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1. INTRODUCTION

In one of their well-known series of papers, “Partitio Numerorum”, [3] Hardy and Littlewood
proved that, under the Generalized Riemann Hypothesis (GRH), every sufficiently large odd
natural numbers n is a sum of 3 odd primes, i.e., if n > ng is odd then the equation

(1.1) n=p; +p2+0ps3

is soluble in odd primes p1, p2, ps. Later in 1937 .M. Vinogradov was able to prove this result
without assuming the GRH. Initiated by a diophantine problem considered by A. Baker [1,
Lemma 6], the last two authors took a further step by introducing coefficients to each term on
the right side of (1.1) and consider the equation

(1.2) b= aip1 + asps + asps,
where a1, aq, as are nonzero integers satisfying

(1.3) (a1,a9,a3) =1

and b is any integer satisfying

(1.4) (bya;,a;) =1for 1 <i<j<3
and

(1.5) b=ai+as+az (mod 2).

Here (1.3) to (1.5) are the usual conditions of congruent solubility of (1.2). Baker’s problem
led not only to a generalization of the Vinogradov three primes theorem (ie., to obtain a lower
bound by for b in terms of a1, as, ag such that the equation (1.2) is soluble if b > by) but also to
a pioneering investigation on the size of small prime solutions of (1.2) (ie, to obtain an upper
bound in terms of a1, aq,as,b for p1ps, ps in (1.2)). The latest results on these two problems
were obtained by Liu and Tsang [5]. They proved:

Theorem LT. Subject to the conditions (1.3), (1.4) and (1.5) there exists an effective absolute
constant A > 1 such that

(i) if a1, az2,as are all positive, then the equation (1.2) is soluble in primes pi,pa, p3s when-

ever
(1.6) b > (3max(ay,as,as))?;

(ii) if a1, aq2,as are not all of the same sign, then (1.2) has a solution p1,p2,ps satisfying
(1.7) max(p1,p2, p3) < 3|b] + (3max(|ai], az], |as]))?.

The constant A in Theorem LT has an interesting connection with the Linnik constant L.
This can be seen by considering the following 2 examples. Let [, ¢ be coprime positive integers
with [ < ¢. If we take a1 = 1l,a2 = a3 = —q and b = [ or | + g according as [ is odd or
even, then a solution of (1.2) satisfying the bound (1.7) gives a prime p; in the arithmetical
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progression, [ + kq,k = 0,1,2--- such that p; < ¢?. So the A in (1.7) is not less than the
Linnik constant L. On the other hand, for the above ! and ¢, applying Theorem LT (i) to the
example, a1 = az = ¢q,a3 = ¢+ 1 and b = [ + kq where k is the smallest integer such that
(1.5) and (1.6) hold, we see that the p3 in each solution of (1.2) is congruent to { (mod ¢) and
p3 < baz' < 2(3%4(q +1)A~1). This shows that the constant A in (1.6) is not less than L + 1.

Based on these 2 examples we see that the bounds in (1.6) and (1.7) are of the right order
of infinity and it remains only to determine the numerical values of the A’s in (1.6) and (1.7).
Recently the first author has shown that the A’s in Theorem LT do not exceed 4191 and we
believe that the exact value of A is close to L. In this paper we shall investigate this problem
under the GRH. We shall prove the following.

Theorem. Assuming the GRH, we can replace the bounds in (1.6) and (1.7) respectively by

(18) b> f(al,ag,ag)

and

(1.9) Jwax (Jajp;) < [b + f(ar, az, as)
where

o 2 10 )
Flaaa,00) = fanoaPlaal 05 (3 g (o))

Applying (1.9) to the above first example we deduce L < 3, which is just slightly weaker than
the known estimate L < 2 for the Linnik constant under the GRH.

Another remarkable feature of the bounds in (1.8) and (1.9) is that, the coefficients ag occurs
only to the first power. If we keep the coefficients a1, as bounded and let ag vary, then by our
theorem the equation (1.2) has solutions in which ps grows not faster than log'® 3|as|, which is
much slower than |as].

The proof of our theorem, like that of Theorem LT, is based on the circle method. While the
proof of Theorem LT pays little attention to the economy of the value of A, the emphasis of
the present work is on the reduction of the value of A. In order to achieve the sharpest possible
bounds, we have to restructure much of the previous arguments and, among other things, the
major arcs are chosen in a more delicate manner.

2. NOTATION AND SOME PRELIMINARY LEMMAS

Throughout this paper, p, with or without suffixes, always denotes a prime. ¢ is a sufficiently
small positive number and N > Ny(¢) is a large number which is the main parameter in the whole
proof. We use ¢y, ¢, --- etc. to denote positive absolute constants. The constants implied in
the O and < symbols are also absolute. Without loss of generality, we may assume that ag > 0.
Write e(z) for €™ and e, (x) = e(z/q). Let

logp if n =p, a prime,
A(n) ==

0 otherwise.

For any Dirichlet character y (mod ¢) and any integer m we let

Cy(m) = Z x(Deg(ml).
1=1
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When x = xo, the principal character modulo ¢, we write Cy(m) for C,,(m). It is well known
that [4, Theorem 272] C,(m) is multiplicative in ¢ and

(2.1) Cq(m) = p(q/(m,q))d(q)d(q/(m,q)) "

Lemma 1. Let x = hq~! + n where h,q are integers, 1 < q < Y and |n| < (logY)~2. Let
0 < c <1 be any constant. Then under the GRH

Y
(22) Y Am)e(na) = Cy(h)élg) ™! / e(yn)dy + O ((Ya)} 1og” Y + Y (qln])# log )
Y <n<Y cY
and
(23) > Am)eg(nh) = (1= )Y Cy(h)p(q) ™'+

cY<n<lY

+o(@) DY Cr(We(Y) +0(log?Y)

x (mod q)
where ®,(Y') is independent of h and
(2.4) 3, (V) < Y2 log?Y.
Proof. First of all, by the orthogonality relation of x (mod ¢) we have
(2.5) > Amelnz) =d(g)" Y. Cx(h) D Am)x(n)e(ny) + O(log® V).
cY <n<Y x (mod q) cY <n<Y
It is well known that [2, Chapter 19] if 2 < T < y that
(2.6) Uy, x) =Y An)x(n) =6y — Y yp '+ 0T " log*(qy)),
n<y lv|<T

where A(n) is the von Mangoldt function, p = § + ¢y denotes the nontrivial zeros of the L-
function L(s, x) and d, = 1 if x = xo and J, = 0 otherwise. Taking now 7' = ¢Y in (2.6) and
using the Riemann Stieltjes integration, we find that

(2.7) ST Am)xmetnn) = > Am)x(n)e(nn) +O(Y?)
cY <n<Y cY <n<lY
Y
= /Ye(yn)dw(y7x)+0(Y%)
Y Y
= 0y e(yn)dy — pfle( )d
/CY yn)dy |7§Ylyy yn)dy

+O((1+Yn)log? Y) + O(Y %).
To bound the second term above, we use the following result from [5, Lemma 3.2]:

YAyt if |y > |47y = uy,

Y
/ ylendy < AYPhd  ifus < byl <,
cY

YOt~ if |y| < |nlenY = us.
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Under the GRH, 3 = %. Hence, when Y|n| > 1

1 _ 1 1 _
Z/ yleymdy < > YR T 4+ YD YiRTE YD YT
ly|<ey €Y [v|<Y|n| [v|~Y |n] Ynl<|y|<cY

< Yilog?Y +Yn|? logY.

Here we need the well-known zero counting formula for L(s, x) [2, (1) in Chapter 16], ie., for
t>2

(2.8) doi=- < ) + O(tlogq).

lvI<t

When Y|y| < 1 the same estimate on Z / P=Le(yn)dy still holds, by writing
lv|<cY
Z = Z + Z and using the trivial bound ch y~ 2T e(yn)dy < Y2 for the first sum
[vISeY vkl 1<]y[<eY

Z . Hence (2.7) becomes
lvI<1

Y
(2.9) Z A(n)x(n)e(nn) = 5X/ e(yn)dy + O(Y% log? Y + Y|77|% logY).
cY <n<Y Yy
In the proof of (2.2) we also need the following equality. For any integer h we have

q

(2.10) S e )P = > ((Ilh — I)h lel % (q),

x (mod q) I1=1,lo=1
(l1,q)=1=(l2,q)

by the orthogonality relation of characters.
Substituting (2.9) into (2.5), and then using estimate Z |Cy (h)] < ¢(q )% which follows from

(2.10) by applying the Schwarz inequality, we obtain (2.2).
When 1 = 0 substituting (2.7) with n = 0 directly into (2.5), we arrive at (2.3) with
O, (Y)= Y ((¢Y) = Y?)p~' + O(Y'?) which, by the GRH and (2.8), is < Y'# log® V. This
[y|<cY
completes the proof of Lemma 1. O

Lemma 2. Let u,v,v’ be integers. For any coprime positive integers s,m we have

ms

(2.11) Z ems(Uh)Crys (V) Crns(V'R) = Zg(u,v,0") 2] (u, v,0)
(W1
where
Zs(u,v,0") = Zes(uh)Cs(Uh)Cs(v’h)
h=1

= sxcard{l,l! :1<,I'<s,(l,s)=1=(',s),0l +v''"+u=0 (mod s)},

[
NE

Z! (u,v,0") em (uk)Cr, (k) Ci (V'k) = Ch (1) Crp () Crp (V).
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Furthermore, Zs and Z), are multiplicative functions in s and m respectively.

Proof. Write h = rym + rys. Then when r; runs through a complete residue system modulo s
and ro runs through a reduced residue system modulo m, h will run through the set

{1<n<ms:(n,m)=1}

modulo ms. Hence the sum in (2.11) is equal to

Z Z ems(u(rim + r28))Cs(v(rim + r28) ) Cps (V' (r1m + 1258)).
r1=1 1rp=1
(re,m)=1
Since (m, s) = 1, by (2.1) Cps(t) = Cpo (t)Cs(t). Also Cp(t+nm) = Cp,(t) and C,(tl) = C, ()
if (m,1) = 1. Using this, we easily see that the above sum splits into Z;Z, as in (2.11). T
Zs and Z! are multiplicative functions can be proved by similar arguments. D

For any positive integer s, let
(2.12) N(s):={l1,la: 1 <1y,la < s8,(l1,8) =1=(la,s),a1ly +azls =b (mod s)}.

Clearly, N(s) = s 1Zs(=b,a1,az2) so that N(s) is a multiplicative function of s. Suppose
p“llasg (a > 1). Then by (1.3) we may assume p { aj, say. Since each I determines exactly one
I; from the congruence I; = a; (b — aglz) (mod p®), we see that N'(p®) = ¢(p®) — n where n
is the number of Iy satistying 1 < lo < p%, (I3,p) = 1 and azls = b (mod p). In view of (1.4)
(ie., (a2,as,b) = 1) it is easily seen that n = p®~! if p { azb and n = 0 otherwise. Hence
d(p®) > N(p*) > p*tp—2) = p “p(p*)*(1 — (p — 1)72). If p = 2|az then by (1.5), n =0 so
that N'(2%) = 2271, Combining these estimates, we have

Lemma 3. We have
¢(as) > N(az) > a3 ' ¢(as)*.

Lemma 4. We have

asg a3Cq(ufas)  if aglu,
Z €asq(uh)
s 0 if as fu.

Proof. The first case follows immediately from (2.1). Suppose now that as { u. Writing agq = sm
where s is the largest divisor of ag that is coprime with ¢, then by (2.11) with v = v’ = 0, we
have

(2.13) Z Cazq(uh) = ¢lazq) 2Z4(u,0,0)Z., (u,0,0) = Cp,(u) Zes(uh).
h=1 h=1
(h,g)=1

The sum on the right hand side vanishes ifs t u. By (2.1), C,,(u) will also vanish if m/(m,u)
is not square-free. Let m’ = m/q, the largest divisor of ag whose prime factors all appear in
g. Then m/(m,u) = m/q/(m’q,u). Tt is not square-free if m’ t (m’q,u) ie., if m’ { u. Now
ag = sm’ { u. Hence either Cy,(u) or the sum on the right side of (2.13) vanishes. This proves
our lemma. g
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3. PROOF OF THEOREM

Let
(3.1) 7:=+/a3/Nlog N,  Q :=|asaz|? log® N,
and assume throughout that
(3.2) Nlog N > e ar1a2)%as.
So
(3.3) 2Q7 < 1and N7 > a3Q.

For j = 1,2,3 let
Si(z) = Z A(n)e(na;x)

N/<n<N;

where Nj := ¢;Nla;|™", N} := ¢;Nla;|~" and ¢; > ¢} > 0 are constants to be determined later
in (3.9) and (3.10). Put

1+7—a;1
(3.4) I(N) ::/ ) S1(x)S(z)Ss(x)e(—bx)dx.

The aim of the proof below is to show that I(N) > N?|ajazaz|~!. As usual with the circle
method, we begin by specifying the major arcs M to be the union of the intervals m(h,q) =

[h_T h+T) , where 1 < h,q < @ are coprime integers such that h < agq. With the help of

aszq 7 asq
(3.3) we see that these m(h, q) are pairwise disjoint subintervals of [raz ', 1+7az"). Let M’ be
the complement of M in [raz ', 14 Taz").

For any z € [ra; L1+ Tag 1), by Dirichlet’s theorem on diophantine approximation there
exist coprime integers h,q such that 1 < ¢ < 77! and 7 := agx — hg~! satisfies |n| < 7¢~!. In
view of (3.2) all the hypotheses in Lemma 1 with Y = Nj are satisfied. Applying Lemma 1 to
S3(x), we deduce from (2.2) that

N3

(35)  Ss(x) = Cy(h)dlg) " / e(ym)dy + O((Naq)* log? N + Na(qln)* log ).

N3

Since 7 < azx we see that 1 < h. Now if x € M’ then ¢ > Q. Indeed, if ¢ < @ then, by
azr < az+ 7, (3.3) and —7/q < azx — hq~!, we have h < azq which contradicts that = ¢ M.
Using (3.5), (2.1) and (3.1) we have

Ss(x) < N3p(q)™" + (N3/7)7 log?> N + Ns72 log N < N3Q 'loglog N + (N3)# log? N
for € M’. Hence

(3.6) Sy (2)S2(x)S3(z)e(—bx)dr < (N3Q 'loglog N + (N3)% log? N) x
M/

x/ [S1(@)Sa(0)ldr.

Clearly, by Schwarz’s inequality, for any subset J of [ras 1+ Tas 1)7

1+7’a;1 1+7'a;1 %
(3.7) /J|Sl(x)52(x)|dx < {/ B |Sl(x)|2dx/7l |52(x)|2dx}

a3 ’Ta3

< N|a1a2|’% log N,
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since )
1+Ta3_
/_1 1Sj(@)Pdz =" > A(m)A(k) < Njlog N.
T3 N{<n,k<N;
n=k

Thus, in view of (3.1) and (3.2), (3.6) and (3.7) give the bound
S1(x)Sa(x)S3(z)e(—br)dr < eN?|ajazaz| ™ .
M/
So we can now write (3.4) as

asq

=3y / Sy ()55 (2) S5 (x)e(—ba)dx + O(eN2|arasas| ).
9=Q st m(h.q)
»4)=

For each x € m(h,q) write = h(azq)~" + naz * with |n| < 7¢~'. Then (3.5) still holds.
Similar to the argument for (3.6), the contribution to I(N) from the O-term in (3.5) is

< ((N3Q)2 log? N + Nyr2 logN)/ |51 ()82 (X)|dx < eN?|ajazas|~".
M

Hence we have

@39 T/q
IN) = a5 S0 S euyg(—bh) / $1(h(as) ™" +naz )8 (hlas) ™" +naz?) x
<Q h=1 -7/q
q<Q
(h’)Q):l
N3
% Cy(h)b(q) / e(yn)dyeay (—bn)dn + O(N?|ayazas| )
N3
(3.8) = a3’ > ple)el@t Y > Ana)A(no) x
q<Q Ni<n1<Ni Nj<ni<No
asq
X Z €asq(R(a1n1 + agng — b)) x
(h=1

N3  r7/q
X / / €as(N(a1ny + agng + asy — b))dndy + 0(6N2|a1a2a3\_1)-
5 J=T/q

The double integral above is equal to 7! [ f t~!sintdt where

o =217 (ayng + agng + azNj — b)(azq) ™,

B :=2n7(a1n1 + asne + azN3 — b)(%q)_l-

We now choose the constants c;, c;. as follows:

(3.9) (@1 When a1, az, az are all positive, put b = 3N/2,c; = i for j =1,2,3,c3 = g
1
and cjcy = 5;

(3.10) (ii) when ay or as is negative, say a; < 0 then put ¢; = 32,¢} = 28,¢3 =2
cy =1,c3 = 48,cy = 12 and assume |b| < 12N.

This choice of the c;, c;. and b ensure that, in both cases,

#>7nTN(2a3¢)"" and a < —77N(2a39) ™"
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Hence,
]
! / t~tsintdt =1+ O(la| ™ +[8]7") = 1+ O(azq(TN) ™).
«

Substituting this into (3.8), we obtain

asq

(B11)  I(N) = " Y w(@d(@ " D Cayq(—bh)Si(h(asg) ") Sa(hlasq) ") +

<Q h=1
! (hg)=1

+O | (PN)T Y S ad(@) Y D Ann)A(ng)x

q<Q N{<n1<N; Nj<n;<Ns
asq
X Z €azq(R(a1n1 + asny —0))| | + O(eN?|ayazas|™).
h=1
(h,q)=1

Let E denote the last 3 sums on ni,ns, h in the above first O-term. Then by Lemma 4

(a30(q)) 'E < Z A(n1)A(n2)

N{<TL1§N1,N§<H1SN2
ag‘al’n1+a2n27b

= > A(n1)A(n2) + O((Ny + Ny) log® N)
NJI-<7L]'§NJ'
(nj,a3)=1,j=1,2,
aszlaini+asnz—b
as
< Z Z log? N + (N, + Ny)log? N
l1,l2=1 Nji<n;<Nj,j=1,2

(l1,a3)=1=(l2,a3) " =] d a-
azlailifasla—b 77 (mod as)

as
< Z NlNgag2 logQNqL (N, +N2)10g2N
l1,lo=1

(l1,a3)=1=(l2,a3)
a3\a1l1+a2l27b

< (M(az)az?NiNy 4+ Ny + No)log? N,
by (2.12). Using the upper bound N (a3) < ¢(a3) in Lemma 3, and (3.1), (3.2), we find that
(3.12) the first O-term on (3.11) < eN2%|ajazaz| ™.

The main term for I(N) in (3.11) is to be treated by applying (2.3) to S;(h(aszq)™'),j = 1,2.
In view of (2.3) we write, for j = 1,2

Sj(h(asq)™") = M; + R;
where
M; = (¢j — ¢f)Nla;| ' Cogq(ajh)p(azq) ",

(3.13)
Rj:=¢(asq)™t > Cxlajh)®y(c;N/|a;]) + O(log® N).

X (mod a3zq)
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So the main term in (3.11) is

asq
(3.14) a;' > @)@ D eayg(—bR){Mi My + My Ry + MyRy + Ry Ra}.
q<Q (hh:)1 L
sq)=

We shall see that M; My will contribute as the main term in (3.14) and M; Ry, M3 Ry, Ry Ry will
form the error terms. Actually, we shall prove that

(3.15) the error terms in (3.14) < eN?|ajazag|™?

Hence in view of (3.14), (3.13) and (3.12) we can rewrite (3.11) as

@16) 1) = AN v 5 ) ) + 0N arazea )

Ialazasl = asq)
where
aszq
(3.17) A(Q) = Y eayq(=bh)Cayq(a1h)Cayqlazh).
(=1

We are now going to prove (3.15). Write agq = t1t2 where t1,t2 are positive integers satisfying
(t1,q) = 1 and p|q whenever p|ts. So (t1,t2) =1 and ¢(t1) < ¢(a3) as t1]as. If (h,q) =1 so that
(h, tg) =1 then

Cazqla;h) = Cy, (a;h)Cy,(ajh) = Cy, (ajh)Cy,(ay),

since C,(m) is multiplicative in ¢. Then by (3.13)

asq asq

> MG < (N|Cry (ay)llag| " dlasq) ™ ZI% ajh
h=1

(h,q)=1

and the above last sum over h is equal to

asq t1
Z Zetl ajh(ly —l2)) = azq Z 1 < azqd(t1)(aj, t1).
l1,la=1 h=1 l1,l2=1
(t1,15)=1 (t1,l5)=1,t1la;(l1—12)
So
1
2
asq
(3.18) > M < N(laj|o(@) " Hasq(aj, trt2)(az, t2)d(az) "'} 2
h=1
(h,q)=1

No(q) Y(azq/d(az))?.

IN

Here we have used

|Ct,(ay)] < (aj,t2) and ¢(t1) < ¢(as).
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On the other hand, by (3.13) and (2.4) with Y = ¢;N|a;|~! we have

aszq

Y IR)P < ¢lasq)”? > B (eNla[ ) x

h=1 x,x"  (mod azq)

. asq asq
x®,/(c;Nla;| ™) Z Cx(ajh)Cy (—ajh) + Z log* N
h=1 h=1
(3.19) < N(laj|¢(azg)?) ' log* N x

aszq

X Z Z Cx(a;jh)Cy (—a;h)| + azqlog" N.

x,x’  (mod azq) |h=1

For any m with (m, asq) = 1 the above last sum over h satisfies

asq asq asq
> Cxlah)Cy(—ajh) = Cxlajhm)Cy (—ajhm) = X' (m) > Cx(a;h)Cy (—ajh)
h=1 h=1 h=1

since h and hm run through the same set modulo azq. If Xx' # xo (mod azq) we can choose m
such that Yx'(m) # 1 and (m,asq) = 1. So

asq

> Cxlah)Cy(—ajh) =0
h=1
if X' # x (mod azq). Thus
asq asq
Yoo DGkl Cu(=an)| = Y Y [Cx(agh))?
X;X’ (mod azq) lh=1 x (mod asq) h=1

azq asq asq

(3.20) = Y >N eaglajh(bi—1)) > X(h)x(l2) = asqd(asq)’.

h=1 l1:1 l2:1 X (HlOd (lgq)

It follows from (3.19) and (3.20) that

2
asq

(3.21) > IR < {Nasqla;|7'}7 1og? N + {asqlog® N}?

h=1
(h,q)=1

< {Nagq\aj\*l}% log? N.
Using Schwarz’s inequality, (3.18) and (3.21) we have

as

07! 3 (@)d(@)T D eayg(—bh)MiRy < N3 (log? N)((as)laz)) 72 D qe(q) 2

q<Q 1_1 q<Q

£S]

S]]

(h,
< N3 \a2a3|_% log* N <« eN?|ajasas| ™",

Here the last two inequalities follow from (3.1) and (3.2). This proves (3.15) for the error term
arising from M;Ry. The same arguments can be applied to prove (3.15) for the error terms
corresponding to MsR; and R Rs.

We come now to consider the main term in (3.16). Note that if (az,q) > 1 then by (3.17),
A(q) = 0. Indeed if p is a prime dividing (as,q) then p { (arh,agh) since (¢,h) = 1 and
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(a1,a2,a3) = 1. Let p{ a1h, say. Then by (2.1) Cq,q(a1h) = 0 since asq/(asq, a1h) is not square-
free. For g coprime with a3, applying Lemma 2 with s = a3,m = ¢q,u = —b,v = a1,V = as, we
have,

A(q) = Zas(—b,a1,a2)Cq(—b)Cy(a1)Cq(az) = asN(az)Cq(—b)Cq(a1)Cy(az),
by (2.12). Hence (3.16) can be written as

vy = @z @ =6) paaNa) g5 (5, (ar)Cyas)

laiazas| #laz)? =
(g,a3)=1

+O(6N2|a1a2a3\71).
Let
F(q) == M(Q)(b(Q)_3Cq(_b)cq(a1)0q(a2)~
In view of the lower bound in Lemma 3, our proof of I(N) > N?|ajasasz|~! will be completed
if we show that the above sum Z F(q) > ¢4 > 0. Clearly F(q) is multiplicative and, by

9<Q,(g,a3)=1
(2.1), F(p) = (=1)*¢(p) 3+ if p divides exactly A members of {a;,az,b}. Note that 0<A<2

and A = 0 for all sufficiently large p. Therefore Z|F )| < co and Z ) converges to
p (q3a3) 1
H(l + F(p)) := c5. Note also that if p = 2 { ag then, by (1.5), A = 0 or 2 and whence F'(2) > 0.
ptas
So ¢5 > H (1- ) > 0. Since |Cy (k)| < (k,q) and (a1, a2,b) = 1, we see easily that
3<pfas
[F(g)] < é(9)*(a1asb, q)* < (ar1asb, q)g*(loglog 10]arazb])®
< (aragb,q)qg *(loglog N)?.
Hence

Z |F(q)] < (loglog N)*Q ™ d(ayazb)
>Q

and Z F(q) > ¢5/2 whenQ is sufficiently large. This proves that
7<Q,(g;a3)=1

I(N) > N2|a1a2a3|_1
Now, clearly, by (3.4)

N2\a1a2a3|_1 < I(N) Z )\(’I’Ll))\(ng))\(ng)
Nj<n;<Nj;,j=1,2,3
aini+aznztaznz=>b

< (log N)* card {p1,p2,ps : Nj < pj < Nj,a1p1 + azpz + asps = b}.
In view of (3.2), (3.9) and (3.10), this proves (1.8) and (1.9) and hence our Theorem.
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