AGGREGATION-DIFFUSION ENERGIES ON CARTAN-HADAMARD
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ABSTRACT. We consider an aggregation-diffusion energy on Cartan-Hadamard manifolds
with sectional curvatures that can grow unbounded at infinity. The energy corresponds to
a macroscopic aggregation model that involves nonlocal interactions and linear diffusion.
We establish necessary and sufficient conditions on the growth at infinity of the attractive
interaction potential for ground states to exist. Specifically, we derive explicit conditions
on the attractive potential in terms of the bounds on the sectional curvatures at infinity. To
prove our results we establish a new logarithmic Hardy-Littlewood inequality for Cartan-
Hadamard manifolds of unbounded curvature.

1. INTRODUCTION

In this paper we investigate the existence of ground states of the free energy

(L) Bl = | pla)logp@aVie) + 5 || Wiemp@plaviaavy).
MxM

defined for probability measures on M, where M is a general Cartan-Hadamard manifold
of finite dimension, and W : M x M — R is an interaction potential — see (2.3) for the
precise definition. Here, the integration is with respect to the Riemannian volume measure
dv.

In terms of dynamical evolution, the energy E relates to the following nonlinear nonlocal
evolution equation [2]:

(1.2) op(x) =V - (p(x)VuW = p(z)) = Ap(x),
where

W plz) = jM W (2, y)p(y)dV(y),

and V- and Vs represent the Riemannian divergence and gradient, respectively. Critical
points of the energy functional correspond to steady states of (1.2). In the Euclidean space
M = R", there exists an extensive literature on the analysis of the evolution equation (1.2)
as the gradient flow of the energy E on a suitable Wasserstein space [2, 14]. In the general
manifold setting, the gradient flow literature is less developed however, we note here the
work in [42] for the pure interaction equation and that in [41] for the purely diffusive case.

In applications, equation (1.2) has been used to model a wide range of self-organizing
phenomena in biology, physics, engineering and social sciences, such as swarming or flocking
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2 FETECAU AND PARK

of biological organisms [11, 37], emergent behaviour in robotic swarms [27], and opinion
formation [38]. When W is the Newtonian potential in R? or R3, (1.2) reduces to some
classical models in mathematical biology and gravitational physics, namely the Patlak-
Keller-Segel model of chemotaxis [35] and the Smoluchowski-Poisson equation [15].

The energy (1.1) consists of an entropy (or internal energy) and an interaction energy
modelled by the potential W. In the evolution equation (1.2), these two components are
reflected in the linear diffusion and the nonlocal transport term, respectively. Of particular
interest is the case when W is a purely attractive potential, and any two points experience a
pairwise attractive interaction. In such case, there is a competing effect between the nonlocal
attraction and the local diffusion, as the first leads to aggregation/blow-up and the latter
results in spreading. This paper investigates the subtle balance of these opposite effects
that leads to ground states of the energy functional set up on general Cartan-Hadamard
manifolds.

Linear diffusion on negatively-curved manifolds of unbounded curvature is a delicate
subject. The Brownian motion on Cartan-Hadamard manifolds with sectional curvatures
that grow too fast at infinity, is no longer stochastically complete, i.e., the process has
finite lifetime [28, Section 15]. On such manifolds, the high negative curvature can sweep
a Brownian particle to infinity in finite time. Stochastic incompleteness of the Brownian
motion relates to the well-posedness of the Cauchy problem for the linear diffusion equation
(in this case, the heat kernel no longer integrates to 1 for all ¢ > 0) [28]. In the present work
we do not address well-posedness issues for the evolution equation (1.2), but only consider
the free energy (1.1) and investigate the existence of its ground states. In our study we
place no restriction on the sectional curvatures, which are allowed to grow unbounded at
infinity at any rate.

There is extensive literature on the free energy (1.1) and the aggregation-diffusion equa-
tion (1.2) posed on M = R"™. The well-posedness and the asymptotic behaviour of solutions
to equation (1.2) on R™, along with qualitative studies on its steady states, have been inves-
tigated by numerous authors, we refer to the recent review article [9] for a comprehensive
discussion on such issues. In [12] the authors show that the stationary solutions of (1.2)
are radially decreasing up to translation. The equilibration toward the heat kernel was
investigated in [8], and the effect of the boundaries was studied in [36]. Most relevant to
the present work is the work of Carrillo et al. [10], where the authors establish necessary
and sufficient conditions on the interaction potential and diffusion, for global energy min-
imizers to exist. We also note that there has been separate interest in the existence and
characterization of minimizers of the energy (1.1) without diffusion [3, 6, 18, 40] or with
nonlinear instead of linear diffusion [4, 5, 13, 12, 19, 34].

Although the free energy (1.1) and the evolution equation (1.2) have been extensively
studied in the Euclidean space, there is very little done for the manifold setup. In this paper
we are exclusively interested in the set up of the aggregation-diffusion model on Cartan-
Hadamard manifolds. Also, we assume that the interaction potential W (x,y) depends only
on the geodesic distance d(z,y) between the points z and y. This assumption follows
the intrinsic approach introduced in [26], and considered in various subsequent works on
the plain interaction equation (no diffusion) on Riemannian manifolds [21, 22, 23, 25]. As
examples where the manifold framework and the intrinsic approach are particularly relevant,
we mention applications to robotics and biology, where limitations in environment, the
topography, or mobility constraints restrict the agents to evolve on a certain configuration
manifold.
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The present work addresses and answers the following problem. Consider a Cartan-
Hadamard manifold M and assume that the sectional curvatures at a generic point x are
bounded below and above, respectively, by two negative functions —c¢,(r;) and —cpr(ry),
where 7, denotes the distance from x to a fixed (but arbitrary) pole on M. The functions
cm(+) and cpr(+) are allowed to grow at any rate at infinity, e.g., they can grow algebraically
or exponentially. To contain the diffusion on a manifold with sectional curvatures that
can possibly grow unbounded at infinity, the attractive interaction potential needs to grow
correspondingly at large distances. We are then interested to establish necessary and suf-
ficient conditions on the behaviour of the interaction potential W at infinity that prevent
the spreading and result in existence of ground states of the energy functional.

The problem posed above was studied in [10] for M = R"™ and in [24] for Cartan-
Hadamard manifolds with constant curvature bounds (the case when ¢,,(-) and cp/(-) are
constant functions). In the Euclidean case, it was found that a sharp condition for the
existence of energy minimizers is that the attractive potential grows at least logarithmically
at infinity. Similarly, for Cartan-Hadamard manifolds with sectional curvatures bounded
below by a negative constant, spreading by diffusion is prevented provided W grows at least
superlinearly. In the present work, as we allow the sectional curvatures to grow unbounded
at infinity, an even stronger growth of the attractive potential is needed to contain the dif-
fusion. We quantify precisely such conditions on W in terms of the upper and lower bounds
of the sectional curvatures.

To establish the results of this paper, we derive several tools that have an interest in
their own. The first is a volume comparison theorem in Riemannian geometry for man-
ifolds with non-constant bounds of the sectional curvatures. We expect that the results
of this comparison theorem are known to experts (e.g., the upper bound on the volume
of geodesic balls is presented in [1, Section 1.9]). The second tool is a new logarithmic
Hardy-Littlewood-Sobolev (HLS) inequality on Cartan-Hadamard manifolds of unbounded
curvature. Compared to the HLS inequality on R™ [10, 7], the logarithmic HLS inequality
on Cartan-Hadamard manifolds includes an additional term that contains the Jacobian of
the exponential map at a fixed pole. This additional term is a manifestation of the curva-
ture of the manifold, as the Jacobian of the exponential map determines the volume growth
of geodesic balls on the manifold.

We also note that there has been very recent interest on the well-posedness and long-
time behaviour for PDE’s on Cartan-Hadamard manifolds with either linear or nonlinear
diffusion and local reaction terms [29, 30, 31, 32, 33]. In particular, in [31] the authors
consider linear diffusion with a reaction term, and study the dichotomy global existence
versus blow-up. Stochastic completeness of the manifold is a key assumption in their work,
which limits the growth at infinity of the sectional curvatures to be at most quadratic. As
pointed out above, we do not need to make such restrictive assumptions in our work, as our
approach is entirely variational.

The summary of the paper is as follows. In Section 2 we present the assumptions,
notations and some necessary background on comparison theorems in Riemannian geometry.
In Section 3 we establish necessary conditions on the growth of the interaction potential
for ground states to exist - the main result is Theorem 3.1. In Section 4 we present a new
logarithmic HLS inequality on Cartan-Hadamard manifolds with non-constant lower bound
of curvatures. Section 5 presents the proof of Theorem 5.1, which establishes sufficient
conditions on the interaction potential that guarantee existence of global energy minimizers.
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2. ASSUMPTIONS AND BACKGROUND

In this section we present the assumptions and set up the notations. We also present
several comparison results in Riemannian geometry which will be used in our analysis.

2.1. Assumptions and notations. Throughout the paper we will make the following
assumptions on the manifold M and the interaction potential .

(M) M is an n-dimensional Cartan-Hadamard manifold, i.e., M is complete, simply con-
nected, and has everywhere non-positive sectional curvature. We note that as a Cartan-
Hadamard manifold, M has no conjugate points, it is diffeomorphic to R™ and the expo-
nential map at any point is a global diffeomorphism.

(W) The interaction potential W : M x M — R has the form
W(z,y) = h(d(z,y)),  forall z,ye M,

where h : [0,00) — [0,00) is lower semi-continuous and non-decreasing. The fact that h is
non-decreasing indicates that the interaction potential is purely attractive. Also note that
h is bounded below, so it cannot have an infinite singularity at the origin.

We denote by d the intrinsic distance on M. For x € M, and ¢ a two-dimensional
subspace of T, M, K(z;0) denotes the sectional curvature of o at . We also denote by dV
the Riemannian volume measure on M and by P,.(M) < P(M) the space of probability
measures on M that are absolutely continuous with respect to dV. We will refer to an
absolutely continuous measure directly by its density p, and write p € Pye(M) to mean
dp(x) = p(x)dV(z) € Pac(M).

The precise definition of the free energy introduced in (1.1) is the following. We define
E :P(M)— [—o0,0] by

(2.3)
f p(z)log p(z)dV(x) + % Jf h(d(z,y))p(a)p(y)dV(z)dV(y),  if p € Poe(M),
M
E[p] = . o MxM .
pki)gg(pM) hl?ilgng[p el otherwise,

where pp — p denotes weak convergence as measures, i.e.,

| r@p@ave) | s@emavie),  ask -,
M M
for all bounded and continuous functions f : M — R.

Remark 2.1. For interaction potentials h that are bounded from below, as considered in
this paper, the energy functional can be alternatively defined as

| paogp@avia) + 5 || b m)pl@pmaveaVie). it pe Puan)
Elp] = {'M MxM
+00, otherwise.

We listed the more general definition (2.3) however, for consistency with how the energy
was defined in [10] (for Euclidean spaces) and in [24] (for general manifolds).



Denote by P1(M) the set of probability measures on M with finite first moment, i.e.,

PL(M) = {u e P(M) : JM d(z, 20)du(z) < oo} ,

for some fixed (but arbitrary) point xg € M. For p,o € P(M), the intrinsic 1-Wasserstein
distance is defined as

Wi(p,o) = inf H (z,y)dy(z,y),
vell(p,0
M x M

where II(p,0) < P(M x M) is the set of transport plans between p and o, i.e., the set of
elements in P(M x M) with first and second marginals p and o, respectively. The space
(P1(M), W) is a metric space [2].

Similar to the variational studies in Euclidean space [12, 13, 19], we fix the Riemannian
centre of mass of the admissible densities. For a fixed arbitrary point o € M (referred
throughout the paper as pole), we denote

P,(M) := {p & PaclM) 0 PO s [ o, mp(e)VIe) = o} ,

where log, denotes the Riemannian logarithm map at o (i.e., the inverse of the Riemannian
exponential map exp,) [20]. The integral condition above fixes the centre of mass of p at
the pole o. This is the set of admissible densities, in which we will establish existence of
global energy minimizers.

2.2. Rauch comparison theorem. A tool we use in our proofs is Rauch’s comparison
theorem [20, Chapter 10, Proposition 2.5]. Specifically, we use this result to compare
lengths of curves on a general Cartan-Hadamard manifold with lengths of curves on spaces
of constant curvature.

Theorem 2.1 (Rauch comparison theorem [17]). Let M and M be Riemannian manifolds
with dim(M) > dim(M ), and suppose that for allpe M, p e M, and o < T,M, & < TzM,
the sectional curvatures K and K of M and M, respectively, satisfy

K(5;6) = K(p; 0).
Letpe M, pe M and fix a linear isometry i : T,M — TﬁM. Let r > 0 be such that the
restriction XDy 5 (0) is a diffeomorphism and XD 5, (0) is non-singular. Let c : [0,a] —
exp,(B-(0)) = M be any differentiable curve and define ¢ : [0,a] — expz(B,(0)) = M by

¢(s) = expzoio expgl(c(s)), s € [0,al.
Then the length of ¢ is greater or equal than the length of ¢.

2.3. Bounds on the Jacobian of the exponential map. We will follow notations and
the general framework from [16]. A Jacobi field along a unit-speed geodesic ~ is a differen-
tiable vector field Y along v that satisfies the Jacobi equation

(2.4) ViY + R(Y, Y)Y =0,

where V denotes the Levi-Civita connection on M and R represents the curvature tensor.
Denote by J the vector space of Jacobi fields along v and by J+ the subspace of J consisting
of the Jacobi fields orthogonal to . Jacobi fields are variation fields through geodesics, and
they measure the spread and the volume growth of a geodesic spray.
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Consider a point x € M, a unit tangent vector v € T, M, and a unit-speed geodesic =
through z in the direction u, i.e., ¥(0) = x, 7/(0) = u. Set an orthonormal basis {e1,--- ,e,}
of T, M, with e,, = u, and consider the Jacobi fields J;(t), j = 1,...,n—1, along the geodesic
~ that satisfy

Jj(0) =0 and Ji(0) = ej, j=1,...,n—1.
We point out that J;(t) € Jtforallt>0,j=1,...,n—1. Denote by A(t;u) the matrix
with columns J;(t), j =1,...,n—1, ie,

A(t) = [J1(t) Jo(t) ... Ju—1(t)].
Note that the matrix A(¢) depends on the geodesic v, in particular on the unit tangent
vector u. When this dependence is important and can lead to confusion, we will use the
notation A(t; u) instead.
By the properties of the Jacobi fields, we have
J;j(t) = (dexpy)te, (te;), j=1,....,n—1,

and hence we can write

(25) AW = t(dexp, )i, (e1) ([dexplien(es) o (dexpy)ien(en )]
In the present work we are particularly interested in the Jacobian J(exp,) of the expo-
nential map. Since
(dexpy)te, (en) = €n,
by using (2.5) we can express

Al e
(2.6) J(exp,)(ten) = det((dexpy)te, ) = det [ 6 (1)] = det(A(t)/t) = dttrfl(t)

Throughout the paper we fix a generic point o in M which we will be referring to as the
pole of the manifold. In general, a point on a manifold is called a pole if the exponential
map at that point is a global diffeomorphism. On Cartan-Hadamard manifolds all points
satisfy this property. We also make the notation

ry = d(0,x), for all x € M.

The following theorem establishes estimates on the Jacobian J(exp,). The theorem is
a generalization of [16, Theorems II1.4.1 and II1.4.3], which consider the case when the
sectional curvatures of M are bounded above and below by constants.

Theorem 2.2. (Generalizations of [16, Theorems I11.4.1 and I11.4.3] ) Suppose the sectional
curvatures of M satisfy

(2.7) —Cm(ry) < K(z;0) < —ep(ry) <0,

for all x € M and all two-dimensional subspaces o < T, M, where c,(-) and cp(-) are
positive continuous functions of the distance from a fized pole 0. Then, for any unit-speed
geodesic v through o, it holds that

hr (1) < det A(t) < o H(8),
where ¥y, and Yy are solutions of
{%(0) = cm(0)Ym(9), VO >0, { 7(0) = car(0)ar(6), V6 >0,
(2.8) and
Ym(0) =0, ¥, (0) =1, Yar(0) =0, ),(0) = 1.



In addition (by (2.6)), given that v is arbitrary,

(wMﬂu'))nl < [J(exp,)(u)] < <1M(Hu|\)>n17

[ [

for allue T,M.

Proof. The approach follows the proofs of [16, Theorems III.4.1 and I11.4.3], with some
small caveats related to the nonconstant bounds of curvature. For completeness, we will
present the proof in detail in Appendix A. Note that similar bounds have been derived in
the literature using Laplacian comparison techniques (see [1, Section 1.9]). O

Remark 2.2. We note that for the upper bound on det A(t), a weaker condition on cur-
vature can be assumed. Specifically, it is sufficient that the Ricci curvatures are bounded
below by —(n — 1) (+); see the proof in the Appendix, as well as [16, Theorem I11.4.3] or
[1, Theorem 1.3].

While in general, one cannot find explicit solutions to the IVP’s in (2.8), these are linear
problems and the global well-posedness of their solutions is guaranteed by standard results
in ODE theory. In addition, by straightforward arguments, in can be shown that ,, and
Wy satisfy

(2.9) Ym(0) =0, Yp(0) =0 and Ur(0) =1, ¥y (0) =1, forall 6 > 0.

Remark 2.3. When ¢,,(-) = ¢, and cpr(+) = epr are constant functions, the IVP’s in (2.8)
have the explicit solutions

_ sinh(y/c,0) n _ sinh(y/carf)
Um(0) Ry~ d (o) —

In this case, Theorem 2.2 reduces to the comparison results from [16, Theorems I11.4.1 and
I11.4.3], i.e., for any unit-speed geodesic v through o, it holds that

(sinh(Wﬂ)”_l < det A1) < (Sinh(ﬁt)>n_17

Ve

e

and

Ve|u

(smmmmn)"—l < (e )] < (m}jgnun))"‘l,

for all ue T,M.

Theorem 2.2 can be used to find bounds on the volume of geodesic balls in M. In the
paper, S"~! denotes the unit sphere in R" and w(n) the volume of the unit ball in R™.
Also, B, (0) denotes the geodesic ball in M centred at o of radius r, and |B,(0)| denotes its
volume.

Corollary 2.1. (Generalizations of [16, Theorems I11.4.2 and I11.4.4] ) Suppose the sectional
curvatures of M satisfy (2.7). Then,

" n—1 " n—1
nw(n)JO bnr ()" dt < | By(0)] < naw(n) JO ()" dt,

with ¥y, and y; defined as in Theorem 2.2.
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Proof. We will use here the full notation A(¢; u) to indicate the dependence of A4 on the
unit tangent vector u = +/(0). By using geodesic spherical coordinates centred at o, the
Riemannian measure on M is given by (see [16, Theorem III.3.1])

(2.10) dV (exp,(tu)) = det A(t; u)dtdo (u),

where do(u) denotes the Riemannian measure on S"~!. The proof of the corollary now
follows immediately from Theorem 2.2 together with (2.10), by writing

|B(0)] = Lr Ln_l det A(t; u)do(u)dt.
O

The volume bounds in Corollary 2.1 are known in Riemannian geometry literature. For
example, the upper bound is proved in [1, Theorem 1.3] by Laplacian comparison methods.

Remark 2.4. When ¢, () = ¢, and ¢pr(+) = cpr, Corollary 2.1 reduces to

r inh t n—1 r inh ¢ n—1

wot) [ (L) <o) < o) [ (FEED)
0 VEM 0 VEm

which is the result in [16, Theorems I11.4.2 and I11.4.4]. The lower and upper bounds in this

case represent the volumes of the ball of radius r in the hyperbolic space H" of constant
curvatures —cys, and —c,y,, respectively.

2.4. Properties of solutions to the IVP (2.8). Next, we provide various properties of
solutions to the IVP’s in (2.8), under additional assumptions on the functions ¢, and cy;.
We list the results for a generic function c. Throughout the paper, Df and Df denote,
respectively, the lower and the upper derivatives of a real-valued function f, defined by

G FEEW F@) g S h) — f(@)
0 h h—0 h

Df(x) = limi

Lemma 2.1. Let ¢ : [0,00) — (0,00) be a positive and continuous function, and consider
the solution v of the IVP:

{¢”(9) = c(0)p(0),  v0>0,
$(0) =0, ¢'(0) =1

(Upper bound) Assume c(-) is non-decreasing. Then,

(2.11) ¥(h) < fexp (f @dt) . Ye=0.

(Lower bound) Assume c(-) satisfies

. Dc(0)
(2.12) i oy O

Then, for any 0 < e < 1, there exists 0y > 0 such that

0
(2.13) ¥ (6p) exp ((1 —¢€) , Vel(t) dt> < y(6), Vo = 0.

Proof. See Appendix B. O
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Remark 2.5. There are various examples of functions c(-), relevant to our work, which
satisfy condition (2.12), e.g.,
c(0) = 0%, ) =", (@) =1—e"?,

for all £k > 0. Specifically, the first two examples above, when used as bounds for the
curvature (see (2.7)), correspond to manifolds whose negative curvature grows algebraically,
respectively exponentially, at infinity.

Remark 2.6. To give some intuition on the first assumption in (2.12), consider a non-
decreasing C! function ¢(-) which satisfies

. (0)
o coyr
Then, there exists § > 0 and 6y > 0 such that
(6)
0(9)3/2
By solving the differential inequality, we get
2 2
— -
c(0)2 " c(60)"/?

=0, for all 0 = 6.

= 5(0 - HO)a

which implies

1 5(6 —6p)\ 2
c(0) = <c(90)1/2 - 5 0 > .

From here one infers that ¢(f) — o0 as 0 — 6y + W and hence, ¢(#) is not defined
globally for all @ > 0. Given these considerations, assumption (2.12) is natural for a globally
defined function ¢(+), as used in this paper.

3. NONEXISTENCE OF A GLOBAL MINIMIZER

We will show that the energy functional (2.3) does not admit global minimizers when the
attractive forces at infinity are not strong enough to contain the diffusion. We fix a pole
0 € M and assume that the sectional curvatures K(x; o) are bounded above by a function
—cp(rz) < 0 that can grow unbounded as r, — 00. We denote by 15 the solution to the
initial-value problem

(3.14) { v (0) = cn(@)vm(0), VO >0,

Yu(0) =0, ¢¥4,(0) =1
The main result is the following.

Theorem 3.1 (Nonexistence by spreading). Let M be an n-dimensional Cartan-Hadamard
manifold and o € M a fized pole. Assume that the sectional curvatures of M satisfy
K(z;o) < —cp(ry),

for all x € M and all two-dimensional subspaces o < T, M, where cpr(-) is a positive and
continuous function such that

lim Dew (9)

0=>n c(0)3/2 =0
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Let h : [0,00) — [0,00) be a non-decreasing lower semi-continuous function that satisfies

NEYIOP) dt) _

for some A <n—1, and some 6 > 0. Then, the energy functional (2.3) is unbounded below,
and hence, it admits no global minimizer in Pye(M).

0—45
(3.15) lim inf <h(0) —A

6—0 0

Proof. Consider the following family of densities pr defined for all R > 0:

1
pr(x) = |Br(o)|’
0, otherwise.

when z € Br(o),

Then, we have

Blpn) = | prla)logpn(@)dVia) + 5 || hdwn)ora)pa()aVie)aviy)
MxM
h(2R)
2 y

(3.16) < —log |Br(o)| +
where for the inequality we used

sup  d(z,y) = 2R.
z,yesupp(pr)

We will show that F[pr] — —o0 as R — o, and hence, no global energy minimizers in
Pac(M) exist.
Since A <n —1,set e€ (0,1) by

(3.17) A=(1—-¢€(n—-1).

By the assumptions on c¢js and Lemma 2.1 (see lower bound (2.13)), there exists 6y > 0
such that

(3.18) Y (0) = Yar(bo) exp < (I—¢) «/ dt) for all 8 > 6y,

where 1)) is the solution of the IVP (3.14).
Then, for any R > 6y + g (with ¢ as in (3.15)), combine Corollary 2.1 and (3.18) to find

Br(o)] > f Ut (010

R

> nw(n) Yar(0)"1do
ns
R

S ) [ nr(00)" exp <(1 _m—1) f F@)

R_,
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R_,

0
Furthermore, using that ey (t)dt = Ve (t)dt, for all R — < 0 < R, we get
90 90

R

R,,
exp ((1—6)(n—1)f Vet dt) a6

0o

IBr(0)] = muw(n)iar (60)"! j

5 -
_ 5nw(n)ww(@o)"*l exp <(1 —e)n - 1)f th)

0o

The above yields
R**

1og|BR<o>|>1og(gnw<n>w<eo>"1)+<1—e><n—1>j Ven(®dt

0o

We can now estimate E[pg] for R > 6 + 3§ (see (3.16)) as follows:

R——
Elpn] < log(g <n>wM<eo>”-1)—<1—e><n—1> [ Ven@ar+ 120

90
5
—log <2nw(n)wM(90)”l> +(1—€)(n—1) «/ t)dt
R-3 2R)
—(1—6)(%—1)f \Vem dt—l— 2 .
0
Since by the assumption (3.15) on h (see also (3.17)) and a simple change of variable, we
have
h(2 B3
lim inf <(R) —(1—¢€)(n— 1)J v ewm dt)
R— 2 0
we infer limp_,o F[pr] = —0. O

Example 3.1. For certain functions cy; we can compute Sg_(S v/ (t/2) dt and hence, find
explicit expressions for the behaviour of A at infinity that lead to spreading.
(1) Constant: cpr(0) = cpr. This is the case studied in [24]. Compute (see (3.15)):
0—6

hO)—A| e dt = h(8) — Ay/enh + Ady/enr.
0

In this case, spreading occurs provided h(6) grows slower than A,/cprf at infinity
(for some A < mn — 1), which recovers the result in [24, Theorem 2.1].
(2) Power law: cp7(6) = 0% with k& > 1. We compute

no)—A [ amrbear - gy = A2 g sy
- Rkt —
0)-a] )~ (i 09
which implies that spreading occurs if h grows slower than 0¥/2+1 at infinity.

(3) Exponential growth: cp;(#) = e?? with 3 > 0. We find
0—9
A
_ Bt/Aqs — _ 2 (pBo-0)/4 _
h(6) AL eBAdL = h(f) B/4<e 1).

Hence, in this case spreading cannot be prevented provided h grows slower than
eP/4 at infinity.
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4. LOGARITHMIC HLS INEQUALITY ON CARTAN-HADAMARD MANIFOLDS

This section presents a new logarithmic HLS inequality on Cartan-Hadamard manifolds,
which is a key tool for our results on existence of global energy minimizers. We first recall
the logarithmic HLS inequality on R", given by the following theorem.

Theorem 4.1 (Logarithmic HLS inequality on R™ [10]). Let p € Pac(R™) satisfy log(1 + | -
|2)p € LY(R™). Then there exists Cy € R depending only on n, such that

- f n f Mog(jz —yl)p(x)p(y)dzdy < if p(x)log p(z)dx + Co.

R
We generalize Theorem 4.1 to Cartan-Hadamard manifolds. The result is the following.

Theorem 4.2 (Logarithmic HLS inequality on Cartan-Hadamard manifolds). Let M be an
n-dimensional Cartan-Hadamard manifold, and o € M be a fized (arbitrary) pole. Assume
that the sectional curvatures of M satisfy, for all x € M and all sections o < T, M,

(4‘19) _Cm(TJ:) < /C(LU, U) <0,
where ¢, (+) 1s a continuous positive function. Let 1y, be the solution to the following IVP:
{Qbyn(e) = cm(0)Ym(0), Vo >0,

Ym(0) =0, ¢y, (0) = 1.

Then, if p € Pac(M) and J log(1 + |rz|*)p(x)dV(z) < o0, we have
M

(4.20)

(4.21)
—ﬁijmgdwﬂnmumxdexmvw><
1 (n—1) VY (rz)
nj;pu»bngmvm»+njwmg(rx)pwxwm»+Ch

where Cy € R is the constant depending only on n introduced in Theorem 4.1.

Proof. Denote by f: M — T,M the Riemannian logarithm map at o, i.e.,

(4.22) f(z) = log, x, for all z € M.
The inverse map f~!: T,M — M is the Riemannian exponential map
f~Y(u) = exp, u, for all u e T,M.

On Cartan-Hadamard manifolds, the exponential map is a global diffeomorphism.
Take a density p € Pye(M), and its pushforward (as measures) fup € Poc(ToM) by f.
Then,

(4.23) Fp(w) = p(f @IS (W), for all ue T,M.

Since M has non-positive curvature, by Rauch Comparison Theorem (see Theorem 2.1) we
have

(4.24) d(z,y) = |f(z) — f(v)], for all z,y € M.

Inequality (4.24) can be justified as follows. Fix any two points z,y € M. In the setup
of Theorem 2.1, take M = T,M, i to be the identity map, and ¢ to be the geodesic curve
joining = and y. The assumption on the curvatures K and K holds, as K < 0 = K. The
curve ¢ constructed in Theorem 2.1 joins log, = and log, v, and hence, its length is greater
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than or equal to the length of the straight segment joining log, x and log, y. Together with
Theorem 2.1, we then infer:

“Ogox - logo y| < l(é) < l(C) = d(l"y)
Note that (4.24) holds indeed with equal sign for M = R™.

By (4.24), we have
(4.25)

f j log(d(, y))p(x)p(y)dV(z) f j log(1/ () — F(y)])p(2)p(y)AV(z)AV(y),

since log(+) is an increasing function on (0, c0). Then, using the definition of the pushforward
measure and the logarithmic HLS inequality on T, M ~ R"™, we get

j j log(|f(x) — £ (1))p(@)p(y)dViz)dViy) j f log(jw — =) fp(w) f(2)duwdz

(4.26) <o | faole)log(ipe)dz + G,

n Jr,m

where () is a constant that depends on n. Now, use again the property of the pushforward
measure, to find

% f Far@loelTppz)dz = Co = % J p(x)log(fyp(f(x)))dV(z) + Co
ToM .
-2 JM p(x)log(p(x)|J(f~1)(f(2)))dV(z) + Co

n

(4.27) _ L fM o) log pl)AVIr) + fMp@c) log |7(/~1) (/ (2))|dV(z) + Co.

n
By combining (4.25), (4.26) and (4.27), we obtain

8& j log(d(z, y))p()p(y)AV(z)dV(y) <
42

| ptartogp@avie) + o log I (F@)laVLz) + Co
M M

n

Compared to the logarithmic HLS inequality on R", inequality (4.28) has an additional
term on the right-hand-side, containing the Jacobian of the exponential map. Using The-
orem 2.2 (note the lower bound (4.19) of the sectional curvatures), we can bound this

Jacobian from above by
-1 n—1
puruen < (UEt) = ()

The HLS inequality (4.21) now follows from the estimate above and (4.28). O

Remark 4.1. In particular, if ¢y, is a constant function, ¥, (0) = sinh(y/¢n0)/\/cm, and
(4.21) reduces to

f f log(d(z, y))p(x)p(y)dV(z)dV(y) <

L stanosstonaria) + P [ oy (D) pgavee) +

This recovers the result in [24, Theorem 5.2].
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5. EXISTENCE OF A GLOBAL MINIMIZER

In this section we fix a pole o € M and assume that the sectional curvatures K(z;0) are
bounded below by a function —¢;,(r,) which can grow unbounded as r, — 0. We denote
by ., the solution to the initial-value problem

{ Z@(a) = Cm(e)wm(e)’ Vo >0,
Ym(0) =0, ! (0) =1.

The main result, given by the theorem below, establishes sufficient conditions on the growth
at infinity of the attractive potential (in terms of the growth of curvatures) that guarantee
existence of a global energy minimizer.

(5.29)

Theorem 5.1 (Existence of a global minimizer). Let M be an n-dimensional Cartan-
Hadamard manifold and o € M a fized pole. Assume that the sectional curvatures of M
satisfy

(5.30) —cm(ry) < K(x;0) <0,

for all x € M and all two-dimensional subspaces o < TyM, where ¢y () is a positive,
continuous and non-decreasing function. Also assume that h : [0,00) — [0,00) is a non-
decreasing lower semi-continuous function which satisfies

0
lim —————— $(9) =
=0 §\/em(t)dt
for some non-decreasing convex function ¢. Then there exists a global minimum of E|p] in

Po(M).

(5.31) h(0) = ¢(0), and

Remark 5.1. In the proof of Theorem 5.1 we will use in fact a weaker assumption on the
growth at infinity of h, namely that

(5.32) o) = 6(0),  and  Gim —20 o

e ()

for some non-decreasing convex function ¢, where 1, is the solution of the IVP (5.29).
Nevertheless, we chose to present Theorem 5.1 with the explicit growth at infinity given in
terms of the known function ¢, (-), rather than using the unknown solution v, () of the
IVP. To see that (5.32) is indeed weaker than (5.31), one can argue as following. By Lemma
2.1, it holds that

Ym(0) < Oexp Uj mcit> . Vo=0.

which is equivalent to

log (W) < Lg Vem®)dt, V0 >0,

Hence, if ¢ satisfies the asymptotic condition in (5.31), then it also satisfies (5.32).

Remark 5.2. The two conditions (3.15) and (5.31) on h, that result in nonexistence, respec-
tively existence of minimizers, are complementary in the following sense. Suppose the sec-
tional curvatures satisfy both a lower and an upper bound: —cy,(ry) < K(x;0) < —epr(rs),
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for all points x and all sections o, where ¢y (+) is non-decreasing. Also assume that h
satisfies (5.31). Then, for any positive A and 0, we have
0—6

o) — A e dt sh@®) - A [ JenE/2)dt
0 0

0—35

>¢(0) — A . Vem(t)dt
0
—AJO Vem(t) de,

where in the first inequality we used cpy < ¢, and in the second inequality we used h =
¢ and the monotonicity of cp,. Since the second condition in (5.31) implies that ¢(0) —

Asg v em(t) dt tends to infinity as 6 — oo, (3.15) is always false in this case.

We present the proof of Theorem 5.1 after we establish several important preparatory re-
sults. The overall strategy is based on the direct method of the calculus of variations, where
the key items are a coercivity property of the energy functional (Proposition 5.1), and the
lower semi-continuity of the energy (Proposition 5.2). Another important ingredient of the
proof is the property that minimizing sequences preserve, in the limit of weak convergence
as measures, the centre of mass (Lemma 5.5).

Lemma 5.1 ([24]). Let M be a Cartan-Hadamard manifold, o € M a fized pole and p €
Po(M). Then we have

2=V < [ den)p@p@)dVa)dVe) < 20(0.5).
MxM
Here, 0, denotes the Dirac delta measure centred at the pole o.
Proof. This result was stated and proved in [24, Lemma 6.1]. The proof is based on Rauch
comparison theorem and some simple calculations and estimates. We also note that this

result does not require any information on the curvatures of M, and it applies to general
Cartan-Hadamard manifolds. O

Lemma 5.2. Let 1, be the solution to (5.29), where cy(-) = 0 is a continuous non-
decreasing function on [0,0). Then,

(5.33) H(9) = log <¢m€w>>

is a non-decreasing convez function on (0,00).

Proof. Note first that by (2.9), ¥, (0) = 0 and ¢),,(0) > 1 for all § > 0. By direct calculation
we get,

d Um(0)\ _ ¥m(8) 1
(5.34) @log < 7 ) ~ @) 0
Set on(®)
TO= e
Then,

F1(8) = 1= () f(6)%,
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and hence,
f'0) < 1.
This implies (also note that f(0) = 0) that f(#) < 6 for all # > 0 and hence, by (5.34), we

find H'(9) = 0. This shows H is non-decreasing.
To show that H(#) is convex, we compute its second derivative:

2 " Y, 9
dlog(wn;w)) _ Un(0)¥m(0) — v (0)* 1

m(0)2 92
_ Y@\, 1
-0~ (32) +
Now note that the ODE satisfied by 1, in (5.29) can be written as
(01 (0))°] = cm(0)[(¥m(0))*]"

Integrate the above and use the initial conditions on ,,, and the monotonicity of ¢,, to get

462
(5.35)

0

(al0) =1+ | en(O[(n(0)V

0
<1+ em(8)(Ym(6)).

Then, by using ¥,,(0) = 0, we further find

U (0))° 1
(wmw)) < Wi )
1

< ﬁ + Cm(e),

which combined with (5.35) shows the convexity of H. O

Corollary 5.1. Let 1y, be the solution to (5.29), where ¢, (+) is a positive, continuous and
non-decreasing function on [0,0). Then, we have

lim inf % = A

6—00 0 ’

for some A > 0.

Proof. The proof follows immediately from the convexity and monotonicity of the function
H(0) = log (meW)) (note that H(6) cannot be a constant if ¢, is positive). O

Remark 5.3. Let H be the even extension of the function H on R:

H(0) for 6 > 0,
H)=<X0 for 6 =0,
H(—-0) for6 <O.

It can be shown by direct calculations (not shown here) using L’Hopital theorem that H

is second order differentiable at 0, with H(0) = 0, H'(0) = 0, and H"(0) = C'%(O) > 0.

Consequently, Hisa globally convex function on R.
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Proposition 5.1. Let M be an n-dimensional Cartan-Hadamard manifold whose sectional
curvatures satisfy (5.30), with o € M a fized pole, and c,(-) a positive, continuous and
non-decreasing function. Also assume that h : [0,00) — [0,00) is lower semi-continuous
and satisfies (5.32). Then there exist constants Cy and C such that

C 2—-42

(6:36) Bl > ~Con+ 5+ 2 Wil + f f h(d(z, ))p(x)ply)AV(2)AV(y),

MxM

for all p € Po(M). Specifically, Cy is the constant from the logarithmic HLS inequality in
Theorem 4.2 (which only depends on n), while C depends on h, ¢, and n.

Proof. By Rauch comparison theorem (see (4.24)) and the law of cosines, for any two points
x,y € M, we have

d(z,y)* > |log, z — log, y*
=724 7‘5 — 27,1y cos Z(zoy)
> (1, — 1y cos Z(woy))?.
This yields
(5.37) d(z,y) = |ry — rycos Z(zoy)|.

Take any p € P,(M). Consider the function H defined in (5.33) and its even extension
(see Remark 5.3). Since H is non-decreasing (by Lemma 5.2), along with (5.37), one can
estimate

(5.38)
|| #H eV = ([ B - s Z@ophotapmav)dvy)
M x M M x M
|| #102 =rycos Lon)p@pwavia)av).
M x M
Since p € Po(M), we have
(5.39) | 1o, wotavis) - o.

In this equation, take the inner product with log, « for some arbitrary = # o, to get

J r21y cos Z(zoy)p(y)dV(y) = 0,
M

which is equivalent to

(5.40) JM ry cos Z(xzoy)p(y)dV(y) = 0.

Now, use the convexity of H and Jensen’s inequality, together with (5.40), to obtain

| H(m—rycosa:coy))p(y)dwy)>ﬁ( | m—rycosé(xoy»p(y)dwy))
M M

= I_}(T:L“)a
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for any x # o. By integrating the inequality above with respect to p(z) we then find

) [ o=y cos Zon) o)V aV) > | Fir)ple)aVia),

MxM

Finally, combine (5.38) with (5.41) and use the expression of H in (5.33), to get

(5.42) ﬂ () pptaviaavi) > | s (P4 ) pojavta)

Using (5.42) in Theorem 4.2 (see (4.21)) we then reach
(5.43)

j | tostat@plapavinavin) < 5 | ple)1ogple)avie)

M x M
# D[ g (P00 o)) avie)avis) + Co

M x

Since h satisfies (5.32), we have

P G 0

On the other hand, by Corollary 5.1 we infer that log (wm(6)> grows at least linearly at
infinity. Then, from (5.32) we conclude that ¢ (and hence h) have superlinear growth at

infinity, which yields
lim <h519> —2nlogf — 9> =

0—0
By combining the two limits above we get

lim (h(;) —2(n—1)log <¢m0w)> — 2nlogf — 9> -

6—o0

Now we note the behaviour at zero of this expression, given by

S, (h(;) —2(n—1)log <w”;(9)> —2nlogf — 9) -

where we used that h is bounded from below and ,,(0) ~ 6 near § = 0. By the lower
semi-continuity of h, we can then conclude that there exists a constant C such that

h(:) —2(n—1)log (¢m6(9)> —2nlogf —6 = C, for all § > 0.

For convenience, we write the above as

(5.44) h(0) > h(20) +2(n—1)log (1%@) +2nlogh + 60 +C, for all 6 > 0.
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Finally, from (5.44) and (5.43), we get

Bl = | plo)tog plo)avia) + 5 ﬂ () p(a) p(y)AVI)AVy)

M xM

> [ oo rogponavs j f 1og<¢m )))) p(@)p(y)AV)dV(y)

+n U log(d(z, y))p(x)p(y)AV(z)dV(y +H (@, y)p(x)p(y)dV(2)dV(y) + -

M x M M x M

v f f h(d(,y))p() ply)dV(z) dV(y)

MxM

Con+ +f JJ (z,y)p(x)p(y)dV(z)dV(y +f f f (2)p(y)dV(z)dV(y).

M><M M><M

The lower bound (5.36) on E[p] now follows from the estimate above and Lemma 5.1. [

A major ingredient in the proof of Theorem 5.1 is the lower semi-continuity of the energy,
with respect to weak convergence of measures. Note that weak convergence of measures
does not preserve absolute continuity, so we need to take this into account in the notations.

Lemma 5.3. Assume M is a Cartan-Hadamard manifold and h : [0,00) — [0,00) is lower
semi-continuous. Then, the interaction energy is lower semi-continuous with respect to weak
convergence, i.e., if pr — po weakly (as measures) as k — oo, it holds that

H d(z,y))dpo(2)dpo(y) < lim inf H d(z,y))dpr(x)dpr(y).-

M x M M x M

Proof. Using the exponential map f~! = exp, to make a change of variable, we can write
the interaction energy of a probability measure p as

|| #pas@iow = [ wdexp,uexp,o)dfspdssp).

M xM ToM xTo M

The right-hand-side above can be interpreted as the interaction energy of fyup on T,M ~ R"
with the interaction potential h : T,M x T,M — R" given by

h(u,v) = h(d(exp, u,exp,v)).

Note that h is a lower semi-continuous function, as h is lower semi-continuous and exp, is
a diffeomorphism.

Consider now a sequence {pg}r>1, with px — po weakly (as measures) as k — c0. By the
change of variable formula, it is straightforward to show that p;, — po implies fupr — fxpo
as k — o00. In the Euclidean space, the interaction energy is lower semi-continuous with
respect to weak convergence provided the interaction potential is lower semi-continuous [39,
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Proposition 7.2]. By combining all these facts, we then find

lim inf JJ d(z, y))dpr(x)dpk(y) = lim inf ff (u, v)d fape(w)d fpr(v)

M x M ToM xTy,M
> ] Awodsemdtine)
ToM xToM
H d(x,y))dpo(x)dpo(y).
M x M

0

Lemma 5.4. Assume M and h satisfy the assumptions in Proposition 5.1, with o a fized
pole in M. Suppose {pi}ti=1 € Po(M) is a sequence of probability densities such that E[py]
is uniformly bounded from above, and py, — po weakly (as measures) as k — o0, where py
has centre of mass at o. Then, we have

lim | log |7(f~)(f())|dpi() = fM log |7(F 1) (f(x))ldpo(a),

k—0o0 M
where f denotes the Riemannian logarithm map at o (see (4.22)).
Proof. Since E|[py] is uniformly bounded from above, by Proposition 5.1 (see (5.36)), so is

h(d(z,y))dpk(z)dpk(y). Denote by U such an upper bound, i.e.,
M xM

U d(z,y))dpx(x)dpr(y) < U, for all k > 1
M xM
Also, by Lemma 5.3, we have

f f h(d(z, 9))dpo(x)dpo(y) < U.
M x M

Now recall that ¢ in (5.31) is non-decreasing and convex, and apply the same argument
used in the proof of Proposition 5.1 (see the arguments that led to (5.42)) with ¢ instead of
H. Also note that the absolute continuity of the measure is not needed in the argument, only

that the measure has centre of mass at o (use the more general condition f log, ydp(y) =0
M
instead of (5.39)). Hence, we can get
|| ete.in@iane = [ oram@.  orark=
M

M x M
and

Jf ¢(d(z,y))dpo(z)dpo(y f ¢(rz)dpo().
MxM
Consequently, since h(6) = ¢(0), we infer from above that

(5.45) JM ¢(rg)dpr(z) < U, forall k> 1, and JM @(rg)dpo(x) < U.
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For any R > 0 fixed, we have the following estimate by the triangle inequality:

[ g oG ldmta) - [ tog oG (aldm (o
M M

(5.46) <

108 [J(F7H)(f())ldpr(x)

<

x

r:<R .
TI>R : 0

+>R

where we also used that |J(f~1)(f(z))| = 1 (a consequence of Theorem 2.2). Using Theorem
2.2 and (5.45), we can estimate the last two terms in the right-hand-side above as follows:

f >R10gIJ(f_l)(f(fv))ldpo(w) +f log |7(f~1)(f(x))|dpx(z)

+>R

<(n—1) L>R10g (W) dpo() + (n— 1) L>Rlog (W) dpi ()

s (22

sy e L2 ([R,®)) <L>R Hra)dpolie) + L>R (ﬁ(rr)dpk(x))
s (24

<2(n—1) —0 o U.

Using this result in (5.46), together with the weak convergence pp — po, we then find

timsup| | log|7( ) (F@)ldpole) — | log () (Fe)ldpu(o)
k—o0 M M
<timsup| [ 1ogI(/ ) (F@)ldpole) — [ togl (7 (F(a)ldpu(o)
k—o0 re<R re<R
log ( £=()
+2(n—1) Sb()> U
Lo([R,00))
log (M>
=2(n—1) 0 U.
L*([R,0))

Finally, by assumption (5.32), we have

s (22

0) -0

lim
R—0

L2([R,0))

Since R is arbitrary, we then get

f loglJ(fl)(f(x))ldpo(fv)—f log |J(f~1)(f(2))ldpw(x)| <0,
M M

which yields the desired conclusion. O

lim sup
k—o0
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We can now show that the energy functional is lower semi-continuous along minimizing
sequences.

Proposition 5.2 (Lower semi-continuity of the energy). Let o € M be a fized pole and
assume M and h satisfy the assumptions in Proposition 5.1. Suppose {pi}r=1 < Po(M)
such that E[pg] is uniformly bounded from above, and pr — po weakly (as measures) as
k — oo, where py has centre of mass at o. Then, py is necessarily absolutely continuous,
and the energy functional is lower semi-continuous along p, i.e.,

E[po] < liminf E[pg].
k—o0

Proof. The energy functional contains two components: the entropy and the interaction en-
ergy; we will consider the two parts separately. The lower semi-continuity of the interaction
energy was established in Lemma 5.3. For the entropy component, we will use again the
Riemannian logarithm f = log, and map M to the tangent space T,M.

We first show that given the assumptions on pj, the limit pg is necessarily absolutely
continuous. Indeed, assume by contradiction that it is not. Then, since J(f~!) > 1, its
pushforward measure fxpo is also singular. Following [2, Section 10.4.3], define the entropy
functional F : P;(R™) — R by

Flul = Spn p(x) log(p(x))dz,  if p = pdu,
0, otherwise.

Here, da denotes the Lebesgue measure on the Euclidean space R™. As noted in [2, Section
10.4.3], the functional F is lower semi-continuous with respect to weak convergence of
measures. Note that by the change of variable formula, p;, — po implies fupr — fupo as
k — o0. Hence,

liminf F[fypi] = F[f4p0);
and since fupg is singular, this implies

(5.47) lilgn inf F[ fupr] = .
—00
Now, using the exponential map to change variables, write (see also (4.23)):

f F 0 (u) 1og f 1 ()t = j pi(z) log pr(z)dV(z) + f o) log |7(F ) (f (2))|dV(z),
Rn M M

for all k > 1. The left-hand-side above is the entropy of fupr on T,M =~ R". From the
above, together with Lemma 5.4, we infer

lim inf Japr(w) log fupr(u)du
k—oo  Jgrn

(5.48)
= lim inff pr(z) log pr(x)dV(z) + J log |J(f~1)(f(2))|dpo(x).
M M

k—o0

By (5.47), the left-hand-side of (5.48) is infinite. However, both terms in the right-
hand-side are bounded above, which leads to a contradiction. To argue this latter state-
ment, note that since h > 0, the entropy of py is bounded from above by E[py], which is
uniformly bounded by assumption. Also, by the proof of Lemma 5.4, one can find that
§alog|J(f71)(f(2))|dpr(z) is bounded above uniformly in k. The contradiction makes us
conclude that pg (and fgpo) are absolutely continuous.
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The lower semi-continuity of the entropy follows now from the arguments above:
lim inf J pr(x) log pi(z)dV(z)
k—o0  Jar

—timinf | fyputa)log fyo(udu—Jim | pu(e)logl () ()]aVie)

k—00

> f Fapo(w)log fupo(u)du— [ pola)log | 7(F ) (f (@)l dV(z)
Rn M

= j po(z) log po(x)dV(x),
M

where for the last line we used again the change of variable = exp,u and (4.23).
Finally, the lower semi-continuity of the energy can be inferred from the lower semi-
continuity of its two components, as

liminf Bl > liminf | (o) 1og pu(a)aV(o) + imint 5[ b)) pu@hpun)dvia)aViy)

k—o0
MxM

> | (o) tos pu(e)dvia) + ;Mf fM B(d(, 9))po () po(y)AV(z)AV(y)

= Elpo]-
]

The last ingredient needed for the proof of the main theorem is the conservation of centre
of mass, given by the following result established in [24]. We point out that in the next
lemma, as well as in the proof of Theorem 5.1 that follows, we will use the notation Br(d,)
for the geodesic ball in the space (P1(M), W), of radius R and centre at d,. A similar
notation has been used in the paper for the open ball B, (o) of radius r and centre at o, in
the geodesic space (M, d). Nevertheless, the different spaces in which these geodesic balls
are considered, will be clear from the context.

Lemma 5.5 (Conservation of centre of mass [24]). Let M be a Cartan-Hadamard manifold,
o€ M a fized pole, R > 0 a fized radius, and {px}r>1 a sequence in Br(d,) such that all py
(k = 1) have centre at mass at o. Also assume that

f 6(r2) dp(z)
M

is uniformly bounded from above, where ¢ is a function with superlinear growth at infinity,

1.e., limg_,q @ = 0. Then, there exists a subsequence of {p}r>1 which converges weakly

as measures to py € Br(0,), where py has centre of mass at o.

Proof. The result was stated and proved in [24, Lemma 6.7], but for completeness, we also
present it in Appendix C. First, by tightness and Prokhorov’s theorem, one can extract a
subsequence of {pg}r>1 which converges weakly as measures to py € Br(d,). Then, use the
uniform boundedness of §, , ¢(r;)dpi(z) to argue that the centre of mass is preserved in the
limit. See Appendix C for the details. O

We now present the proof of Theorem 5.1, one of the main results of this paper.
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Proof of Theorem 5.1. The energy is bounded below on P,(M) (see Proposition 5.1). In
particular, E[p] is bounded below on Bi(5,) N P,(M), and define

Ey := inf E[p].
pEB1(80)NPo(M)

Take a minimizing sequence {pj}ren of E[p] on Bi(8,) n Po(M), i.e.,
{pr} © B1(60) N Po(M), Jim Efpx] = Eo.

Without loss of generality, we can assume that E[pg] is decreasing. In particular, E[pg] is
uniformly bounded from above and by the argument used in the proof of Lemma 5.4 (see
the derivation of (5.45)), §,, #(rz)pr(x)dV(x) is also uniformly bounded from above. We
also recall that the function ¢ used in our assumption (5.32) (or (5.31)) for h has superlinear
growth at infinity, and therefore it can be used in the context of Lemma 5.5. Hence, by
Lemma 5.5, there exists a subsequence {py, };en which converges weakly to pg € Bi(d,),
where pg has centre of mass at o.

By Proposition 5.2, pg is necessarily absolutely continuous and hence, py € Bi(d,) N
Po(M). Also, from the lower semi-continuity of the energy in Proposition 5.2, we have

lim Ep,] = E[po]-
l—0o0

Therefore,
Ey = zhl& Elpr,] = E[po] = Eo,

which implies E[po] = Eo, i.e, po is a minimizer of the energy on B (d,) N Po(M).
Now take R > 1 large enough such that

C 2—-+2
E[p()] CQTL+2+ 5

where Cjy and C are the constants from Proposition 5.1 (Cy is the constant from the HLS
inequality (4.21), and depends only on the dimension n, and C depends on h, ¢, and n).
Then, by Proposition 5.1 (note that h > 0), for any p € P,(M)\Bgr(J,) it holds that

C 2- \f

E[p] = —Con + = 5 +

(5.49) 2 — \F

> Con—i— +

R,

Wl(p76 )

2
= Elpo]-
On the other hand,
Elpo] = inf Elp] = inf Elp],
pEB1(00) "Po(M) pEBR(60)"Po(M)
which together with (5.49), it implies
pe%?(fM) Elel = peBR(leor)lfwPo(M) Elel

Finally, the existence of a global minimizer of E[p] on Br(d,) NPy(M)
as we argued above the existence of the minimizer py in B1(d,) N Po(M). This concludes
the proof.

can be argued exactly

O
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Example 5.1. We will revisit here Example 3.1 in the context of Theorem 5.1.

(1) Constant: ¢y () = ¢ In this case, (5.31) reduces to h > ¢, with ¢ growing
superlinearly at infinity, which recovers the result in [24, Theorem 2.2].

(2) Power law: ¢, (0) = 6% with k& > 1. Ground states exists provided h > ¢ and ¢
grows faster than #¥/2+1 at infinity. Note that the result is sharp in the sense that
a growth of h slower than #%/2*1 is not sufficient to contain the diffusion, and leads
to spreading (see item (2) in Example 3.1).

(3) Exponential growth: ¢,,(0) = e?? with 3 > 0. For this case, spreading is prevented
provided h(f) grows at infinity faster than eP%2. Hence, an exponential growth
of the attractive interactions is needed to contain diffusion on a manifold with
exponentially growing curvatures.

We conclude the paper with a discussion on the assumption of the monotonicity of ¢;,.
This assumption can be dropped by requiring a stronger assumption on the behaviour at
infinity of h. Indeed, assume that the sectional curvatures satisfy (5.30), where ¢, is not
necessarily non-decreasing. Define

em(0) = [nax cm (t).

Then, ¢&,, is continuous and non-decreasing and by (5.30), the curvatures satisfy
—Cm(ry) < K(z;0) <0,
for all x € M and all two-dimensional subspaces ¢ < T, M. Hence, we can apply Theorem

5.1 with ¢, instead of ¢,,, and obtain the following corollary.

Corollary 5.2. Let M be an n-dimensional Cartan-Hadamard manifold and o € M a fixed
pole. Assume that the sectional curvatures of M satisfy (5.30), where ¢y, () is a positive,
continuous function. Also assume that h : [0,00) — [0,00) is a non-decreasing lower semi-
continuous function which satisfies

. 9(6)
h(8) = (6), d ) o
(0) = ¢(0) an 91—3010 Sg \/maXogsst cm(s) dt "

for some convex function ¢. Then there exists a global minimum of E[p] in P,(M).

APPENDIX A. PROOF OF THEOREM 2.2

Part I: Left inequality. This part follows exactly the steps of the proof of [16, Theorem
I11.4.1] (constant bounds of ), but we will reproduce it here for completeness. Following
the proof of [16, Theorem I1.6.4], for Y € J+, one has

Y[ =Y, VY)Y [T

and then,
Y1 = YT (VY P = G RGY,Y)Y)) = V7Y, Wiy )2
> ey|Y |+ Y72 (VY PIY]? = (Y, V,Y)?)
(A.50) > cmlY],

where in the first line we used the Jacobi equation (2.4), for the second line we used the
upper bound on the sectional curvatures, and the third line follows from Cauchy-Schwarz
inequality.
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We set
Y[(0) =0, [Y]'(0) =

It then follows from (A.50) and (2.8) that F' := |Y|'¢ps — |Y |}, is non-decreasing, and
hence, F' > 0 (as F'(0) = 0). We can write this as
Y _ Yu
Y]~ ¢u

Instead of calculating the determinant of A, we work with the self-adjoint matrix B
defined as

(A.51)

B:= A*A.
From this definition, we have
(det A)Y  1(detB) 1
det A 2 detB 2

where the second equal sign comes from Jacobi’s formula for the derivative of a determinant.
Fix an arbitrary 7 > 0. Since any self-adjoint matrix is diagonalizable, we can choose an

(A.52) tr(B'B™Y),

orthonormal basis {e1, -, e,_1} of 7/(0)* consisting of eigenvectors of B(7). Then consider
the solution {n1,--- ,nm,—1} of the Jacobi equation in 7’(0)l given by
ni(t) = A(t)ei, forall 1 <i<n-—1

It holds immediately that for all ¢,
.05 (0)) = (A)er, Ab)es) = (Bllewe),  1<ij<n—L.

By differentiating the above, we compute

n—1
HBB ) = 3 Bei ey (ej, B (Der)
ij=1
n—1
= 20 (@), mi @) + i), mj (£))) (B~ (D)ess ).
ij=1
Using the assumption on the basis {eq,-- -, e,—1}, (B(T)es, e5) = A\id;; for some eigenvalues
Miyi=1,...,n— 1. Also, (B(7)"e;,e;)) = A\;18;;. Then, by evaluating at t = 7, we find
n—1
(BB (r) = X (Gri(r)mi(r)) + Cna(r) my (1)) A6y
ij=1

n—1
(), mi(7))
= 2 L .
2
=1
Finally, we use

(1), mi(r)) = B(T)eieip = iy i=1...,n—1,

to conclude that

BB o R () N ()
s §<m z>>‘i;rm<¢>\>( b

where for the last inequality we used (A.51).
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Since T was arbitrary, combining the above inequality with (A.52) we find
Y - (det.A)’
(3 T det A

Inequality (A.53) can be integrated to get the desired conclusion. We explain this last step,
together with the right inequality, in Part II.

(A.53) (n—1)

Part II: Right inequality. This part also follows closely the proof of the constant bounds
case (see [16, Theorem II1.4.3]), but with some small extra technicalities. We present a
lemma first.

Lemma A.1. Let ¥ satisfy the following ODE for some € > 0:

: T2(t)
U'(t) = (n—1)c(t) — 7 forallt =€, ¥(e) >0,
n —_—
where ¢(t) = 0 for allt = €. Then,
U(t) >0, for allt > e.
Proof. We have
U2(t
\Ij/(t)>_n—<;’ for t > e,

which yields
d 1 1
dt \ ¥(t) n—1
We can solve this differential inequality to get

1 1 <t—e
Ut) V) n-1

fort > e.

Hence, we have
1 1 t—e

< , for all £ > e,
V() S U0 T no1 oratt=e
which then implies the conclusion of the lemma. O
We define
Vi Y (det A)’
U, =n—-1)-—"7, VYy=mn-1)—"=, &:= .
mi= =Dy Y= =Dy det A
Using (2.8) we find that ¥, and W), satisfy the following equations:
2 w2
\Il'mz(n—l)cm—n_ml, and \Ilﬁwz(n—l)cM—n_Ml.
Also, by the initial data in (2.8), we have
—1
U (1), Uar(t) ~ nt . ast—0.

From Lemma A.1, we know that both ¥,, and W), are positive. From the left inequality
(Part I), we have
\IIM < ¢7
and this yields that & is also positive.
By Jacobi’s formula, we have

® = tr (A’A_l) .
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We denote U := A’ A=, From the argument in the proof of [16, Theorem III.4.3], it holds
that
(trUd) +trU? +tr R = 0.

Since K(x) = —¢p(ry) and

2
i > (trd) 7
n—1
we get1
(1)2
A.54 P < (n—1)ey — :
(A.54) (n=Vem — —

We calculate now the time evolution of the functional F' :=1— %, and estimate it using
(A.54):

'V, — U
_F = \I/—%n
(n—1)em(U, — @) — 2= (@ — 0,,)
(n—1)cm o o o
S S PN I I 1 —
(n—1)cm o
= F.
< Vo, * n—1
This yields
—1e ¢
A.55 P> — (= Vem F
( ) < Yo, * n—1

We also find

e e AV Oual) (e V() ) (nl®))
Ao T A G = 1) det A0, () im+<m_4ymmuw><¢%@ﬁ> L

Hence, we have lim;_,o+ F(t) = 0, and we can define F(0) = 0. Let assume that for some
T >0, F(T) <0. Then, we can define 0 < Ty < T which satisfies

To =sup{t < T : F(t) = 0}.

Then,
F(t) <0, VIp<t<T,
which by (B.61), it yields
F' >0, VTo<t<T.

Finally, we get
T

F(T) — F(Tp) :f F/(t)dt = 0.
To
However, we assumed F'(7p) = 0 and F(T') < 0, so we have a contradiction. We conclude
that F'(t) = 0 for all t > 0, or equivalently,

O(t) < Un(t), V>0

ITo obtain inequality (A.54) one needs the weaker assumption trR > —(n — 1)¢,, on curvatures — see
also Remark 2.2.
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Using the expressions of ® and ¥, we then have
!/ /

(det A) <(n- 1)%

det A Um
Now, by (A.53) and (A.56), we have both inequalities:

/ d t / /
(n—l)w—M < (det A) < (n—1)w—m.

We integrate this double inequality from € > 0 to 8 to get

(A.57) Yar(0)" 1 <m> < det A(6) < 1y, (0)" 1 (W) .

Since A’(0) = I and A(0) = 0, we have

(A.56)

el_i)r& de;”{ll(e)
Together with the initial conditions for v, and s (see (2.8)), this further yields
det A(e det A(e
A wm(e)i—)l =y wM(e)T(L_)l
Finally, we let € — 07 in (A.57) to get
Yar(0)" 1 < det A(0) < (0)" L
This concludes the proof of Theorem 2.2.

=1.

=1.

APPENDIX B. PROOF OF LEMMA 2.1

In this appendix, we prove each part of Lemma 2.1.

Proof of upper bound. In this part, we assume that c is positive, continuous, and non-
decreasing, and show (2.11). From ¢"(0) = ¢(0)y(0), we have

%7//(75)2 = 20" () (t) = 2c(t) ()Y (t) = c(t)

By integrating the above equality on 0 < ¢t < 6, we then obtain

0 0
WO =0 = | S0P = | el ot

d

A0

and since c is non-decreasing, we further get

¥'(0) — 4'(0)* < c(6) : %1/}(15)20115 = c(6) (¥(8) — ¥ (0)?) .
Now substitute the initial conditions 1(0) = 0 and 9/(0) = 1 in the above, to estimate
V'(0) < V1 +c(0)u(6)?
(B.58) < 1+4/c(0)1(6).

The differential inequality (B.58) can be integrated, with the explicit solution

¥(h) < exp (f: \/@dt> <J: <exp <— Jot \/@ds» dt> .
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J: (exp <—£\/@ds>> dt < Joeldt — 0,

Proof of lower bound. For 0 < e < 1 arbitrary fixed, define F () by
-
(1—e)r/e(6)

The lower derivative of F, can be obtained as

Then, by

(2.11) follows.

Few) =

1 Dc(6)

(B.59) DF.(0) = 3 =g X we

where we used

1 1
( 1 > — limint \e(0+h) ()
- 0(0) h—0 h
— liminf (0 +h)—c(6) 1
h=0 Ve(@)y/e(0 + h)(\/c(0) + +/c(0 + h))
— limsup <0(9 +h)— c(9)> 1
h—0 h 2¢(0)+/c(0)
1
T 20(0)32 (©)
Compute
B o 1 —2e4é
(B.60) 1—c(0)F(0)° =1 -2~ =0
Then, since limg_, % = 0, there exists 6. > 0 such that

Dc(f) - 2(2¢ — €2)

S 1o 0 02 be
which combined with (B.59) and (B.60), yields
(B.61) 1—c(0)F.(0)* < DF.(), VO=0..
Denote
_ ()
G(Q)—W(e), for 6 > 0.
Compute
: W(0)y'(0) — ¢ (0)9"(9)
G'(0) =
) V02
(B.62) =1—c(0)G(H)*

Note that G(0) = f,((%)) =0and G'(0) = 1 — ¢(0)G(0)? = 1.
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We will show that

(B.63) liminf 4/c(0)G(0) < 1.

6—00

Indeed, if we assume liminfg_,o 4/c(0)G(0) > 1, then there exists some positive § > 0 and
6 > 0 such that
c(0)G(0) = V1 + 4, Vo = 0.
Hence,
G'0)=1-c(0)GO)? <1—(1+46)=—0, Vo =0,
which implies
G(0) < G(0) —6(0—0), Vo = 0.
However, by choosing 6 > 0 + %, we find G(f) < 0, which is not possible. Therefore,
(B.63) holds.
By (B.63), there exists 6y > 6, such that

1
0 fy) < —,
c(00)G(00) < T—
which yields

1
(B.64) G(0y) < —————F———= = F(b).
(1 —€)v/c(bo)
Now note that F is a supersolution to the ODE solved by G (see (B.61) and (B.62)) for all
0 > 6y. Hence, together with (B.64), we infer

F.(6) = G(9), Vo = 0.
Finally, we use the definitions of F, and G to get
()
(1= e)/c(0) ~ V()

YO > 6,

which is equivalent to

P'(0) = (1 —€)\/c(0)y(0), Vo = 6.

By integrating the above differential inequality, one then finds (2.13).

ApPPENDIX C. PROOF OF LEMMA 5.5

In this appendix, we prove Lemma 5.5, following [24, Lemma 6.7].

Consider the open ball Br(d,) in (P1(M), W) centred at J, and of radius R > 0. The
ball Br(d,) (and its closure in W) are tight. Indeed, for any p € Br(d,),

f re dp(z) = Wi(p,60) < R,
M

and on the other hand,

JMrrdp(x) ;L>L7~xdp(m) >LJ dp(),

re>L

for any L > 0. By combining the inequalities we then find

J dp(z) < E, for all L > 0.
re>L L
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Therefore, for any € > 0, choose L = % and get

fr dp(z) <,

R
x>

which shows tightness of Br(do).
Since Br(do) is a tight and closed set in P (M), by Prokhorov’s theorem, the sequence

{pK}ren has a subsequence that converges weakly to pg € Br(d,). It remains to show that
po has centre of mass at o.
Fix an arbitrary unit tangent vector v € T,M. As pg € Br(d,), we have

U log, z - vdpo(x)| < UHJ rzdpo(z) < R.
M M

Fix € > 0 arbitrary small. Since the integral f log, x - vdpo(x) is convergent, there exists
M
r1 > 0 such that

(C.65) <€, for any r > rq.

J log, z - vdpo(z)
Te>T
On the other hand, since ¢ grows superlinearly at infinity, there exists ro > 0 such that
0
0 < —= <k, for any r > ro.
¢(0)

Then, for any r > 7o,

f log, x - vdpg(z)| < J 2 dpg(x)
To>T Tz >T

(C.66) - f> 9(rz) (@) dpx(x)

x f b(r2)dpi (2)
M

< H9
= o)

< Ue,

Lo ((r,0))

where U denotes a uniform upper bound of §,, ¢(r.)dpy ().
By combining (C.65) and (C.66), for any r > max(ry,r2), we get
(C.67)

U logow-vdpk(x)—J log, x - vdpo(x)| < J log, x - vdpg(z) —J log, x - vdpo(x)
M M re<T re<r
+ J log, x - vdpg(z) — f log, x - vdpo(x)
re>T Te>T
< J log, x - vdpg(z) — f log, - vdpo(x)| + (U + 1e.
Te T T <T

Since {z : 7, < r} is a bounded set, by continuity of the Riemannian logarithm we have

lim log, z - vdpg(z) = f log, x - vdpo(x).

k—c0 re<r re<rT
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Finally, letting k& — o0 in (C.67), we find

< (U + 1)e,

lim sup U log, = - vdpg(z) — f log, x - vdpo(x)
M M

k—o0

for any € > 0. From here we infer that

f log, - vdpy () — f log, - v dpo(z)
M M

lim
k—0o0

=0,

and hence,

k—o0

lim log, z - vdpg(z) = f log, x - vdpg(x).
M M

Since pj, has centre at mass at o, we have §, log,z - vdpy(z) = 0 for all k > 1, and
consequently,

f log, x - vdpo(x) = 0.
M

Since the constant unit vector v is arbitrary, we infer the conservation of the centre of mass
property.
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