Ch) and
C2 +/C35 — 4C
1M1 B = \/ R R (2:24)

1
< ((1.04617217~-)+(1.02408285.~)|u|e+(3.43481377~-)\u|”)2\A|"7 (2.25)

where C1,C2 and a1, az,as,bs,as,ba, c1,c2,c3,ds, ca,ds are defined in (2.27) and (2.28)
respectively. Also

My B|| < [A (2:26)
for all £ > 2 and || M B|| = 2.82842712--- = 1.02770733 - - - |)\|2.

Proof. Using Maple, the characteristic polynomial for (M{B)*(M{B) is z(x® — Caz + C1)
where
Cr = a1 (N + az(]AN[2)* — (a3 cos(200) + bz sin(2060))(|AN]?)*
— (a4 cos(£8) — by sin(€0)) (AN )

(2.27)
Ca = ea(|AP) + ea(IN'[*)* — (ca cos(2¢0) + ds sin(200)) (X' |*)*
—(cq cos(£0) — dy sin(£0)) (A N|)¢
and
a1 := 1.74580388 - - - as = 1.91991483 - - - asz := 0.01699032 - - -
b3 := 0.68050491 - - - a4 := 1.64872839 - - - bs :=1.12490044 - - - (2.28)
1 := 1.04617217 - - - c2 = 2.99225661 - - - c3 :=0.18176539 - - - ’
ds := 0.26079176 -+ ¢4 := 0.85666339 -  dy :=0.16741945 - - .

This characteristic polynomial has the same form of the characteristic polynomial for
(BM{)*(BMY¥) so that the proof is similar to Lemma 2.3. Similar to (2.16) and (2.17),
we have

Cy > 1.74580388|\'|** 4 1.22241959| AN\ [* — 2.77362885|AN%|* > 0

and
Cy > 1.04617217) A% — 1.02408286| )\ |* 4 2.54969945|\'|** > 0

for all £ > 1. Hence similar to (2.18), we have
Cs —4C) > 1.09447621|\* — 4.086045385| AN [* — 0.48224821|\'|*
—2.14273397(|A°X'|)* — 16.31672236(|AN*|)
> 1.09447621|A* — 23.02774990(]\*X])* > 0
for £ > 47. For 1 < £ < 46, use (2.27) to verify C3 — 4C; > 0 directly. Thus the largest

Ca+4/C3—4Cy
2

absolute value of these two roots is and hence

Co +4/C2 —4C
|M{B| = \/ Vi i% < e,

Similar to (2.19), we have

Cy < ((1.04617217---)+(1.02408285---)|u|’f+(3.43481377-..)|u|22)|A\2Z,

and hence
|M{B]|| < /(1.04617217---) + (1.02408285 - - - )| u|¢ + (3.43481377 - - - )| u|2¢| A|".

Using this upper bound, we can show that for £ > 9, | M{B|| < |A*"*. For 2 < £ < 9, we
use (2.24) to verify (2.26) directly. This proves (2.26). O
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Lemma 2.8. For £ > 1, the characteristic polynomial for (BM{B)*(BM{B) is z(x* —
Caz + Ch) and

C C2 —4C
|BM{B|| = | VTR (2.20)

< /(14706977 ---) + (8.33075603 - - - )| u|¢ + (5.34967703 - - - )[u]2¢|A[Y,  (2.30)

where C1,C2 and a1, az,as,bs,as,bs,c1,c2,c3,ds,ca,ds are defined in (2.32) and (2.33)
respectively. Also

IBM{B|| < [A? (2:31)
for all £ > 1.
Proof. Using Maple, the characteristic polynomial for (BM{B)*(BM{B) is x(z* — Cax +
Ch). where
C1 = a1 | N |* + a2 | AN |* + (a3 cos(2€0) — by sin(206))| AN %
+(—a4 cos(£8) + by sin(£0)) (AN |3)*

(2.32)
Ca := 1A + co| N [* 4 (c3 cos(2€0) — d3 sin(2£0)) |\ |*
—(cq cos(£8) — dy sin(£0)) (AN |)¢
and
ay = 246801772 - - az 1= 1.95298460 - - - a3 :=0.51503312- - -
bz := 1.88384970 - - - a4 = 4.93603544 - - - by :=3.76769941 - - - (2.33)
c = 1.47069771 - - - co 1= 3.47598376 - - - c3 :=0.10557346 - - - ’
ds :=0.19712721 - - - cq := 2.05225495 - - - ds :=1.24217879 - - -

This characteristic polynomial has the same form of the characteristic polynomial for
(BM{)*(BM{) so that the proof is similar to Lemma 2.3.. Similar to (2.17), we have

Cy > 147069771\ — 3.29443375| AN |* + 3.17328308|\'|** > 0
for all £ > 1 and similar to (2.18)
C3 —4C, > 2.16295177|A* + 2.77970436|AN'|** 4 0.19765463|\'|**
—9.69023240|\>\'|* — 55.72328124|AN°|*
2.16295177|A\|** — 9.69023240| A \'|* — 55.72328124| A\
2.16295177|A\|** — 65.41351364|X*X|* > 0

for £ > 52. For 1 < £ < 51, use (2.32) to verify C3 — 4C; > 0 directly. Thus the largest
Cat+/CZ—4C
2

/3‘2

vV Vv

absolute value of these two roots is and hence

Cs +4/C2 —4C
|BMY)| = \/ S

Similar to (2.19), we have
Cy < ((1.470697718-~~)+ (3.29443374 - - )|u|* + (3477868444~~~)|u|2£) |A[%¢.

In this case, although we suspect C'y > 0 for all £ > 1, however, we are unable to prove it
as before. Instead we give a slightly weaker upper bound as follows. We have

VIGT < (@N[* + (a2 + as + ba) AN 2 + (s + ba) AN [/

A

< Var N+ V(a2 + az + b3) AN]2C + 1/ (as + ba) | AN3]
< \/a1|)\/|%—|—(\/a2+a3+bg+\/a4+b4)|)\)\'\e
< (157099259 - - )|N|** + (5.03632228 - - - )| AN |
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SO

Co 4+ +/C2% —4C Cy + /02 +4|C S p—
HBMIZB” _ \/ 2 22 1 <\/ 2 22 | 1| S 02+ /‘Cl|

V(14706977 - - ) + (8.33075603 - - - ) [u[? + (5.34967703 - - ) |12 |A|".

Using this upper bound, we can show that for £ > 10, | BM{B|| < [\|*"2. For 1 < ¢ <9,
we use (2.29) to verify (2.31) directly. This proves (2.31). O

IN

Lemma 2.9. For { > 1, the characteristic polynomial for (BMyBM{)*(BM,BMY) is
z(z? — Coz + C1) and

[Cy+/CZ—4C
|BM1BM{| = % (2.34)

1
< ((3.01929157---)+(6.10271497~-)|u|‘+(27.480227244--.)|u\2‘)2|,\|£, (2.35)

where C1,C2 and a1, az,as,bs,as,ba, c1,c2,c3,ds, ca,ds are defined in (2.37) and (2.38)
respectively. Also
| BM: BM{|| < A (2.36)

for all £ > 1 except £ =3 and |BMiBM3| = 21.42027291 - - - = 1.02753917 - - - | A|°.
Proof. Using Maple, the characteristic polynomial for (BM; BM{)*(BMyBMY) is z(z? —
Cox + C1). where

C1 = a1 | N |* + a2| AN |*¢ — (a3 cos(2€0) + b sin(2£6))| AN |*
+(—aq cos(£6) + by sin(£0)) (AN )¢

(2.37)
Co = c1A** + 2| N|?* — (c3 cos(200) + d3 sin(246))| N |*
—(cq cos(£8) + dy sin(£0)) (AN )¢
and
ay 1= 29.32917370 - - - az 1= 41.10448091 - - - a3 = 9.26137709 - - -
b3 := 5.68672677 - - - aq 1= 29.17227752 - - - by :=7.59570337 - - - (2.38)
c1 = 3.01929157 - - - co 1= 21.18864105 - - - c3 1= 6.29047801 - - - ’
ds :=0.001108174 - - - cq 1= 291745461 - - - d4 := 3.18526036 - - -

This characteristic polynomial has the same form of the characteristic polynomial for
(BM{)*(BMY) so that the proof is similar to Lemma 2.3. Similar to (2.16) and (2.17),
we have

C1 > 29.32917370| N |* + 26.15637704| A\ |2 — 36.76798090| AN %[ > 0

and
Ca > 3.01929157|A|%" + 14.89705486| AN | — 6.10271498|\'|** > 0
for all £ > 1 and similar to (2.18) we have
C3—4C, > 9.11612160A* — 97.01010461|AN'|** + 104.60554883| A’ [*¢
—36.85175181|A%\'|* — 328.89688323|AN"°|*
> 9.116121600" — 462.75873965|\*\'|* > 0
for £ > 60. For 1 < £ < 59, use (2.37) to verify C3 — 4C; > 0 directly. Thus the largest
Cat+4/C3-4C1
2

absolute value of these two roots is and hence

Co 4 /C2 —4C
|BM, BM{|| = % <.



BOUNDS ON AUTOCORRELATION COEFFICIENTS 12

Similar to (2.19), we have

Cy < ((3.01929157- )+ (6.10271497 - - - ) || + (27.480227244 - - - )|u|2‘f) I,
SO
| BMyBM{|| < /(3.01929157 - --) + (6.10271497 - - - ) |u|® + (27.480227244 - - - ) |2\ "
Using this upper bound, we can show that for ¢ > 6,
IBMBM{|| < A

For 1 < ¢ < 5, we use (2.34) to verify (2.36) directly except when ¢ = 3. This proves
(2.36). O

Lemma 2.10. We have
HBkl Mfl Bkz Mliz H < ‘)\‘k1+31+k2+52 (2.39)
forany k; =1,2,3 and £; > 1 for j = 1,2 except (k1,01,k2,02) € E2 where
E2 = {(17 17 1’ 3)7 (17 27 1’ 1)’ (17 47 17 1)’ (17 47 17 3)’ (17 97 17 1)}'

We also have
|BM; BM? | = 1.02753917 - - - |A|®
| BM?BM;|| = 1.13945965 - - - |A|°
| BM{BM;|| = 1.14952443 - - - |\|” (2.40)
| BM$ BM3 || = 1.04530507 - - - |A|°
|BMYBM;|| = 1.01996194 - - - |\|*2.

Proof. We divide our consideration into 3 cases: (1) k2 = 3, (2) k2 =2, (3) k2 = 1.

Case 1: ko = 3.

‘We have
¢ y) ¢ y) ¢ ¢
1B M BPM?|| _ |[B* My B ||B*M;?|| _ |[BM;B|| || B*M,?|| <1
A[Frtastee = [\t A2z = [2th e =

by Lemmas 2.4 and 2.8 because ||B|| < |A|. This proves (2.39) for k2 = 3.
Case 2: ko = 2.

1) If (k1,41 FE1 where E; is defined in Corollary 2.6, we have
(i) ; y 2.6,

|84 ME B2 M| < |BX M| - [ BEME] < AP A2 = [yt
by Corollary 2.6 and Lemma 2.4.

(ii) If (k1,41) € By ={(1,1),(1,4),(1,6),(1,11)}, then k; =1 and ¢; = 1,4,6,11 and we
have

{IIBMlBII IBMiB|| |BM{B| IIBMPBH}
max

AR e T BT A
= max{0.77201353 - ,0.70946397 - - - ,0.68586629 - - - ,0.61917169 - - - }
A2
So
IBM{*B*M;?|| _ [|[BM{'B| ||BM|
A S e s S (077201853 )(1.28074503- ) < 1

by (2.13). This proves (2.39) for k2 = 2.
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Case 3: ks = 1.

(i) If (kl,el) Q E1 and (kz,gg) € El, then
1B My BMy2|| < ||BE M| - [ BM{2 | < [N F0 - A2 = |yt
by Corollary 2.6.

(if) Suppose (k1,41) € E1 ={(1,1),(1,4),(1,6), (1,11)} and (k2,¢2) € E1.
If (ki,¢1) = (1,1), then

|B* My B¥ M2 || = | BMiBM;? || < |A**2

by Lemma 2.9 except ¢2 = 3.
If (k1,41) = (1,4),(1,6), (1,11), then from (2.12) we have

|IBM{|| |BM?|| |BM{'|| _ ||BM?|| 1
< = (1.15708225 - ) = —
R D L N (115708225 ) = e oiorg. -

(2.41)

Using the upper bound (2.10), we have
|BM{2|| < (0.86111571---)|A|' T2
for ¢5 > 35. Hence
IBM My BR2My2 | |BRMy| B2 M|
|)\|k1+ll+k2+€2 - |)\|k1+@1 |)\|k2+€2
IBMT|| |[BM;?|| _ 0.86111571: -
= P TR T 0.86424279 - -

<1

for £z > 35. For 1 < > < 34, we compute the exact values of || BM{ BM{2||, || BM{BM?||
and | BM{*BM;{?|| and verify (2.39) directly with the only exceptions BM{BM,; and
BM{BM;?.

(iii) Suppose (k1,¢1) € Eq and (ks2,02) € E1 = {(1,1),(1,4),(1,6),(1,11)}.
If (k2,£2) = (1,1) we have

[BM M B M| ||B* M BM||
[ A[E1+b1+hotto - [A[F1 e+l
k
< (IBIN™ . M B |[M]|
- Al [A[frt A
M{*B
= (0.85246631 - - - )" (1.70493263 - - - )”W;Tln (2.42)

because | B|| = v/2 = (0.85246631 - - - )|\| and | M:|| = 2v/2 = (1.70493263 - - - )|A|. In view
of (2.42), since k1 > 1, so we have

B4t o 0| k 1245
NEtniEn S (0.85246631 - - - ) 1(1.70493263-«‘)W
M7 B
< (0.85246631 - --)(1.70493263 - - - )W
M5 B|
< (1.45339765- - - )W
B 1 |My B
©0.68804294 -+ |A[at!
. 0.68596160...

0.68804294
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for ¢1 > 40 using upper bound (2.25). For 1 < ¢; < 39 and k1 = 1,2, 3, we compute the
exact values of || B¥ M BM, || and verify that (2.39) is true except BMZBM,, BM{BM,
and BMYBM,.

If (k2,£2) = (1,4),(1,6), (1,11), then since ||B]| < |\, so

B My B M| < |IBI T BML |- || BM?|
< NPTHIBM - | BM?
< 0.86111571 - - - ‘)\‘k1+f1+k2+@2 < |)\|k1+€1+k2+42

0.86424279 - -

for ¢, > 35 by (2.10) and (2.41). For 1 < £, < 34, ky = 1,2,3, and (kz, £2) = (1,4), (1,6), (1,11),
we verify (2.39) directly.

(iv) It remains to consider the case that (ki,¢1), (kz2,¢2) € E1. There are only 16 such
cases. We verify (2.39) for these 16 cases directly and find that (2.39) holds except the case
BM¢{BM;. This proves (2.39) for k1 = 1 and hence completes the proof of the lemma. [

Lemma 2.11. We have
”Bkl Mfl Bkz Mszks Mf?’ ” < |/\|k1+€1+k2+52+k3+43 (2.43)
for any k; =1,2,3 and £; > 1 for j = 1,2,3 except BM{BM,BM; and BM{BM,BM?}
j J
with

|BM{BM; BM;| = 1.02962397 - - - |A|°
|BM{BM1BM?|| = 1.00541478 - - - |A|*.

Proof.
(1) If (k’hél,kg,fz) g E2 and (k3,£3) € El, then

|BS MY BRMP B M| _ | BY MY B M| || BRAY|

‘,\‘k1+f1+k2+€2+k3+133 - |A|k1+€1+1€2+52 ’ ‘Mk3+e3 <1

by Corollary 2.6 and Lemma 2.10.

(ii) If (k1, 41, k2,€2) € FE2 and (ks, £3) € E1, then since there are only 20 such cases we can
verify (2.43) directly, and we find that the only exception is BM{ BM; BM;.

(iii) Suppose (kl,fl, k‘g,éz) ¢ E> and (k??,,ﬁg) € F.
If (k‘Q,fz, k3,£3) Q FEs> and if (kl,él) Q FE1, then we have

|BM A BR M2 BMS | (BRMY||BM B

‘)\‘k1+21+k2+42+k3+53 - ‘A‘kﬁ-fl |A|k2+f2+k3+53 =1

by Corollary 2.6 and Lemma 2.10.
If (/ﬂg,[g,kg,fg) Q FE> and (k1,1€1) S El, then now we have (k1,f1),(k3,£3) c F1. We
compute

k1 301 pke L3
max{ 1B~ M, B2 . 1M : (k1,£1), (ks, €3) € Er, ke = 1,2,3}

‘)\‘k1+f1+k2 |)\|ld
BMB M
= % . H |)\|1H = (0.77201353 s )(1.70493263 s )

= 1.31623106--- .
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Then
|BH MO B MEBS M| B MO BN MBS My
|)\|k1+21+k2+lz+k3+53 — |>\|k1+ll+k2 . ‘A‘Z2+k3 . |A‘23
1072 B*||
< (1.31623106-")W
B 1 MEB|
©0.75974502 - - - |A[f2t!
0.75594244 - - -
< R o
0.75974502 - - -

for /2 > 29 by (2.25) because HBH < ‘)\‘ For ko =1,2,3,1 < /5 < 28, (k)1,€1), (k'g,(g) S
E1, we can verify (2.43) directly with the only exception BM{BM,BM;.
If (ko, €2, ks, £3) € Es, then since (ks, £3) € E1,so (ka, {2, ks, €3) = (1,2,1,1),(1,4,1,1),(1,9,1,1).
If (k1,£1) € E1, then since there are only 12 such cases. We can verify (2.43) directly with
only exception BM{BMBM;. If (k1,¢1) € E1, then from Lemma 2.10, we have

|BM MY BRMEBR M| [BR MY [|BY M B M|

|)\|k1+51+k2+22+k3+53 - ‘)\‘lirfl ’ |)\‘k2+¢2+k3+53
Bkl M@1
< w(1.14952443~~-)
_ 1 |BM; |
T 0.86992496 - - - | A1t
. 086863950---
= 0.86992496 - - -

for ¢1 > 33 by (2.10) because ||B|| < |A|. For k1 = 1,2,3,1 < 41 < 32, (ko, b, ks, l3) =
(1,2,1,1),(1,4,1,1), (1,9,1,1), we verify (2.43) directly.
(iv) Suppose (k1,£1, k2, l2) € E2 and (ks,¢3) ¢ E1. Then from Lemma 2.10, we have

B M BE2 0% BRs 0 | 1B MY B M| || B My
R < DFitikatts  a[Fatis
|| B M2 |
< (1.14952443---)W
1BM;?|
< (114952443 - -) NEE
< 0.868G3950---
= 0.86992496 - - -

for /5 > 33 by (2.10) as above. For (kl,gl,kg,fz) € Fo,ks = 1,2,3,1 < f3 < 32, we
verify (2.43) directly with the only exceptions BM{BM;BM, and BM{BM;BM3. This
completes the proof of the lemma. O

Lemma 2.12. We have

| B¥ Mt B*2 M2 BFs pifs BRa ppfa || < | A|Fr i thatlethatlathatts (2.44)
fork; =1,2,3 and £; > 1 for1 < j <A4.
Proof. 1If (k1,01,k2,02), (ks,¥3,ka,0s) & E2, then

|B* Myt B2 M2 B* My B¥ M| |B* Myt B¥2 M2 || - || B* My* B* My |
|)\|k1+131+k2+152 . |)\|k3+/~’3+k4+44

INIA

|>\|k1+€1+k2+€2+k3+€3+k4+44

by Lemma 2.10.
We assume either (ki,01,k2,02) € E2 or (ks, {3, ka,ls) € Es.
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(a) If (k1,£1,k2,£2) € E2, then we have

f1B B B
‘)\‘k1+f1+k2+€2+1

: (k1,€17k2,€2) S EQ}

BM{}BM,B
= % =0.69291575 - - - . (2.45)
If ks > 2, then
|B* M{* B* M{? B* M{? B* M | IB* M B2 M2 B|| [|B* ' M{* B* M|
|)\|k1+51+k2+€2+k3+53+k4+€4 — ‘Mk1+1’.1+k2+€2+1 ’ |)\|k3—1+€3+k4+i4
< (0.69291575 - --)(1.14952443 - --) < 1

by (2.40) and (2.45).
If ks =1 and (k4,¢4) &€ E1, then from Corollary 2.6 and (2.40), we have

|BS M BRMEBRSMEBR M| _ BN MEBRME| [ BME| | BYMY|

[A[Fritke o ks s Thatla - [A[Fitbithatls NI+ | A|Fates
|BM|
< (1.14952443- )t
0.86863950 - - -
0.86992496 - - -

for 3 > 33 by (2.10) since ||B|| < A. If 1 < ¢35 < 32 and ¢3 # 1,4,6,11, then from
Corollary 2.6 and (2.40) again, we have

[ B My B My B* My BMMy* || _ | BM M B* M| | BM®|[|BM M|

[X[E1 O +RatEo T ks +lathat = [A[Frtbithatts N[+ | A[Fatta
IBM || |[BM*||
< (952443 ) ot S
| BM,||
< (114952443 ) el
0.86863950 - - -
= ———— <1
0.86992496 - - -

for €4 > 33 by (240) and (2.10). For (kl,fg,k%fg) € Eg,kg = 1,k4 = 1,273 and 1 <
U3, 04 < 32, we verify (2.44) directly.
If ks =1 and (k4,¢4) € E1, then from (2.40) and || M;|| = (1.70493263 - - - )|A|, we have

|B* My BY My B* My B My*|| | BM M B M?B|| |M{*B| ||M]|

[A[E1tbithotloths+lathatls - [A[F1HE Rl 41 X[+ [l
1M B|
< (0.69291575---)(1.70493263 - - - )W
= 1M B
= (1.18137469---)W
= 1 M52 B|
T 0.84647149 .- |\[fs 1
0.84522348 - - -
= Soiraao - <1
0.84647149 - - -

if /3 > 21 by (2.25). We verify (2.44) directly for (ki,%1,k2,€2) € E2, ks = 1 and
1< l3 < 20 and (k4,£4) € Fy.

(b) If (k3,€3,k4,1€4) € EQ, then k4 = 1,64 = 1,3 and (k3,£3) = (1, 1), (1,2), (1,4), (1,9).
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(i) If (ka, o, k3, l3) € Ea, then (k2 fo, ks, 03) = (1,2,1,1),(1,4,1,1),(1,9,1,1). Then
from (2.45), we have

|B* My B* My B* My* B My*|| - _ | BM M| ||B* MBS MyB|| || My

I\t Ea e Fia Rt < TpETE T platGrRa | Al£a
1B My |
< (0.69291575 - - )(1.70493263 - - - )W
|BM; |
< (1.1837469~~~)W
_ 0.84445490---
T 0.84647149 - -

3
[ M7
3

by (2.10) for £1 > 41 because 5k < ‘\JlVilH = 1.70493263--- and % < 1. For1l <
{1 <40,k =1,2,3, (k)g,fz) = (1,2), (1,4), 1,9) and (k3,£3,k14,£4) € FEs, we verify (2‘44)
directly.

(ii) If (k2,£2, k3, ¥3) & E2, then by Lemma 2.10,

| B My B* My B* My B My*|| - _ [|BMM|[|B My BR M| [|BM|

|)\|k1+1€1+k2+€2+k3+53+k4+€4 - |>\|k1+£1 |)\|k2+£2+k3+53 |)\|1+£4
£ 4
[BE M| | BM
- |)\|k1+131 |A|1+L74
where ¢4 = 1, 3.

If k1 > 2, then from (2.13), we have

|BH M BRMPBR MPBR M| |BM M| | BME

|)\|k1+41+k2+zz+k3+43+k4+54 - |)\|k1+41 |)\|1+54
B> M|
< (128074503 ) Erp
3 LB
= 078079553 -~ |2+
0.76724174 - - -
= — <1
0.78079553 - - -

I BMF|

for £1 > 13 by (2.20) because i < '}f‘fl‘ﬁlﬂ' = 1.28074503--- and % < 1. If

1 < ¢, <12, then by Lemmas 2.4, 2.5 and (2.40),

|B* M{ B M BRS MBS M BM M| [BME|| || B M BME|

|)\|k1+41+k2+€2+k3+€3+k4+44 - ‘Mkﬁ-el ‘,\|2+€2 |Mk3+€3+1+€4
o IB*M2| 1B My BM|
— ‘)\‘2+42 |)\|k3+f3+1+l4
1B M|
_0.85518256 - - - <1
©0.86992496 - - -

for {2 > 8 by (2.20). For1 </, <12,1 <42 <7, k1 =2,3,k2=1,2,3, (ks,gg, k‘4,€4) € Es,
we verify (2.44) directly for these cases.
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If ky = 1, then if k > 2, then by (2.13), (2.40) and || B|| < |A|,

B 0t B B B

IBMM|| |1B>M;2|| || B My BM;||

‘)\‘h +L1+ko+Llotkz+la+ka+lg

‘)\|1+21 ‘)\|2+€2 |)\‘k3+¢3+1+34

BQMZQ

(1.28074503 cee )H|/\|27+22H(1.14952443 cee )
|B> M|

(1.47224771 cee )W

1 1B M|

0.67923352 - |A[2Fe2

0.67318960 - - - <1

0.67923352 - - -

for ¢2 > 22 by (2.20). For 1 < ¢5 < 21, then by (2.21) and (2.40),

B4 M0 BR M B B |

|)\|k1+f1+k2+fz+k3+43+k4+€4

IBM" || |IB2M;2|| ||B* My* BM;* |

|A|1+51 |A|2+52 |)\|k3+43+1+44
IBM; |
W(1.14952443 -)

L 1BM |

0.86992496 - - - |A|**+&
0.86863950 - - -
Seroooion <1
0.86992496 - - -

fOI‘ fl Z 33 by (2.10). For 1 S 81 S 3271 S €2 S 21,]€1 = 17k2 = 2,37 (k3,€37k4,164) S EQ,
we verify (2.44) directly for these cases. If k2 = 1, then by (2.7) and (2.40), we have

B M B b B B b

|)\|k1+51+k2+42+k3+23+7€4+54

IN

IN

IN

|BM;' B [|My*]| || BM;* BM;||

[A[I+a+ ' |A[é2 |A[1H+es+1+8
BM&AB
(1.70493263-~)|||)\|1+71h+1“(1.14952443---)
| BM;* B
(1.95986172---)W

1 | BM; B||
0.51024007 - - - [A[ITe+1
0.50611335 - - -
— <1
0.51024007 - - -

for ¢1 > 44 by (2.30). If 1 < ¢4 < 43, then since (ks, {3, ka,l4) € E2, so we have

M2 B* M|
[\[fathatia

max {

: (/ﬂg,f3,k4,e4) € EQ}

_ IMBMP|

NF o~ 140332489
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Then from (2.12)

1B M{* B2 M{2 B* M2 BR M| IBM{M|| | BM{B|| [|M{*B* M|
| A[F1Heuth2teathstls+kates = AT N T A [fstRatl
1BM;> B||
< (1.28074503 - - -)(1.46332489 - - - )W
_ 1BM;?B|
— (1.87415580 M )W
- 1 IBM?B|
= 0.5335735--- |A[1Tf2F1
0.53065091 - - -
= <1
0.53357356 - - -

for £ > 39 by (2.30). We verify (2.44) directly for 1 < ¢; < 43,1 < ¢ < 38 and
(k3,£3, k4,€4) € FE>.
This completes the proof of the lemma. O
Proof of Upper Bounds in Theorem 1.1. For n > 2, we have
wn (kn) = Mwi(k1),
where M is 3 x 3 matrix in the form of
M = T° B M{* B* M{> ... B"- My* B*r+1 7%

for £1,02,..., 4, > 1, ko, ks, - kL € {1,2,3}, Jki,kr+1 € {0,1,2,3} and 41,02 € {071}.
Note that ||T'|| = 1 and ||B]| < |A|. For L = 1, we have

Ml T B M BRI |BY MY B
[A[brtbitha [A|frteotka = ARtk
¢ ¢
o UBIP MR B _ M
S PR AR S e
< 1.70493263 - - -
by Lemma 2.2.
For L > 2 we have
[ M]] _ ||TslBk1Mlek2Mf2 ...BkLMfLBkL+1T§2H
IN[EFor (g ) oL [T e P
< ||Bkl]\/[flBk2]\/[f2 ...BkLMfLBkLJrl”
N |)\|Egl’:1(kj+fj)+kL+1
£ Y ¢
< ||MllBk2M12...BkLM1L||

|)\|fl+2§’:2(kj +Zj)

[M{|||[B*2 M2 - BRE M|
|AL¢ |A|Zi=2 kit

(2.46)

ecause < . We now write L — 1 =4qg +r with ¢ > 0 and r = 1,2, 3, 4. en we
b Bl < |Al. Wi ite L—1=4 ith ¢ > 0 and 1,2,3,4. Th
have
HBkz Mllz ... BkL MfL I _ g—1 HBk4j+2 Mf4j+2 Bkaj+s Mf4j+3 Bk4_j+4Mf4j+4Bk4j+5 Mf4j+5 [
L (kj+2;) -
‘)\|Z]72( 3T

L |A[faitatbajrathajratlajrathajratlajratiajysthajts
j=

|| BFaa+2 M{A9t2 L BRaaersa ppidatriy |

|)\|k4q+1 +lag41+thagyry1Hlagyrya

|| BFaa+2 MLA92 L BRaatria ppiAatrin)

- [A[Faat1tbagatothagrriitlagsrin

(2.47)
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by Lemma 2.12. We now treat the last factor in (2.47). If r =1,

Lag+2 k Lagtr+1 k Lag+2
[ BRoree M B A B A |
‘)\‘k4q+2+e4q+2+'"+k4q+7~+1+e4q+r+1 - |A|k44+2+€4q+2 S 128074503 (248)
by Corollary 2.6 and (2.12). If » = 2, then
| BYsos2 Myt PR M B My B My
I)\|k4q+2+e4q+2+‘“+k4q+7‘+1 +lagtrt1 - |/\|k4q+2+€4q+2+k4q+3+54q+3 -
(2.49)
by Lemma 2.10. If » = 3, then
Lygt2 k Lagtri1
||B’“4Q+2M1 a2 ... BRagtriipf) I
|)\|k4q+z+€4q+2+~-+k4q+r+1+l4q+r+1 < 1.02962397 - - - (2.50)
by Lemma 2.11. If r = 4, then
| Bt Myt Bl M| B MR BRe M
‘A|k4q+2+é4q+2+‘"+k4q+7'+1+24q+1'+1 - |)\|k4q+2+é4q+2+~-+k4q+5+54q+51 - ’
by Lemma 2.12. In view of (2.48) - (2.51), we have
BFag+2 pptaat2 | gragrrtr pplaatrtt
I 1 1 I < 1.28074503 - - - (2.52)

[A[Faatatbagratthagirpitlagrin

forg > 0and r=1,2,3,4.
Therefore by (2.46), (2.47) and Lemma 2.2, we have

£
[ M]] | M ]
|A|Zf=1(kj+fj)+kL+l - ‘)\Vl

< (1.70493263---)(1.28074503 - - - ) = 2.18358400 - - -

A

(1.28074503 - - - )

and
IM]| < (2.18358400 - - - )| A|Zo=1 Fite)+EL 1 < (218358400 - - - )| A"

by (2.4). Recall (2.1) that

wnn) = | (Pa@a)” ()
(Pn@n)" (kn)
‘We have proved that
’(IPn\Q)A (kn) ,’(ﬁQn)A (k)| < Nlwn(kn)ll = [Mwi(kn)|| < [[M]] - flwr (k)]

< V/3(2.18358400 - - - )|A|™ < (3.78207844 - - - )|A|™.
This proves the upper bounds in Theorem 1.1.

3. LOWER BOUND FOR THE AUTOCORRELATION COEFFICIENTS

This is in fact the proof for the lower bounds in [1]. Since now the values of K, are

relevant, we carry out the same proof to compute the values of K;. Let
1
kn = §(2Ln +(=1)% and Kkl :=kn— L,

and define
(I1Pa2)" (k)
wnkn) = | (PaQn)" (k1)
(PaQn)" (Kp)
In view of (3.2), (3.3) and (3.4) in [1], we have

Wn = M2wn72
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2 -1 0
for n > 2 where My = [ 2 1 2| and A2 = "' M»S’ where A is the 3 x 3 diagonal
-2 -1 2

matrix with diagonal entries A, \’, M. Here

S5 Se  S6

S =[s; ss 3s|,
111
and
11 (14 VITT) (71 + 6vV/I77) P — (108 — 7VITT) (71 4+ 6 VITT) T 4 242
55 0= 1452 :
11 (1 - oB) (VITT +1) (71 + 6 vI77) ' 4 (1 +iv/3) (108 — 7V/IT7) (71 + 6/177)°° 4 484
6= 2004 ’
1L (=21 4 VITT) (71 + 6 VITT) P 4 (=39 + 5VITT) (71 + 6 VIT7)*°
T 726 ’
11 (1= iv/3) (21 = VI77) (71 + 6 VT77) /° + (1 +iv/3) (39 — 5/177) (1 + 6 /T77)°
S8 = .
1452

If n is even, then inductively, we have
wn = M. 1" / 2w0

0
where wo = | 1 | because |Po|?(2) = (PoQo)(z) = (PoQo)(z) = 1 and ko = 1,kj = 0. We
1

have
wn =8 (A*)"?8" " wo = S'A™S' " wo.
Therefore, by computing S’'A"S" ™ 'wo explicitly using Maple, we have
(r)” (3ez.+ )|

= ‘alv Fh(N)" +E(Y)“‘ > lar|AC = 2[ba||N]¢ > 0.38215952 - - (1 + o(1))|A]

where a1 = —0.38215952--- and b, = 0.19107976 - - - + i0.88541019--- and |A| > |X|.
Similarly, we have

— A\ AN ’
(PQu@) (k)
= a2 A"+ ba(N)" + b2 (V)| = |az| A" — 2[b2[|X'|" > 0.63399007 - - - (1 + o(1))|A|"

where a2 = 0.63399007 - - - and b; = 0.18300496 - - - + §0.27100843 - - -
If n is odd, then inductively, we have

W = ]\41(71—1)/2“}:l

1
where w1 = 1 because
-1

PE() =74 142 (FQ)() =7—2 (RQD()=-7+2
and k1 = 1,k] = —1. We have
W = S A" T .
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Therefore, we have

Al
Py (3220 - )| -
[@ATHA" + AT+ EN O] = (AN = @ XN
> 0.27771487--- (1 + o(1)) A"
where a] = 0.46071984 - -- and b7 = 0.18300496 - - - + 0.27100843 - - - and
— AN N —
|(PaQu(®) (k0] = [at 2™ B0 ()Y
| (@ATX" 4+ 5NN+ @)
> 0.46071984 - (1 + o(1))|A|"
where ay = —0.76431905 - - - and by = 0.25884331 - - - + 30.50711782- - - .

a/)\(nfl)_‘r_b/(x)(nfl)_’_y(y)(nfl)

> (lag|A ™A™ = (2Ba|IN DN

Therefore,
2\ A 1 n
(e lak| > ‘(|Pn\ ) (5(2Ln + 1))’ > 0.27771487 -+ (1 + o(1))|A|™.
and

max |bg| >
1<k<Lp—1

(PnQT(z))A (é(an + (71)”))‘ > 0.46071984 - - - (1 + o(1))|A]".

This proves the lower bounds for Theorem 1.1.
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